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BANDWIDTH SELECTION FOR DENSITY ESTIMATION BY MIXTURE WITH VARYING
CONCENTRATIONS

Finite mixture models arise in statistics of biological and medical data when the investigated subjects belong to sub-
populations with different distributions of observed variable. In the model of mixture with varying concentrations (MVC) the
concentrations of the mixture components can vary from observation to observation. We consider estimation of a probability
density for a mixture component in MVC by a modification of the kernel density estimator (KDE). To apply KDE one needs to
select a tuning parameter named the bandwidth. Two approaches to the bandwidth selection are considered. The first one is a
modification of the Silverman’s rule of thumb. The second one is a version of the leave-one-out cross-validation algorithm. We
present results of simulation which show that both algorithms demonstrate similar behavior for nearly Gaussian densities and
the cross-validation outperforms the Silverman‘s rule of thumb on highly non-Gaussian densities.

Keywords: finite mixture model, varying concentrations, kernel density estimator, bandwidth selection, Silwerman’s
rule of thumb, leave-one-out cross-validation.
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Introduction

Nonparametric density estimators are widely used in applied statistics. One of the most popular such estimators is
the kernel density estimator (KDE) (Hastie, Tibshirani, & Friedman, 2009, Section 6.6). To apply KDE one needs to select
a tuning parameter called the bandwidth. Among different methods of bandwidth selection the Silverman’s rule of thumb
is maybe the simplest one, and the cross-validation technique is one of most advanced ones (Silverman, 2018, Section
3.4), (Stone, 1984). Standard versions of these techniques were developed for homogeneous samples of independent
identically distributed observations.

In this paper we discuss KDE and bandwidth selection rules in the case when observed subjects belong to M different
sub-populations with different distributions of the observed variable ¢. If the sub-population which the subject belongs
to is unknown, then the observed distribution of £ is a mixture of its distributions for different components. In classical
finite mixture models the mixing probabilities are the same for all observed subjects (Titterington, Smith, & Makov, 1985),
(McLachlan, & Peel, 2000). We consider more flexible model of mixture with varying concentrations (MVC) at which the
mixing probabilities are different for different subjects (see (Maiboroda, & Sugakova, 2012) for theory and applications to
genetical data analysis, (Pidnebesna et al., 2023) for applications in neuroscience). A modification of KDE and Silverman’s
rule of thumb for MVC is considered in (Sugakova, 1999).

The main goal of this paper is to introduce a modification of the cross-validation technique for MVC KDE and to compare
its performance with the performance of KDE with the bandwidth selected by the Silverman’s rule of thumb. We performed a
simulation study to analyze accuracy of these estimators. Note that the jackknife technique modification for MVC was con-
sidered in (Maiboroda, Miroshnichenko, & Sugakova, 2022). In the case of independent identically distributed observations
the jackknife is rather similar to the cross-validation. But their modifications for MVC data differ significantly.

1. Mixtures with varying concentrations and components estimation

Assume that the observed subjects O.,..., O,, are obtained from M different sub-populations (components of the
mixture). The true number «(O) of the sub-population which the subject O belongs to is unknown, but the probabilities
pj = P{x(O) = i} are given. These probabilities are called the concentrations of components or the mixing probabilities.

For each subject we observe a numerical random variable &; = £(O;). The distribution of £(O) depends on x(O):

Fi(z) =Pr{¢(0) < z | k(O) = i}.
So, the cumulative distribution function of ¢; is

M
P{¢ <a} =) piFi(x). (1)
i=1

Formula (fl) is called the model of mixture with varying concentrations (MVC). It is assumed that ¢; are independent. The
CDFs F; are unknown. We suppose that they have probability densities f;:

Fl(ac) = /jg fi(t)dt.
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Then the probability density of &; is 37" pj i(x). Our aim is to estimate f;, by the data = = (§1,...,&,). Let us start from
estimation of F}. The usual way to estimate CDF by a homogeneous sample is to use the empirical CDF

