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Anomauis. Poszaanymo sadawy Kowi 04 T6UAOB020 PIBHAHHA Y MPUBUMIDHOMY NPOCTOPT, Ke-
POBAHO20 3G,2GADHON0 CIMOTACTIUYHOM0 MiPot0. Jlosedero, w0 36 NEGHUT YMOB PO38°A30K NPAMYE 00 HYAA
MaToce HanesHo, AKWO abCOMOMHA GEAUMUHA NPOCMOPOGOT 3MIHHOT NPAMYE 00 HECKIHUYEHHOCT.

Knowoei crosa: acumnmomuuna nogedinka, CmoracmuiyHa MIipa, CMOTACMUYHE TEUALOGE PiGH-
HHA, M Axul pods’asox, npocmip Becosa.

Abstract. We study the Cauchy problem for a wave equation in three-dimensional space driven by
a general stochastic measure. Under some assumptions, we prove that the mild solution tends to zero
almost surely as the absolute value of the spatial variable tends to infinity.
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1 Introduction understood in the following mild sense

We continue investigation of the wave equation

driven by a general stochastic measure. Namely, u(t, x) :/ Sq(t,x — y)vo(y) dy+

we study the asymptotic behavior of the mild R

solution in the case of three-dimensional space. +% ( / Sa(t,z —y)ug(y) dy) +
Let Lo(92, F,P) be the set of all real-valued R4

random variables defined on complete probability
space (2, F,P), X be an arbitrary set and B(X)
be a o-algebra of Borel subsets of X. Let u be t

a stochastic measure on B(X), i.e. a o-additive +/0 dp(s) /Rd Sa(t — s,z —y)ols,y)ds, (2)
mapping p @ B(X) — Lo(Q2, F,P). Also, such p
is called a general stochastic measure (see, for
example, [1, Section 7]). This underlines the fact
that we do not require the fulfillment of any other
assumptions except o-additivity.

Consider the following Cauchy problem

t
—|—/d8 de(t - ST — y)f(sa y,u(s,y)) dy+
0 R

where Sy is the fundamental solution of the wave
equation in R? (see, for example, [2]).

The integrals of random functions with
respect to dy and ds are considered for every fi-
xed w € Q. Such integrals are studied in [3|, for
example.

0?u(t, r) 9 The existence, uniqueness and Holder
—0—= =a*Azu(t,z)+ . . .

ot? regularity of the solution of equation (2) are
+f(t,z,ult,x) + o(t, ) u(t), (1) proved in [4, 5, 6] (for d = 1,2, 3 respectively).

In the article [8] the asymptotic behavior of

Ou(0,z) : T ;

u(0, ) = up(z); ot vo (), the mild solution is investigated in two cases: the
equation is given on the line and on the plane.

where (t,z) € [0,T] xR%, d=1,3, T >0, a > 0, Also, the asymptotics of the mild solutions of

and p is a stochastic measure defined on the Borel heat equations with general stochastic measures is
o-algebra B([0,T]). The solution of equation (1) is considered in [7, 9, 10]. In the papers [11, 12| the
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asymptotic behavior of solutions of wave equations
with white noise is studied. The long time behavi-
or of the solutions to stochastic wave equations
driven by a Lévy process is investigated in [13].

Our aim here is to prove that the solution of
problem (2) tends to zero almost surely as the
absolute value of the spatial variable tends to infi-
nity in the case when d = 3.

2 Some results needed for the proof

Consider the Besov space BS,([b,c]), a €
(1/2,1), b,c € R, that is, the space of functions
g : [b,c] = R such that the norm

91l B, b,y = I19lLa(p,e) T

b 2 3
H([ wapator)star)”,
0

is finite where
c—h ) %
([ s+ - gt as)

For an arbitrary t € (0,t], put
((k—1)2~

Let a function ¢(z,s) : Z x [0,t] — R be such
that Vz € Z : ¢(z,+) is continuous on [0, ¢] for all
z € Z. Here the symbol Z denotes an arbitrary
set. Put

Wy ¢ (g,7) = sup

0<h<r

A(t) _

o " k27, n >0, 1< k<2,

gn(zv S) = g(z, 0)]1{0}(3)+
Ly 270150 (5).

1<kg2n
Then the random function

/ 9(z,8)du(s), z¢€Z,
(0,4]

n(z)
has a version

(2) = /M g0z, 8)du(s)+

( / ol ts) - /(O,ﬂgm(z,s)du(s)),

3)

=1

2

n>1

such that

n(z)] <
<432 3 |u(afn©.4)]

n>1 1<k<2n

19(2,0)((0, 2])| + Cllg(z, )| Bg, (j0,61) X

1
2
2

(4)

)
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where o = ¢/2+1/2 (see [6]). Note that the versi-
on (3) is the same for all z € Z, while the constant
C depends on « and ¢ and does not depend on z, w.

