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BOUNDEDNESS OF SOLUTIONS OF THE FIRST ORDER LINEAR MULTIDIMENSIONAL
DIFFERENCE EQUATIONS

We investigate the boundedness of solutions of the first order linear difference equation of the form x,, 1 = Axyp +yn, n > 1
where A is a square matrix with complex entries, sequence {y,},>1 and initial value =, are supposed to be known. Firstly, we
discuss the one-dimensional case of this equation x,, 1 = ax, +yn, n > 1 where a is a complex number. In particular, we obtain
the sufficient conditions for boundedness or unboundedness of the solutions in case |a| = 1(the critical case) by considering
the exponential sums of the forms > yne(ny) and > e(f(n)).

Then we proceed to the investigation of the equation in the multidimensional case and reduce our problem to the analysis of
the spectrum and Jordan cells of the matrix A. The problem is especially interesting when the spectrum of A contains eigenvalues
Awith |\| = 1. At the end of the article we obtain a theorem that reveals the connection between equations x,,+1 = axy,+yn, n > 1
with |a| = 1 and z,,+1 = Jxn + yn, n > 1 with J being a Jordan cell of an eigenvalue )\, |\| = 1.

Keywords: Linear difference equation, bounded solution, exponential sums.
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Introduction
In space C™ with Euclidean norm we consider the following difference equation

Tn+1 :Ax71+yn7 nzl1 (1)

with respect to unknown sequence {z,, : n > 1} C C™. The first element of this sequence z1, sequence {y, : n > 1} C C™
and square matrix A € M,,(C) of order m are supposed to be known. Various necessary and sufficient conditions for the
existence and uniqueness of the bounded solution of this equation were previously investigated by different authors in
finite-dimensional and infinite-dimensional cases (see (Gomilko, Gorodnii, & Lagoda, 2003), (Horodnii, & Lahoda, 2001),
(Chaikovs’kyi, & Lagodd, 2022), (Gorodnii, & Kravetsi, 2020) and cited literature there).

Difference equation (fll) has the following well-studied cases:

1) If spectrum of A is such that o(4) C {z € C||z| < 1} then for any z; € C™ the solution is bounded;

2)Ifo(A) C {z€C||z| > 1} thenonly for z1 = — 33> | A~*~ 'y, the solution is bounded;

3)Ifo(A) N {z € C||z| =1} = @ then itis possible to decompose the space into a cartesian product of two spaces,
which satisfy the conditions of cases 1 and 2.

On the other hand, the case 0(A) N {z € C| |z| = 1} # @ always requires some additional investigation because
the simple characterization for it is not known. Existence of the bounded solution of the difference equation (fl]) in this case
depends on the input sequence {y, : n > 1} in a rather complicated way in comparison with the cases 1)-3). Our aim is to
establish some interesting and significant instances of such a dependency.

1. One-dimensional equation
We consider the difference equation of the form

Tni1 = ATn + Yn (2)

with respect to unknown sequence {x,},>1. Numbers z1, a € C and the sequence {y.}»>1 C C are supposed to be
known.
By induction, it is not difficult to deduce that the solution of the equation (f)) is

n—1
Tn=a" tz + Z an_k_lyk, n > 1.
k=1
For the critical case |a|] = 1 we investigate the conditions for {y,}»>1 and z: under which the solution {z,}.>1 is
bounded or unbounded.

We begin this section with the following observation.
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Proposition 1. If |a| = 1, then the solution of the difference equation () is bounded <= IM > 0 YK >0

K

Z Yr | o
k

k=1

Proof. The proof is a simple consequence of the solution formula above. O

\

The question of boundedness of solution {z,},>1 in case |a| = 1 is rather difficult. Unlike in other cases, the simple
and full characterization is still not known. So, particular results with sufficient conditions of boundedness are interesting.

We write a = e72™, where ¢ € [0,1). Therefore according to the Proposition il solution {z,},>:1 of the difference
equation (B) is bounded if and only if the sequence of sums

N
{Zyne%m” N > 1}

n=1

is bounded.
Thus, we see that our problem is equivalent to the study of the boundedness of the exponential sums written above.
For real number z define e(x) := ™",
In this subsection, we are solely concerned with the boundedness of exponential sums

{Ze(f(n)) : N2> 1}, 3)

n=1

where f : N — R is some function.