Fale) = - S 14g <o

j=1

But in the MVC case the empirical CDF would estimate some mixture of different F;, ¢ = 1,..., M, not the CDF Fj of
a chosen mixture component. To estimate F}, one can use some weighted version of empirical CDF with weights which
suppress the influence of nuisance components. In (Maiboroda, & Sugakova, 2012) weighted CDF with minimax weights
is proposed for this purpose:

Fkn Za]].{fj <$}
Here the matrix of minimax weights a = (a});=1,...,,,i=1,..:s € R**" is defined as a = pI';,*, where
’L. P 1
P = (Pj)i=1,...ni=1,.M € R™M T, = ﬁpr'

As discussed in (Maiboroda, & Sugakova, 2012), if detI';, # 0, then F.n(2) is @ minimax estimator to Fy () with respect
to the quadratic loss function. With the weighted CDF F.,, at hand, one can readily construct estimators for numerical
characteristics of the k-th component distribution. Say, to estimate the m-th moment of Fy,

Wi = [ ")

—oo

one can use
oo
ﬂ?n:/ T Fkndx E aj Em
— 00

The variance -
o) = [ () Bl
can be estimated by

c?i:/oo(x—u )" Freon (dz) = Zaj fin ) (2)

— 00

Consistency and asymptotic normality of these estimators is dlscussed in (Maiboroda, & Sugakova, 2012).
In what follows we will also need an estimator for the interquartile range (IQR) of F}. Recall that IQR of a CDF Fj, can
be defined as

IQR(F%) = sup{z : ) < 3/4} — mf{x : Fr(x) > 1/4}.
(If the function F, has an inverse F} ', then IQR(Fk) 1 (3/4) — F;'(1/4)). So, we define the estimator for IQR(F},) as
IQR, = sup{z : Fyn(z) < 3/4} —inf{z : Epn(z) > 1/4}. 3)

Asymptotic behavior of such estimators is discussed in (Maiboroda, & Sugakova, 2020), (Maiboroda, Miroshnichenko, &
Sugakova, 2024).

2. Modified kernel density estimator for mixture components
Let us now consider estimation of the kth component density fi.. In (Sugakova, 1999) a modified kernel density estimator
(MKDE) for fi(z) is considered of the form

j=1

where K : R — R is a kernel, i.e. a function satisfying [ f(z)dz = 1, h > is the bandwidth. The bandwidth is a tuning
parameter of the estimator which must be selected carefully to ensure a good accuracy. The integrated squared error

ISE() = ISE(fin) = | (fun(0) — fu(a)) P, (5)
and the mean integrated squared error
MISE(1) = MISE(fun) = |~ E(fun(e) — fi@)de = E [1SE ()] ©)

are the most useful measures of estimator‘s accuracy.
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The following theorem on the lower bound of asymptotic MISE of kernel density estimators is shown in (Sugakova,
1999).

Theorem 1. Assume that
(i) There exists a finite interval [by, b2] C R, such that fi,(x) = 0 for all z & [b1, b2].
(i) ! (x) = d® fr,(x)/dx? exists for all z € [b1, bs] and

P = /700 (fr(2))dz < co.

(i)

/ zK(z)dz=0, D = / 22K (2)dz < oo, d* = / K?(2)dz < oco.
(iv) Ay = L5377 (a})* = Aasn — oo, where 0 < A < cc.
(v) There exists ¢ > 0, such that detT’,, > c for all n.

Then
ILnliorlfn‘w MISE(frin) > g(DAd?)‘*/5 7)
and the equality in (@) is attained if
A2\

The bandwidth h%" defined by (B) is called the theoretically optimal bandwidth. It corresponds to asymptotically least
possible value of MISE as n — co. But it is impossible to use kS in the density estimation by real data, since the value of
¢ depends from the unknown density. So one needs some practical sub-optimal bandwidth selection algorithm.

