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PARAMETRIC IDENTIFICATION OF ASSET DYNAMIC MODELS

The article describes the mathematical formulation of the problem of constructing the optimal structure of a securities portfolio
on the stock market. The most important mathematical problems in decision-making by investors are the problems of constructing
a forecast for a single share and optimal diversification of the portfolio structure. In applied mathematics, such a problem is called
a mathematical problem of optimal control. In this work, mathematical models are used that describe the dynamics of the formation
of the market value of a single share and a portfolio. The corresponding models are written in the class of ordinary differential
equations with parameters. The procedure for constructing a dynamic model of the formation of the market value of a single share
is based on the application of the market model of W. Sharpe and the fundamental theory of H. Markowitz.

The paper formulates a problem of mathematical models identifying the parameters of dynamic processes that can be described
by ordinary differential equations and systems. Using the example of mathematical models of dynamic formation of the market
value of a single share and a portfolio of shares, algorithms for constructing optimal values of parameters of such models have
been developed. Parametric identification and optimization algorithms are based on iterative procedures that allow, at each step,
to form the "best" values of model parameters from the point of view of selected quality criteria. An algorithm for constructing
guaranteed parameter estimates in the class of ellipsoidal sets has been developed. The mathematical models and algorithms
presented in this study make it possible, together with the methods of technical analysis, to develop effective tactics and strategies
for optimal investment in securities. The results obtained should be considered as one of the alternative approaches to modeling
the dynamics of market assets and their portfolios.

Keywords: mathematical modeling, asset dynamics models, parameter identification, stock market.
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Introduction

This article is devoted to the construction of algorithms for determining the parameters of mathematical models of the
dynamics of risky assets of the stock market formation. The relevance of this scientific direction is confirmed by the fact that
a large number of scientific studies have been devoted to the development of such models and algorithms, which were carried
out by H. Markowitz, W. Sharpe, K. Ito, F. Black, M. Scholes, and R. Merton. The object of the study is parametrically specified
mathematical models of the stock market assets.

Modern applied mathematical modeling operates with various approaches to calculating parameters with a certain structure of
mathematical models. The most well-known and widespread methods for identifying parameters of discrete and continuous models
include: methods of covariance-dispersion analysis; methods of simulation modeling; approaches based on the principles of stability
theory; approaches based on methods of sensitivity analysis of solutions; methods of minimax identification.

However, due to the complexity of the model structure, the nonlinear nature of the processes being modeled, as well as other
factors, it is often necessary to turn to computer modeling, which makes it possible to build computer images of models by searching
through a large number of candidate models using self-organization or simulation modeling methods (Xin-Yu Guo, & Sheng-
En Fang, 2023). The complexity of a parametrically specified model will be understood as the dimensionality of the parameter vector,
and the main principle of simulation modeling will be: "the more complex the model, the more accurate it is”, in contrast to the main
principle of model self-organization about "the existence of a of optimal complexity model" (Elder, Zehetner, & Kunze, 2016). Such
approaches, which include methods such as neural networks or group consideration of arguments, are often used in solving
problems of modeling complex and interconnected economic processes, including mathematical problems of the stock market and
the banking sector of the economy (Rios, Efimov, & Moreno, 2017).

The approaches to building mathematical models of the formation of price dynamics of a single share and a portfolio of
shares are based on the principles of portfolio theory, formulated by H. Markowitz and W. Sharpe. H. Markowitz proposed
approaches to measuring risk and basic principles of portfolio investment (Markowitz, 1952). This laid the theoretical
foundation for research on a portfolio of risky investments. Sharpe's capital asset pricing model (Sharpe, 1964) is also actively
used by investors in solving problems of modeling the dynamics and building short-term forecasts of market prices of assets.

Among other important approaches to solving applied portfolio theory problems, the following can be noted:

+ Evolutionary and Memetic Computing for Project Portfolio Selection (Kolish, & Fliedner, 2022; Yue, Jing, & Liu, 2025);

» An exploration of meta-heuristic approaches for the project portfolio selection (Harrison et al., 2020);

» A simheuristic method for project portfolio selection under uncertainty (Panadero et al., 2020);

* A bi-objective fuzzy portfolio selection model (Kar et al., 2019);

A genetic programming for portfolio selection problem solution (Lin, Zhu, & Gao, 2020);
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» An alternative mathematical method for the portfolio selection problem (Mohagheghi, Meysam Mousavi, & Mohagheghi,
2020; Li et al., 2020);

* Project portfolio selection and scheduling optimization based on risk measure (Dixit, & Tiwari, 2020).