Definition 1. For the function f : N — R we define the finite difference of f to be

Af(n):=f(n+1)— f(n)

and we define the second order finite difference of f to be

A?f(n) = Af(n+1) = Af(n) = f(n+2) = 2f(n+1) + f(n).
One of the interesting results connected with the question of boundedness of exponential sums is following.

Theorem 1 (Kusmin-Landau Inequality). Suppose function f and real number 0 are such that

0<O<AFN)SAFR)<...<AF(N—1)<1—0.

Then
N
>t <cot (7).
n=1
Proof. For the proof and detailed discussion, see the paper of Mordell (Mordell, 1958). O

We would like to remark that if function f has monotone derivative f’ on segment [1, N] and § < f'(z) < 1 — 6, then
from Lagrange’s mean value theorem it follows that f satisfies the conditions of Theorem fi.

The proof of Kusmin-Landau Inequality] written in the book of Graham and Kolesnik (Graham, & Kolesnik, 1991)) presents
us an interesting and useful identity.

Proposition 2.

- Z )) = 5 (13- COl(RAF(N + 1)) - e((N +1)) = 5 (144 - 0ot(xAf(no))) - (S (n0))—
f% S e(f(n+1)) i (cot(rAf(n +1)) - cot(rAf(n)).

Proof. We write

e+ () _ L cotteA
e(fm) = TS O = g el 1) —elf(m))) - (1 +i - cot(mAf ()

and using Abel’'s summation by parts formula, we obtain the desired identity. O

Boundedness of exponential sums -, e(na), a € (0,1) and geometric intuition suggest us a natural question:
IfAf(n) = ¢ Z asn — oo, is it true that the sequence of exponential sums (B) is bounded?
And the answer is Yes! if A f(n) converges fast enough. With the aid of Proposition B, we prove the following Theorem.
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Theorem 2. Let f be such that 3, ., |A2f(n)| < co. Then:

1. Af(n) ¢ eRasn — .
{Ze(f(n)) : N>1}

2. Ify ¢ Z then sequence of exponential sums
is bounded.
Proof. Firstly, since 3° -, |A%f(n)| < oo series Dozt A% f(n) is convergent. Therefore, because

AF(N) = AF() + 3 A%f(n)

we deduce that 3lim,,,oc Af(n) =: ¢ € R.
Now suppose that ¢ ¢ Z. There exist some m € Z, no € Nand ¢ € (0, 1) such that for all n > no we have

m+0 < Af(n) <m+1—0.
>

It means that | sin(wA f(n))| > sin(n8) =: T for all n
Thus for all n > no we have

no.

|sin(rAf(n+1) — 7Af(n))| _
[sin(rAf(n+ 1))||sin(rAf(n))|
_ |sin(A? f (n)| _ 7l f(n)]
[sin(rAf(n + 1))|| sin(rAf(n))] T2 ’
We conclude that for all N > no we have:

|cotm(Af(n+ 1)) —cot(Af(n))| =

N
Z e(f(n+1)) i(cot(rAf(n+1)) —cot(rAf(n)))| <
N
nz; |cot(rAf(n+1)) — cot(mAf(n)| < 7 nz; IA%f(n < 73 ;m f(n)] < oo.
Also
[(14i-cot(rAf(N +1))) -e(f(N+1))] <1+ |cot(nd)].
Thus, according to Proposition B, sequence of exponential sums {Eﬁzl e(f(n))}N>1 is bounded. O

With the help of this Theorem, we can, for example, prove boundedness of the following sequences of exponential
sums.

Example. 1. Forallp e R\ Z
N
{Ze(mp—&-\/ﬁbg(n)) N > 1}.

2. Forarbitrary s > 1and ¢ € (0,1), ¢ + Zk>2 ksmov) ¢7

log* (K)
a Sln
e (e 2 i) o)

We proceed to another observation, whic:h is also inspired by geometric intuition.

Theorem 3. If & SN JAf(n)] = 0, N — oo, then the sequence of exponential sums

{S et - w21}

n=1

is unbounded.