3. Modified Silverman'‘s rule of thumb
The simplest bandwidth selection algorithm is the Silverman's rule of thumb. It is based on the idea to approximate ¢y,
by its estimator by the data. This needs some additional assumptions on fx. If fr was a Gaussian density with variance

o2, then its ¢y would be

b = 3
k_8ﬁ05

and the optimal bandwidth would be
pot _ (BYTALNY?
" 3D* ’
Replacing here o}, by its estimator &, defined by (B), we obtain a simple bandwidth selection rule. To make this rule more
robust, one can utilize the IQR for estimation of ;.. Namely, since o, = IQR(F},)/(2®'(0.75)) for Gaussian Fy, we obtain
the following modification of the Silverman’s rule of thumb for MVC data:

. 2\ 1/5 __
BV — (BVTATN T i (6a, 1QR/ (2071 (0.75)).
3D*
Surely, the true fj, to be estimated, is not Gaussian. So this rule of thumb will not be optimal even asymptotically. But
one expects that it should lead to appropriate estimators if fi is a Gaussian-like probability density.

4. Modified cross-validation bandwidth selector
Another way to chose the bandwidth is based on the leave-one-out cross-validation technique (LOO-CV). It is based
on the approximate minimization of ISE given by (B). Observe that

|SE(h) =J; (h) — 2Jz(h) + J3,

where

Ju(h) = / " (Fuon(@))?dz, Ja(h) = / " Fuon(@) fu(@)de,

= [ Z(fm»?dx.

The term J3 does not depend on & and can be dropped. The term J1(h) can be calculated by the data directly. But J2(h)
depends on h and on the unknown f;. To obtain a feasible bandwidth selector we need to estimate J>(h). Let us do it by
a LOO-CV type estimator. Observe that

Jo(h) = E[fim(n) | 2,
where 7 is a random variable with CDF F}, independent of the data = by which fkn is calculated. To estimate J2(h) we use
the weighted mean

) = = S a0 ),

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~ 44 ~ B 1 CH MUK Kuiecbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleBueHka

-0.22
-0.6
1

-0.24

5 € o
L>> © 5 —
N ]
8
]
N
g T
S
<
b
T T T T T T T T T T T
0.0 0.5 1.0 15 2.0 0.0 0.2 0.4 0.6 0.8 1.0
h h

Fig. 1. Graph of CV' (k) in the Experiment 1. Component 1 on the left panel, Component 2 on the right pannel

where (/") (z) is the MKDE, calculated by all observations except the jth one. More precisely, £\’ (x) is defined as

follows. Let
I 0 ifj=k,
. . n . 1 i .
pi) = (pé"l Yimtrmi=1,..m € RPM 07 — E(p( NTpli=),
al ) =)
Then

pli— 1« i r =&
RICEES S K( h]).
j=1

Observe that a}"'~ = 0, so ¢; and f\",’ (z) are independent.
Now the cross-validation functional is defined as

CV(h) = Ji(h) — 2J2(h).
It is an estimator of ISE(h) — Js. The cross-validation bandwidth is
hs' = argmin,,_, CV(h). 9)

In the simulation experiments we considered two-component mixtures (M = 2) with the concentrations defined as

The Gaussian kernel K (t) = exp(—t?/2)/+/2n was used in the density estimator.

Experiment 1. In the first experiment we simulate the sample of size n = 1000. Both components are normal: the first
one has distribution N(10,1) and the second one N(0,0.2). Plot of CV(h,,) for the first and second components (Fig. i)
show presence of the global minimum. So, calculation the optimal 4., by formula (g) is reasonable.

5. Simulation results

In all the following experiments we generated samples of the size n = 100, 250, 500, 750, 1000. For each n, T = 1000
samples were generated. Firstly, we calculate for every case h5'"" and hS"Y. Than we derive means and variations for
ISE(h.,,) defined by (B) for h,, = h3""* and h,, = hSV.