The first part of this study is devoted to the consideration and analysis of mathematical models of the market value
dynamics of a single share and a portfolio of shares (Kulian, Yunkova, & Korobova, 2022). An important feature of models of
the formation of stock market asset dynamics is their parametric representation. In this regard, any applied problem that can
be formulated for such models requires preliminary determination of parameter values. Constructing a short-term forecast or
optimal diversification of an investment portfolio is a most important applied problem (Kulian, Yunkova, & Korobova, 2021).
The second part of the study is devoted to constructing mathematical algorithms that can be used for solving the problem of
parametric identification of mathematical models of the formation of asset dynamics. The third part of the study considers an
application of the constructed algorithms to solve applied problems of modeling the asset dynamics in the real stock market.

1. Analysis of stock price formation models in the stock market

As shown in (Kulian, Yunkova, & Korobova, 2021), based on the market model of W. Sharpe, generalized deterministic

mathematical models of the formation of the market value of a single stock and a portfolio of stocks can be written in the form

fi =20 = f(r,t,0), 1i(ty) =mo,t € [t, T], i = Ln ™

and
T.‘p =fp(rp,xi,5ci,ri,7"i,t) (2)
respectively, and are given parametrically. Here, ; is the expected market value of the stock; L% is the expected market value

of the investment portfolio; X; is a share of the i-type asset in the portfolio; t is time.

An important mathematical problem, the solution of which is used to correctly formulate the problem of constructing the
optimal structure of an investment portfolio, is the problem of identifying the optimal values of the parameters a of
mathematical models of the formation of the market value of one share (1) and a portfolio of shares (2). The problem of
optimizing a portfolio of shares from the point of view of its profitability in the static case has the form

—Z xr—)max

In practical investing, it can be conS|dered in the foIIowmg formulation
(M) =X x(Mn(T) - nax, 1, (to) = 1, t € [to, T]

and consists in constructing an investment portfolio with optimal profitability at the final point T. Here X(t) is a bounded closed
set of stocks. The right-hand sides of the equations of the system (1) are linear and depend on the parameters. To ensure

the possibility of its integration
dr,

7 = ([@SMpa () + I (O)r () + as (i (D), pi), 1,j =11
we will build procedures for their determlnatlon Here, SM;,,4(t) — Stock Market Index; I(t) — Inflation index; p;; — correlation
coefficient between i and j shares.

In different formulations of the problem, the vectors a = (aq, @,,a3) or a = (a;,a,) can be considered as the parameter
vector. The first representation of the parameter vector will be used in the case when the information about the market value
of shares is "noisy". In the case when the market value of shares adequately reflects the market dynamics, the second
representation is used.

2. Algorithms for constructing optimal parameters of the models

Algorithm 1. Another approach to solving the parametric identification problem is to use sensitivity functions. Consider
the problem of constructing sensitivity functions for pricing models of a single stock and a portfolio of stocks.

For the convenience of transformations, we denote the right-hand side by f(t,r, a), where a = (a4, a;). We will also
assume that the initial conditions r(ty) =1, = ry(@), t, =ty,(a) and that a is a scalar and a = a,, since in short-term
modeling of the dynamics of stock price formation a, can be considered constant. In such a statement, p;; are the correlation
coefficients between stocks, which can be calculated based on known statistical information. According to (Kulian, Yunkova,
Korobova, 2021), provided that the right-hand side of (1) is continuous in its arguments and continuously differentiable in r, «
and also under the continuous differentiability of the functions ry, tyin a4, there is a continuous derivative
ar(t, ay)

u(tv al) = aa
1

This derivative satisfies the differential equation
du 0f(r,t,ay) 4 of (r, t,a1)
—_— = u

dt or da,

under the initial condition
w(te) = T2 — f(ry(a), tolay), @) T2, 3)
Equation (3) is obtained by direct dlfferentlatlon with respect to a4, and the initial condition is obtained from the

differentiation of the integral equation
t

r(t,ay) = f FOr (@ an), T, a)dT + 1ot ar)
tolaq)

and looks like
_ ar(t' al) _ t af(r(T' al)r T, al) af(r(t' al)' T, al)
u(t,a;) = 670(1 = J;O(al) [Tu(r, ay) + 6—0(1 dr +
— fr(tolay), ar), tolay), a;) ——=

dTo(al) dto(fh)

+

ISSN 1728-3817



DIBUKO-MATEMATUYHI HAYKMU. 2(81)/2025 ~119 ~

The initial condition for the sensitivity function u(t,) is obtained by putting t = ¢, in (3). Therefore, for (1), we have defined
the initial condition and the sensitivity function, which describes the dependence of the stock price on the parameter «;. Let
us apply the sensitivity function to identify the parameters «,, a, of the mathematical model (1). The mathematical problem
has the following form

min(r(t, ay, ay) — z(t))?, t € [t,, T].
aq,a;

Here z(t) — observation of the share price behavior in the market.