Proof. Put S(N) := 3> __e(f(n)) for N > 1. We suppose by contradiction that 3M > 0VN >1 : |S(N)| < M.

n=1

Using Abel’'s summation by parts formula, we get:

= > elfm)(1—e —f(n)))’ -

n=1
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N

= (1= e(—F (N + D)SIV + 1) = (1= e(~f())SQ) + 3 (e(~F(n + 1)) — e(~f(n)))S(n + 1)| <
<AM 4 fe(—f(n+ 1)) — e(—f)[S(n+ D] < 4M + M S [ = f(n+1) + f(n)] =

=4M + MY |Af(n)

n=1
There exists some Ny such thatforall N > No : 3N |[Af(n)| < s and therefore
1
—ISINI <IN = [S(N)[| < [S(N) = N| <4AM + 5N,
which implies that |[S(NV)| > N — 4M. Contradiction. O

Corollary 1. If Af(n) — ¢ € Z, n — oo, then the sequence of exponential sums

{dem:N>%

Proof. Since e(f(n)) = e(f(n) — ny) and A(f(n) — ny) = Af(n) — ¢ without loss of generality, we may suppose that
Af(n) — 0, n — oco. Hence, by Stolz-Cesaro Theorem, Ele |[Af(n)] — 0, N — co. The corollary follows from the
previous Theorem. O

is unbounded.

Now we write a = e™2™"? = e(—¢), where ¢ € [0, 1), and study boundedness of the solutions of difference equation:

Tnt1 = e(—p)Tn + Yn, n = 1. (4)

We would like to remark that Proposition [l implies that the boundedness of solutions of () depends only on ¢ and
{yn }rn>1 and does not depend on the initial value .

Proposition 3. Every solution of the difference equation () is bounded if and only if the following sequence of sums

{Zyn ~e(np) : N > 1}

is bounded.
Proof. Follows from the Proposition . O

Definition 2. By W, we denote the set of all sequences {,,}»>1 C C for which every solution of difference equation (@) is
bounded.

We remark that W, is not empty because {0},>1 € W,. We make the following easy observation.
Proposition 4. For every ¢ € [0,1) the following holds:

o If {zn}n>1, {Wn}nz1 € Wy then {z, + wntn>1 € W,

e Ifae Cand {z,}nz1 € W, then {azptnz1 € W,,.

o If{zn}n>1 € W, then {z,}n>1 is @ bounded sequence.

* If {b,}n>1 C R is monotone bounded sequence and {z,}n>1 € W, then {b,z,}n>1 € W.

Corollary 2. Forevery ¢ € [0,1) W,, is a vector space over C. In addition, it is the vector subspace of the vector space of
all bounded sequences in C.

Theorem 4. Let f be suchthat_, ., |A2f(n)| < co. Then Af(n) — 1 € Rasn — co. Ifh + ¢ ¢ Z and y, = e(f(n)),
n > 1, then every solution of () is bounded, that is, {e(f(n)}nz1 € W,.

Proof. Put g(n) := f(n) + ne. Then A?g(n) = A%f(n), n > 1 which means that AZ%g(n)| < oco. In addition
n>1

Ag(n) = ¢ + ¢, n — oo and
N
{Zyn e(ny) 1} {Ze 1}.
n=1

By Theorem B sequence of exponential sums {anl e(g(n))} is bounded. Hence, by Proposition [, every solution of
1
(@) is bounded. O
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Example. For all ¢ € (0, 1) every solution of the difference equation

ZTnt1 = e(Q)Tn + e(n% — n% +log(n)), n>1
is bounded.

Theorem 5. Let f be suchthat Af(n) — ¢ € Rasn — occ. If & SN Af(n)+¢| = 0, N = coandy, = e(f(n)), n > 1,

n=1
then every solution of (@) is unbounded, that is, {e(f(n))}n>1 ¢ W.,.
Proof. Put g(n) := f(n) + np. Then Ag(n) = Af(n) +¢,n > 1. So + 3 |Ag(n)| — 0, N — occ. Therefore, by
Theorem [§ sequence of exponential sums {Eff:l e g(n))} is unbounded.
NZ=1

>

Because {Zf:/:l Yn ~e(mp)}N>1 = {22]:1 e(g(n))}N>1, Proposition B implies that every solution of the difference

equation (@) is unbounded. O

Corollary 3. Let f be such that Af(n) ¢ € Rasn — co. If ) + ¢ € Z and y, = e(f(n)), n > 1, then every solution of
(@) is unbounded, that is, {e(f(n))}n>1 ¢ W,,.

Proof. Put g(n) := f(n) + ny. Then Ag(n) = Af(n) + ¢, n > 1. So Ag(n) converges to an integer. Therefore, by

Corollary fil sequence of exponential sums {Ziv:l e(g(n))} is unbounded.
N>1

Because {22]:1 Un ~e(mp)}N>l = {25:1 e(g(n))}N>1, Proposition B implies that every solution of the difference
equation (@) is unbounded. O

Example. For all o € (0, 1) all the solutions of the following difference equation are unbounded
Tn4+1 = Tn + e(na), n 2 1.