3 Main result

According to [14, § 12] the fundamental solution of
wave equation (1) (d = 3) is given by

1
Ss(t, ) = %5 (a®t* — |z|?) Loy =
1
= o 5708, L{i>0)

where § is the Dirac function (correspondingly,
ds,, is the uniform measure on a sphere of radi-
us at that has the full mass 47a?t?), and where
| - | denotes the Euclidean norm.

Thus for any test function ¢ on R?* (that is
any infinitely differentiable function with a finite
support in R*) we have

[T, snasira
/RS |~”1”|90< 'ﬁ') de,  (5)

where dS(z) is a differential of the area in the
sphere {x € R? : |z| = at}.

Therefore, a mild solution of problem (1) (for
d = 3) is a measurable random function u(t,x) =
u(t,z,w) : [0,T] x R? x Q — R that almost surely
satisfies the following integral equation

/

ly—=|=at

/

ly—al=at

f(s,y,u(s,y)) a5
t—s

(837 SO) = 47Ta2
1

" 4ra?

1
dma?t

u(t,z) = vo(y) dS(y)+

N 1 9
4ma? Ot

t
/ ds
0
ly—z|=a(t—s)
t
I

1
duts) [ 7(s, 1) dS(y) .
-5 |z—yl=a(t—s)
(6)
Here dS(y) is a differential of the area in the
sphere {y € R3 : |y — 2| = at} and in the sphere

{y € R?: |y —x| = a(t — s)} for the corresponding
integrals.

1

t

uo(y) dS(y)

+ 4dma? I+

L1
4dma?
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The following conditions are assumed Proof. According to Theorem2.1 of [6], under

throughout the paper.

A1. The functions ug(y) = uo(y,w) : R3xQ —
R, vo(y) = vo(y,w) : R? x Q — R are measurable
and, for all w € Q,

611,0

\uo(y, w)| < Cuo (w)v

@ﬁ<@wm

yi
[vo(y, w)| < Cuy(w) -
A2. The functions wvg(y),uo(y), B%Z(iy) o=
1,2, 3, are Holder regular, namely
‘vo(y/) o UO(y//)| < Lvo (w) | /I y//‘ﬁ('”o) ,

0 < B(v) < 1;
[uo(y') = wo(y")] < Lug(w) [y = y"|™,
0< B(UO) <1;

ou, ou, ”
O(y/) _ O(y//) < Luo (w) |y/ _ y//’ﬁ( 0) )

y; Jy;
A3. The function f(s,y,v): [0,T] x R3 xR —
R is measurable and bounded, that is
|f(s,y,v)] < Cf.

A4. The function f(s,y,v) is uniformly Li-
pschitz with respect to y € R3, v € R, that is

F(afet) = £ Lyl = o+~ o))

A5. The function o(s,y) : [0,T] x R® — R is
measurable and bounded, that is

‘0—(31 y)‘ < C(T'

A6. The function o(s,y) is Holder regular,
namely

|o(sy) — a(s",")] <

< LU(’S, . S”’B(U) + ‘y/ _ y//}ﬂ(”)
1/2 < p(o) <1
AT, Juom)] = 0, [23(5)] 0, Jon(y)] - 0,
sup  |f(s,y,2)| = 0, sup |o(s,y)| =0, as
s€[0,T], z€R s€[0,T7]
ly| — oo.

The symbols C' and C'(w) denote a nonrandom
and random constants, respectively, that can be
different in different places and whose precise
values do not matter for our reasoning.

Theorem 3.1. Suppose Assumptions Al — A7
hold. Then the solution of equation (6) has a versi-
on u(t, z) such that for allt € [0,T], w € Q,

lu(t,z)] =0, |z|— oc.

14

Assumptions A1 — A6 for all t € [0,T], z € R3,
equation (6) has the unique solution u(¢,x).
We have

1
ut) < |y [ ) asw)|+
ly—z|=at
1 0/1
+ 471'&28t<t / uo(y) dS(ZU)) =+
ly—z|=at
f(s,y,u(s,y))
47ra2/ ds / t—s dS(y) |+
ly—al=a(t—s)
L[] (s.9) dS(y)
e o(s,y)dS(y)|=
dma® Jo t =5 " Jje—yi=a(i-s)

=11t z) |+ [ (t, ) [+ [J3(E, ) [+ [Ja(t, 2)]. - (7)

Now each of terms is treated separately. First
we consider the stochastic integral. Similarly to
proof of [6, Lemma 4.1] we use equality (5), pass
from the surface integral to the multiple integral
and obtain

1
Jt,x—/ h(t,x,s)du(s),
() = g [ b))
where

2m ™
h(t,z,s) = (t — s)/ dgo/ o(s,z4—s)sinddf,
0 0

and

xi—s = (x1 + a(t — s) cos psin b, xo+
+a(t — s)sinpsinb, x3 + a(t — s) cos ),

x = (21,22, T3).