Algorithm 2. The vector of model parameters is written in the form a = (a;, a,) provided r(t,) =1, at t € [ty t;]-

Consider the point a, in the parameter space of the mathematical model

oo = (ao,, ao,)-

And let this value of parameters be the solution of the problem of parametric identification of the model (1). Around the

point o, we describe a circle of unit radius
(a7 —ap)? + (a —ap,)? =1
with the center in p. (ay,, @, ). The length of the circle will then be I = 2.

Let us divide this line into n equal parts, and the value of n is chosen depending on the accuracy of the obtained solution
to the problem of constructing a guaranteed multiple-parameter estimate. Consider an arbitrary point a;, = (akl, akz).

Let's draw a tangent to the circle at this point. Its equation will be F, (ay,, ax,)(az — ax,) = Fa, (@, ax, ) (az — ax,).

The equation of the normal to the tangent at this point will be
Fa,1 (ak1’ak2)(a2 - akz) = Fa’z (ak1’ akz)(al - ak1)'
We will search for new values of the parameters «a that satisfy the conditions for the software functioning of the system on the
normal. From the equation of the normal we determine «,
Féz (akl' akz)(al — ak1)
a; = ;
Fa1 (akﬂ akz)
The new position of the coordinate a, is determined by changing the position of the coordinate a;
ay, = a; +6ay,6 >0,
B Féz(akl,akz)(al +6a; — akl)

Fél (akl' akz)
Thus, a new position of the parameter value ay € 4, is obtained, where A is a bounded closed set of parameters of the
mathematical model

+ akz.

N ko

ay = (O.’Nl, aNz).

The above procedure implements the movement of the parameter a along the normal until one of the selected criteria
above is met. By performing such steps for each of the previously defined points, we will obtain new values of the coordinates
of the vector a in the parameter space of the mathematical model.

Table 1 below presents the results of a computational experiment for the practical application of Algorithm 2 for model (1).

Table 1
Results of modeling the dynamics of two stocks
Charact Day
eristic 1 2 3 4 5 6 7 8 9
n,$ 42.22 43.74 43.60 4413 43.11 42.87 42.59 42.57 42.08
9 3046.01 3106.89 3133.15 3190.00 3140.02 3125.71 3115.51 3088.99 3087.67
SMipg 5133.07 5170.97 5196.52 5204.08 5162.25 5082.77 5056.90 5068.05 5080.94
Ay 0.047 0.054 0.034 0.035 0.081 0.062 0.054 0.043 0.040
A, 0.031 0.035 0.047 0.034 0.096 0.071 0.059 0.037 0.032

In the table r; denotes the market value of the first company's stock, and r, denotes the market value of the second
company's stock. Through A, indicates the deviation between actual and calculated trajectories of the first stock, and through
A,indicates the deviation between actual and calculated trajectories of the second stock.

To calculate deviation A, of trajectories were used a; = 2.348, a, = 0.017, a3 = - 0.76. To calculate deviation A, of
trajectories were used a; = 1.981, a, = 0.032, a3 = - 0.489. I(t)= const. Correlation dependencies p;; and model (1) parameters
aq, a,, aswere calculated based on known statistical information of the S&P 500 market using Algorithm 2. Analysis of the
results in Tab. 1 shows the correlation between the dynamics of the market index and the dynamics of market prices of shares
of two companies. Analysis of computational experiment results shows that the application of Algorithm 2 in areas of a stable
positive or negative trend allows obtaining a 2-5 % deviation of the real and calculated trajectories, while in areas of a change
in the direction of dynamics, an increase in the deviation of the trajectories to 8-9 % is observed.

Algorithm 3. When solving forecasting or management problems in the above application areas, it is necessary to develop
algorithms and methods to obtain guaranteed financial results. An example of such an approach can be the development of
the Value at Risk methodology, and confirmation of its relevance is its general recognition as a reliable mathematical tool
when making investment decisions. Let us turn to the problem of constructing a guaranteed multiple-parameter estimate for
a mathematical model of general form (1). Let us formulate a procedure for constructing an optimal ellipsoidal parameter
estimate of the mathematical model (1).