Example. All the solutions of the difference equation

i >, arctan(k)

. T
Tny1=€2x, +e ,n=1

are unbounded.

2. Multidimensional equation
In space C™ with Euclidean norm we consider following difference equation

z(n+1)=Az(n)+yn), n>1 (5)

with respect to unknown sequence {z(n) : n > 1} C CM.

The first element of the sequence (1), a sequence {y(n) : n > 1} C C™ and M x M square matrix A with complex
entries are supposed to be known.

Our goal is to find sufficient conditions for the sequence {y(n) : n > 1} C C* and value z(1) which guarantee
boundedness of the solution in the critical case c(A) N{z € C | |z| =1} # @.

Remark. We will use Hilbert-Shmidt norm of matrix A = (ai;) € Mar(C) which is defined as [[All2 = /3=, ; |ai; [

Note that the Cauchy-Bunyakovskyi-Schwartz inequality implies
Ve € CM VA € My (C) : || Az|| < || All2]z].-

Now we introduce the following notation:

(@) = 1:[(1»‘+i)7 (@) 1= 1:[(13 —1).

These polynomials are widely known as factorial polynomials or, more precisely, raising and falling factorials respec-
tively. They satisfy the useful identities listed below.

ies _ [n]
Proposition 5. (%) = {0 (*+n=1) = &)™ for gl z ¢ Rand n € N.

Proposition 6. (—x),) = (-1)" - (—z)l.

Proposition 7. (z + y)m = Yo (1) (@) - () jn—i-

Proof. Induction on n. O
These properties immediately imply the following lemma, which will be of great importance for us later.

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMWU. 2(81)/2025 ~ 151 ~

n—k\ U ym—jm (k)[m_j]
. )‘;f 0 (5)

We proceed to the analysis of the multidimensional equation. We remark that the computations below are well known;
however, for completeness, we would like to include them in our article.

Let .J be a Jordan Normal Form (JNF) of the matrix A. There exists an invertible matrix 7' such that A = TJT ™! —
J =T~'AT. Multiply the equation (B) at left by matrix 7' and obtain:

Lemma 1.

T 'a(n+1) =T "Az(n) + T 'y(n) <= T 'z(n+1) =T 'AT (T 'z(n)) + T 'y(n) =

= T 'z(n+1)=J (T 'z(n)) + T 'y(n).
Put {z'(n) :n > 1} := {T " 'z(n)}, {¢'(n) : n > 1} := {T"'y(n)} and obtain the difference equation

2'(n+1)=Jz'(n)+y'(n), n > 1. (6)
The nonsingularity of the matrix 7" implies that the solution of the difference equation () is bounded if and only if the

solution of the difference equation (B) is bounded; thus, we will investigate the equation (B).
In this way, our problem is reduced to the study of the difference equation of the form:

(n+1) = Jaz(n) +y(n), n > 1, ()
Al 0
0 A 0
where Jx=[: : . | isthe Jordan cell that corresponds to the eigenvalue X of the matrix A of the equation ®).
0O 0 X 1
0 0 0 X

If the order of Jy is 1, then equation () is the First Order Linear Difference Equation in C.
If the order of J is M > 2, then we do the following.

z1(n) yi(n)
za(n) y2(n) , ,
Let z(n) = : ,y(n) = : , then equation (fd) can be rewritten as
17]\/[.(70 yM.(n)
z1(n+1) A1 0 0 z1(n) y1(n)
za(n+1) 0 X 1 za(n) y2(n)
S 5 N
l’]y[71(n+ 1) 0 0 O A 1 xM,1(n) nyl(n)
XM (n + 1) 0O 0 0 0 X T (n) YMm (n)
1(n+ 1) Ao1(n) + w2(n) + 31 (1)
z2(n+1) Az2(n) + z3(n) + y2(n)
— : = : ,n> 1.
zpm—1(n+1) Axyr—1(n) + zar(n) + yar—1(n)
zm(n+1) Az (n) + yau(n)

The solution of the difference equation zxs(n + 1) = Azam(n) + yam(n) is
n—1
xM(n) = )\nile\/[(l) + Z Anikilyju(k).
k=1
Then the solution of difference equation zp—1(n + 1) = Azp—1(n) + zm(n) + ym—1(n) is
n—1
zar—1(n) = X" lapo1(1) + Z AR @ (B) 4+ ya—1 (k) -
k=1
Hence, the solution of equation z;(n + 1) = Azi(n) + zi+1(n) + yi(n) is

2i(n) = Nas(1) + 30N (s (6) + i ().