Experiment 2. In second experiment both components are normal too, but with another parameters, then in the
Experiment 1: the first component ~ N(—1,1), the second one ~ N(1,1). The results are presented in the Tab. fil and B.

The results are practically identical for the Silverman’s and CV bandwidths, but the estimators based on the Silverman’s
rule perform slightly better. In the next experiment we work with heavy-tailed distributions.

Table 1
Experiment 2, Component 1

n mean(ISE(hGY)) | mean(ISE(h57")) [ var(ISE(hGV)) | var(ISE(hS™))
100 0.024065 0.018527 7.23E-04 1.93E-04
250 0.011508 0.008928 9.95E-05 3.48E-05
500 0.006502 0.005176 2.41E-05 1.08E-05
750 0.004907 0.003936 1.50E-05 5.63E-06
1000 0.003885 0.003137 8.67E-06 3.69E-06
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Experiment 2, Component 1

n mean(ISE(hSV)) | mean(ISE(hS7?)) [ var(ISE(hGV)) | var(ISE(hS7))
100 0.025176 0.018637 6.59E-04 1.82E-04
250 0.011968 0.009080 1.09E-04 3.38E-05
500 0.006694 0.005290 3.42E-05 1.16E-05
750 0.005156 0.004025 1.71E-05 6.66E-06
1000 0.003967 0.003087 9.07E-06 3.01E-06

Table 2

Experiment 3. In this experiment both components have Student’s t distribution: the first component with df = 5
degrees of freedom, the second one with df = 20 degrees of freedom.
The results of this experiment presented in Tab. 3, | are rather similar to Experiment 1. The Silverman’s rule performs

a bit better. So the heavy tails of the estimated density does not deteriorate the estimators performance.

Table 3
Experiment 3, Component 1
n mean(ISE(hSV)) | mean(ISE(hS7?)) [ var(ISE(hGV)) | var(ISE(hS™))
100 0.024022 0.016803 6.46E-04 1.70E-04
250 0.011216 0.007846 1.47E-04 3.35E-05
500 0.007206 0.005233 4.34E-05 1.21E-05
750 0.005117 0.003769 2.48E-05 6.25E-06
1000 0.003963 0.003115 9.52E-06 4.30E-06
Table 4
Experiment 3, Component 2
n mean(ISE(hSV)) | mean(ISE(hS7?)) [ var(ISE(hGV)) | var(ISE(hS™))
100 0.025452 0.017431 9.55E-04 1.76E-04
250 0.011807 0.008621 1.10E-04 3.60E-05
500 0.007048 0.005089 4.78E-05 1.19E-05
750 0.004811 0.003675 1.57E-05 6.12E-06
1000 0.004145 0.003010 1.86E-05 3.68E-06

Experiment 4. In this experiment the first component is normal ~ N (0, 1) but the second one is a mixture of two normal

distributions N(3,1) and N(—3, 1) with concentrations equal 1/2. The results are presented in Tab. § and B.

Here the distribution of the second component significantly differs from the normal one, so one expects that the Silver-

man’s rule would fall. Accordingly, in this case the CV-based estimator outperform the Silverman’s one.

Discussion and conclusion
We have introduced a new modification of CV-approach to the bandwidth selection for the kernel density estimators.

Table 5
Experiment 4, Component 1
n mean(ISE(hSV)) | mean(ISE(hS7?)) [ var(ISE(hSV)) | var(ISE(hS7))
100 0.024363 0.019493 4.24E-04 1.76E-04
250 0.011588 0.009500 8.18E-05 3.24E-05
500 0.006695 0.005624 2.37E-05 1.11E-05
750 0.004867 0.004023 1.14E-05 5.13E-06
1000 0.003905 0.003246 6.97E-06 3.26E-06
Table 6
Experiment 4, Component 2
n mean(ISE(hSV)) | mean(ISE(hS7?)) [ var(ISE(hGV)) | var(ISE(hS™))
100 0.020952 0.038626 2.07E-04 2.17E-05
250 0.009808 0.027813 3.65E-05 1.19E-05
500 0.005848 0.020735 1.20E-05 6.20E-06
750 0.004155 0.017020 6.17E-06 4.13E-06
1000 0.003320 0.014971 2.87E-06 3.40E-06