After constructing and analyzing solutions to the problem of identifying the parameters of the mathematical model of the
formation of the market value of a stock (or a portfolio of stocks), we will determine the point that is farthest from the point
D(af,a$), the coordinates of which will be determined using the formulas

1 i 1 j
c _ vk J c _ vk J
ay = dj=o %, @z —k§]=0 a;.
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To do this, we will solve the one-dimensional optimization problem
R = maxL(a;, a°),
L

where L(p, q) is a function of the distance between points p and q.

On the boundary of the circle S(1, D) of radius 1, with the center at the point D(af,a$) we form an arbitrary § -grid
{i}iek, With nodes y;. At each node y; we construct the external normal vector 72, to the circle according to the rules described
above, and we solve the auxiliary problem of constructing new values of the parameters a analogously to the approach
described in Algorithms 1, 2.

Having performed the above procedure for each of the vectors n;, i € K,,, we will obtain a new set of points a, € A. Let
us describe the ellipsoid of the smallest volume (the ellipse of the smallest area in the plane) around the points thus
constructed, which we will call the "guaranteed ellipsoidal estimate" of the parameters of the model (1), constructed on the
defined criteria

. (T 0
min [, (0(to, tr, 7o, @) — Texp (D)L,

[ 0
min max r°(tg, t1, 19, @) — T, DIl
“EAtE[tO,T]“( (0 70 ) exp( )”

Here r°(ty, t1, 79, @) is the solution of the Cauchy problem for model (1) under the condition r°(ty, 1,7, @), 7oxp — the
experimental or program trajectory.

Based on the solutions of the parametric identification problem of the mathematical model (1) and known observations,
we will construct a guaranteed multiple estimate of the parameters in the class of ellipsoidal sets

QB d):{(Bla—d),a—d) <1}, (4)
where B is a symmetric positive-definite matrix that specifies the geometry of the multiple estimate in the parameter space;
d is geometric center of the ellipsoid, a,d € R™. The set (4) will be called a "guaranteed multiple estimate" if each value of the
parameter a obtained for arbitrary observations belongs to Q(B, d).

The iterative procedure of the method for constructing a guaranteed multiple estimate implements the refinement of the
elements of the matrix B and the vector d at each step. The initial matrix B is chosen to be the unit B® = E, and the initial
position of the center d is defined as the center of mass

do = lzk_ o
k&~J=1 J?
where k is the number of points.
At the k + 1- step of the procedure, the formulas for determining B**'and d*** have the form

B¥*1 = Bk 4+ 2517 {(B* (a — d¥),a — d¥)},

Akt = d* + AP (B* (a — d¥), a — d¥)},
where 2%*land A%*! are such that

(Bk+1(/111c+1)(ai _ dk+1(/112€+1)’ a; — dk+1(ﬂ.lzc+1)) <
< (B*(a; — d¥),a; — d*¥), where i =arg arg max (B(a; — d), a; — d).
(Bl(a—df),a—d/) < 1.

On the boundary of the sphere S(l, df) with the center at the point d/ (where the j -number of the procedure step for which

the inequality (B/(p — d’),p — d’) < 1 is satisfied), we form an arbitrary & -grid {y;};cx, with nodes y;.

a;
0,8
i1 — first iteration;
0,6 mi — intermediate iteration;
li — last iteration;
d°® — initial center;
0,4 d' — terminal center
il
0,2
mi a
0 1
0 1 2 3 4 5 6

Fig. 1. Construction of multiple evaluation

As shown in Fig.1, at each node, using the described method of constructing the ellipsoid of the smallest volume around
the given points, we construct a guaranteed multiple parameter estimate, which, as determined by Algorithm 3, ensures the
fulfillment of the selected quality criteria. The set constructed in this way allows us to form an admissible set of parameters,
and with further optimization of this multiple estimate, the logical next step is to formulate and solve the problem of constructing
an "effective" by H. Markowitz multiple estimate.