Thus, we have found the solution of the difference equation (). Now we turn our attention to the investigation of the
case |A| = 1, and our idea is to find the connection between one-dimensional and multidimensional equations in this case.
At the end of this section, we will describe an interesting statement that, in fact, reveals this connection.
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By induction, it is not difficult to deduce that the solution of ([fl) can be written in the following way:

n—1

z(n) = Jy - a( —&—ZJ” =y

Thus, forl <m < M:

We apply Lemma fil:

n—k-— : n [o=)
() e ()
and obtain
M—m n— - n—1 i - n— [i—7] k1
e B ()
i=0 k=1 \r=0 '

Mmoo , i . A
= Z [( ] 1>)\n_1_l'1'i+m(1)+2{(_ ( 1) (Z SATT Z'yz‘+m(k)> H

We change the order of summation:

Ei{er () (87 el

M—m M—m ] n— n—1 [i—7] L
=X S e (1) (B )
r=0 i=r k=1

For convenience, we swap the indices ¢ and r:

= i — &2 (k) k—1—r
S (o (1) (B0 )}
=0 r=t

Therefore,

M—m n— . M—m n— iy n—1 [r—i] .
E [ E () o G )]

Mom [ L N g [r=1] —k—1—r
-y ( Z 1) [)\" L riem()+ Y {(UT 3 (Ef)— o ‘y”m(k)) H -

Mom /o . M—m—i n-1 [r] Ck—l—r—i
Z( 1) {/\"_ Cgm() {(—1)T' <(k2! N 'y””m(k))}]'

Proposition 8. The solution of ({@l) can be written in a following way:

M—m n— M —(i+m) n—1 Ir]
Tm(n) = Z < ; 1> AnTie [xi+m(1) + Z {(—1)T . Z ((k)
k=1

=0 r=0
The main theorem of this section follows.

Theorem 6. Let M > 2, {ym(n):n >0} C C, 1 < m < M and the following conditions hold:

« Foralll<m <M :ym(n) =220 n>1

nm—1"

* Foreach1 < m < M there exists some a.,, € C, such that the solution of the difference equation z,+1 = Azn+ym(n),
n > 1, z1 = au, is bounded. Equivalently, the sequence of sums {Zf:;l gm(n),\*"} is bounded.
N>1
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Then the solution of the difference equation ([d) is bounded if and only if Ym € {2,..., M} :

M—-m oo [r]
me(l) = - Z {(_1)r : Z (% . A_k_r : yr+m(k)) } .

r=0 k=1

Proof of The Main Theorem
Firstly, we would like to remark that each series

b [r]
Z(%-A’k*r~yr-+m(k¢)>,2<m<M,0<T<M—m
k=1 '

is convergent by Dirichlet’s test. Indeed,

W) AT Grrm(RAT"
-l A “Yram(k) = T T eram—1\ (8)
(*557)
r+m— -1
The sequence {(%) k> 1} is eventually monotone and is convergent to 0 because

kr+m71 kr«kmfl
(k)[v‘] ~ kT

=k k- oo

Also, by the assumption, the sequence of sums {Zszl z%n(k))\*"'} is bounded.
N>1

Proof of sufficiency
We need the following Lemma:

Lemma 2. Let {a, : n > 1} C R be monotone, convergent to 0 sequence. And let {b, : n > 1} C C be a sequence, for
which there exists a constant C' > 0, such thatVN >1 : ‘22]:1 bn| < C. Then |327°  arbk| < Clan| foralln > 1.

This lemma follows from Abel’s summation by parts formula.

Now we use that Vim € {1,2,...,m} 3Cpn > 0VN > 1: ‘zﬁ;l T (WA < Co.

Therefore, by (8), forall 2 < m < M, 0 < r < M — m we have:

i ((l?![r-] AR yr+m(k)>

k=N
Hence, since Vm € {2,..., M} :

M—m > [r]
xm(l) = - Z {(_l)r : Z ((k% . )\7}@77- : yr+m(k)> } .