This approach allows to chose the bandwidth for the estimation by data from a mixture with varying concentrations. Results
of simulations demonstrate that the CV-based estimators perform nearly as well as the modified Silverman’s rule of thumb
based estimators when the estimated density is similar to the Gaussian one. But in the highly non-Gaussian case the CV
bandwidth selection outperforms the Silverman’s rule significantly even for small sample sizes. Further experiments are
needed for investigation of small sample behavior of CV-based estimators.
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BUBIP MAPAMETPA 3MMAIXYBAHHA ONA ANEPHOI OLIIHKK 3A CNOCTEPEXEHHAMMU 13 CYMILLI

CmamucmuyHi GaHi 6iono2iyHUX i MeOuYHUX AoclidXKeHb Yacmo siessilomb cob60r0 CyMiw criocmepexeHb 06’ckmie, W0 Haslexamb Pi3HUM
nidnonynsayiam 3 pisHUMU cmamucmuYHUMU 8/1acmueocmsiMu criocmepexyeaHux xapakmepucmuk. Taki OaHi 3py4yHoO onucyeamu mamemMamud-
HUMU MoOenisiMu CKiHYeHHUX cymiwel. Y nponoHoeaHili po6omi 0ns1 onucy daHux euKkopucmaHo Modesib cyMiwi 3i 3MiHHUMU KOHUeHmpauismu
(C3K), y sikili KOoHUeHmpauii KoMMoHeHmie MoOXXymb 3MiHIO8amuch 8i0 criocmepexeHHs 3o criocmepexeHHs. Po3ansiHymo 3adavy Henapamempu-
HO20 oyiHI8aHHs wWinbHocmi po3nodiny okpemoi KoMnoHeHmMu cymiwi e mexax modeni C3K. [ns ybo20 eukopucmosyembcsi MoOugpikoeaHa
si0epHa oyiHka wjinbHocmi (FOLY). MpakmuyHe 3acmocyeaHHs 51Ol nompebye subopy napamempa 3251adyeaHHsi. ¥ cmammi 3anponoHoeaHo
dea nidxodu do makozo eubopy: Ha ocHoei ModudgpikoeaHozo npaeuna CineepmaHa i 3a donomozoro anzopummy Kpoceanidayii, adanmoeaHoz20
9o C3K. Slkicmb ompuMaHuXx ouiHOK rnopieHEMbCs 3a 00NOMO20t0 iMimayiliHo2o ModestoeaHHs1. Pe3ysibmamu MoOes1o8aHHsl MoOKa3yromsb, Wo y
eunadky winbHocmel, 6n1u3bkux 0o 2ayccoeux, obudea nidxodu darome Malixke oOHakoei pesynbmamu. [4ns winbHocmel, siKi 8iOpi3HArOMbCS1 8i0
2ayccoeux, eubip napamempa 321adxyeaHHs1 Ha ocHoei ModugbikosaHoi kpoceanidauyii dae 3Ha4YHO Kpawi pe3ynbmamu, HiXX Ha OcHoei npasuna
CineepmaHa.

Knw4yoBi cnoBa: modenb ckiHYeHHOI cymiwi, 3MiHHI KOHUeHmpaujii, sdepHa ouyiHka winbHocmi, eubip napamempa 32/1a0)Ky8aHHs,
npaesusno CineepmaHa, kpoceanioauisi.

ABTOpYU 3asBNSAOTb NPO BIACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopy He Gpanu yyacTi B po3pobneHHi gocnigxeHHst (y 36opi, aHanisi
4n iHTepnpeTauii AaHuX, SKLWO Le Marno Micue), y HanncaHHi pykonucy Ta B pilleHHi Npo nybnikawito pesynbraris.
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