Discussion and conclusions

The presented mathematical procedures make it possible for dynamic mathematical models of a single stock and a
portfolio of stocks to solve the problems of parametric and guaranteed multiple identification of parameters and, based on the
developed algorithms for determining the admissible set of parameters, to find solutions to the problems of constructing a
market value trajectory for mathematical model (1) and optimal diversification of an investment portfolio of risky securities
based on model (2).
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IDEHTU®IKALIA NAPAMETPIB MOAENEW AUHAMIKU AKTUBIB

OnucaHo Mmamemamuy4Hy nocmaHoeky 3adayi mo6ydoeu onmumasnibHOi cmpykmypu rnopmdpensi yiHHux nanepie. Halisaxnueiwumu npuknadHumu
npobnemamu 8 yxeasleHHi pileHb npo iHeecmyeaHHs1 € MameMamu4Hi 3adayi Npo Mobydosy KOPOMKOCIMPOKOBO20 MPO2HO3y Ot OKPeMoi akuii ma
3adayva npo onmumasnbHy dueepcudpikayiro cmpykmypu nopmaebensi. [1id yac gpopmynroeaHHs1 ma po3e 'sizaHHs1 3ada4 ModesroeaHHs1 QUHaMiKu akmueie
¢p0HA08020 PUHKY PO32/IsTHYMO MameMamu4Hi Modesi ¢hopMyeaHHs1 PUHKOBUX UiH OOHiel akuii ma nopmaebens akuyit. BidnoeioHi modeni cgpopmyrnbo-
8aHo y kiaci 3euyaliHux dugbepeHuyianbHUX pieHsIHb 3 napamempamu. lapamempamu makux modesneli € koeghiyieHmu yymsueocmi puHkoeoi eapmocmi
0do 3MiHU ghakmopie, wo Ha Hei ennuearoms. lMpoyedypa nobydoesu OuHami4HOi Moderni ghopMyeaHHs1 puHKO8Oi 8apmocmi oKpeMoi akyii rpyHmyemscsi
Ha 3acmocyeaHHi puHkoeoi Mmodeni B. LLlapna U enemeHmie ¢pyHdameHmanbHoi meopii I. Mapkosuuys. Y docnidxeHHi cghopMynboeaHo 3a2asibHy 3adayvy
idenmucpikayii napamempie AuHamiyHUX npoyecie, o MoXXymes 6ymu onucaHi 3eu4aliHuMu OughepeHyianbHUMU PieHIHHSIMU ma cucmemamu. Ha npu-
Kknadi Mamemamu4yHuUx modesieli gpopmyeaHHs1 OUHaMIiKu puHKoeol eapmocmi oOHiel akyii ma nopmaebens akuili po3po6sIeHO as20puMM eu3Ha4YeHHs
onmumarnbHUX 3HaYyeHb napaMempie makux modesel. Anzopumm nobydoeaHo Ha OCHosi imepauyiliHoi npoyedypu, sika 0ae 3Mo2y Ha KOXXHOMY Kpoui
gopmysamu "onmumarnbHi", 3 no3uyii o6paHux kpumepiie sKocmi, 3Ha4eHHs1 napamempie modesii. Po3pobneHuli anzopumm 00380JIsi€ 8U3Ha4Yamu maki
ouiHKu napamempie y knaci enincoidanbHux MHOXUH. Ha npuknadi MamemamuyHux 3aday no6ydoeu onmumasibHOI cmpykmypu nopmdersisi pusuxkoea-
Hux akmueie po3po6ieHo ¢hopmarnbHuli nioxid 0o ¢hopmyeaHHs1 "2apaHmoeaHux” ¢hiHaHco8uUX NMoka3Hukie iHeecmuuyiliHol disnbHocmi. MamemamuyHi
modeni U anzopummu, npedcmaesneHi y nponoHoeaHoMy AoclidXKeHHi, 0atomb 3MO2y pa3oM i3 MemodamMu mexHiYHO20 aHaslizy po3pobumu eghekmueHi
makmuky ma cmpamezito onmumMasibHo20 iHeecmyeaHHs1 y UiHHi nanepu. Peaynsmamu docnidxeHHs1 eapmo po3ansidamu sik 0OUH 3 anbmepHamueHuUx
nidxodie ghyHAameHmManbHo20 aHasizy do ModesntoeaHHs1 QUHaMIKu PUHKOBUX akmueie.

Knw4yoBi cnoBa: mamemamu4He modentoeaHHsl, QuHaMika akmuey, i0eHmucdbikauiss napamempie, ¢poHOOUU PUHOK.

ABTOpU 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi 4ocnimkeHHs; y 36opi, aHanisi umn
iHTepnpeTauii 4aHWX; Y HanMCaHHI pyKonucy; B pilleHHi Npo nybnikauito pe3ynbTartis.
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