<

’ Nm—1

[r] —_ 1"
Cm N7 Cm (Ntr—1) :o( !
Pl NTEmeT S T N

),N—>oo.

r=0 k=1
We deduce that forall 1 < m < M and forall 0 <7 < M — m we have:

Zivm (1) + MZ";Z' {(_W 5 ((zgr)!m e yrﬂ-m(m)} 0 (s ) e

r= k=1

Since (") = O (n*), n — oo using Proposition B we obtain that the solution of (7) is indeed bounded.
Proof of necessity

Suppose that the solution {z(n) : n > 1} of the equation (f) is bounded. In particular, the sequence {z:(n) : n > 1}
is bounded.

where

r!

) M—-—m—i n—1 (k)[r]
Ag(n) = A" {l’ﬂm(l) + Y {(—1)7' : < AR yr+i+m(k)> H ynzl
r=0 k=1
Then Ay—1(n) - (74) = O (n*7?), s0 Ay—1(n) = O (L) = Am—1(n) — 0, n — oco. Using the same argument
from the proof of the sufficiency we deduce that Ax;—1 = O (Wﬂﬂ_l) = Ay—1(n)- (1) =0().
1

Thus Ax—2(n)-(1;-%) = O (n™ %) = An—_2(n) — 0, n — oo and analogously Axs—2(n)-(;:~") = O (1). Continuing

this argument we show that A,,(n) - 0, n —» oo forall 2 < m < M.
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Discussion and conclusions

In this work, we established novel, insightful sufficient conditions for the existence of a bounded solution of the first order
linear difference equation in the one-dimensional case and further applied these conditions to the multidimensional case of
this equation. The obtained results enrich the existing body of research in the field and complement previous studies.

Authors’ contribution: Andrii Chaikovskyi — conceptualization; Oleksandr Liubimov — methodology; Oksana Lahoda — analysis
of the results, preparation of literature review.
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OBMEXEHICTb PO3B’A3KIB NIHINHOIO PIBHULIEBOIO PIBHAHHS NEPLLOO NOPAQKY
Y BATATOBUMIPHOMY BUNAOKY

HocnidxeHo o6mMexeHicmb po3e’s3Kie NiHiliHO20 Pi3HUYE8020 Pi8HSIHHSA Nepuio2o nopsidky euensidy r,41 = Az, + yn, n > 1, de A -
KomMnieKcHa keadpamHa mampuus, nocnidoeHicms {y., },>1 Ma no4amkoee 3Ha4yeHHs1 x| e8axarombcs eidomMmumu. Po3anssHymo odHosuMipHuUl
8unadoK Yb0o20 PIBHSIHHA T, 11 = AT, + Yn, N > 1, 0 a — KOMMIEKCHe Yucsio. 30kpeMa, ompuMaHo AocmamHi yMoeu, 3a SIKUX Po38’s3Ku
PiGHsIHHS € 06MeXeHUMU abo HeobMexeHUMU y eunadky |a| = 1(kpumuyHuii eunadok), po3assidaroqu eKCroHeHyiabHi cymu euansady > yre(ny)

ma 3 e(f(n)).
TMomim 30ilicHeHo AocnidxeHHs1 pieHsIHHA y 6a2zamoeuMipHoMy eunadky ma 3eedeHo Hawly 3ada4vy 0o aHasi3y cnekmpa ma knimuHok XKopdaHa
mampuyi A. 3adaya € ocobnueo yikagoro, Koau crekmp Mampuui A Micmume enacHi yucna A\, |\| = 1. Y nidcymky ompumaHo meopemy, sika

rnoKa3sye 38’s130K MiX PI8HAHHAMU Ty, +1 = ATy + Yn, n = 1, |a| = 1 mMaxz,41 = Jz, + yn, n = 1, e J — knimuxka XopdaHa, wjo eidnoeidae
en1acHOMY qucsy \, || = 1.

Knw4yoBi cnoBa: niHiliHe pi3Huyeee pigHHsI, 06MexeHUll po38°’A30K, eKCroHeHYianbHi cymu.

ABTOpYM 3asBNAIOTL NPO BiACYTHICTb KOHMNIiKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi gocnigxeHHs (y 36opi, aHanisi
4n iHTepnpeTaLii AaHuX, SKWO Le Marno Micue), y HanncaHHi pykonucy Ta B pilleHHi Npo nybnikavito pesynbraris.
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