Let arbitrary t € [0, 7], = € R3, be fixed. Then
the random function J4(¢, z) has a version (3) that
admits bound (4). This version is denoted by the
same symbol Jy. To use this bound we estimate
the norm of the function A(t,z,s) in the Besov
space.

By Assumption A7 for all g > 0 there exists
dp > 0 such that for all |y| > do,

sup ‘0(573/)‘ < €o, |f(8,y,2’)| < €o,

s€[0,T]

sup
s€[0,T], z€R

luo(y)| < eo, { } < €0, vo(y)| < €o-

o )
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Then Vs < ¢,V x| > 69 + aT there exists a Now the bounds obtained above are substi-
point yo, |yo — z| < a(t — s), such that tuted to (4). Finally, we obtain
Ju(t,z)| < C(eg Vel™0) x
|(txs|—t—s/ gp/ o(s,z— S)sm@d@‘ | Ja(t, z)| (e0Vep ") 1
2) 2
< ((0,4)) y+{ﬂZ2 Y \M(Agg) } )<
= (t— s)|a(s,yo)\/ dgo/ sin0df < 4nTey. (9) 1<k<2n
0 0
< C(w)(eo\/so ), (11)
Here we use the Mean Value Theorem, the Squeeze
Theorem and the first inequality of (8). where the sum with the stochastic measure is finite
Hence according to [15, Lemma 3.1].
Next, by equality (22) of [6] we get the followi-
|h(t, z,s)| < Ceo, ng representation of Ji

1

2 ™
1A (t, 2, 8)| L0, </ |h(t, x 5)2d5> < Cey, Ji(t,x) = 4;/ d(p/ vo(z¢) sinf d .
0 0
|h(t,z, s+ h) — h(t,z,s)| < 8rTey = Cey.

The same reasoning as that used in obtaining
Therefore, for s + h < t, bound (9) proves, V|z| > & + aT,

wa b, (9,7) < CeoV't < Ceg (10) |Ji(t,x)| < Teg . (12)

Analogously, since by (23) of [6]
On the other hand, by A5 and A6 we have

1 2
Jo(t, x :/ d(p/ ug (x¢) sin 6 df+
|h(t,az7s—|—h)—h(t,x,s)|:'(t—s)x (t.2) 4m Jo 0 (2)
t T ™0
2 w 4+ — d(p/ —ug(x¢) sinfdb ,
></ dgo/ (a(s,xt_s_h)—a(s,xt_s)) sin 0 df— 4 Jo o Ot ( )
™ we have, YV |z| > 09 + aT,
—h/ / a(s,xt_s_h)sianH‘ <
|J2(t,$)’ < (1 +T)€0. (13)

(t — 8)4nLyh?9) + hdrC, < CHP).
Then we obtain similarly to the preceding
Consequently, bounds by representation (5) and the second

inequality of (8) that for all |x| > dp + aT,
wy (g 7) < O,

| J3(t, )| =

Raise the latter inequality to the power 6 and 4m a2
multiply by inequality (10) raised to the power f(t |y| Y+, u< |y‘7y+x>)
1 — 6 for an arbitrary 6 € (0,1). We obtain X / dy’ <
ly|<at ’y‘
_ 2 2
wa . (9,7) < Cr¥P@eg™. - / 1dy‘ e T
dma? ly|<at |y‘ 2 2

Thus there exists a < §3(o) such that
Finally, we substitute estimations (11)—(14) to

||h(t7x,3)HB§‘2([O,t]) < Ceot relation (7). For all ¢ > 0 pu‘f g0 = eC 1 (w) if

. 1 e > 1, and g9 = (¢C~Hw))T? if € < 1. Then

—|—Cg(1)0</ T295(0)—20‘—1dr) < there exists a set Qg C Q, P(Qg) = 1, such that
0 for all t € [0,T], w € Qo,

< C(so Vv 55 9),
Ve>0 3d=3d+al VYi|z|>6: |u(t,z)|<e.
where a V b is a maximum of numbers a and b. O
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4 Conclusions variable.

We investigate the equation that describes a wave
in some medium with random and non-random
sources of perturbations. Namely, the situation
when influence of the sources vanishes as the spati-
al variable tends to infinity is studied. It is shown
that in this case the wave also fades with unli-
mited growth of the absolute value of the spatial
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