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FIRST-ORDER TRANSITIONAL MODAL LOGICS
OF QUASIARY PREDICATES WITH EQUALITY

In this paper we study new classes of program-oriented logical formalisms of the modal type — first-order transitional modal logics
(TML) of quasiary predicates with equality. Modal logics are successfully used for describing and modeling various subject areas.
Epistemic logics are used to describe artificial intelligence, information, and expert systems. Temporal logics are used for modeling
complex dynamic systems, program specification and verification. Traditional modal logics are based on classical predicate logic.
However, such logic insufficiently accounts for the incompleteness, partiality and structuredness of information about the subject area.
These limitations necessitate the development of new, program-oriented modal logical formalisms; this underscores the relevance of the
proposed paper. We consider pure first-order TML of partial quasiary predicates without monotonicity condition and enriched with equality
predicates. Two types of such logics can be distinguished: TML® with strong equality predicates =, and TML® with weak equality
predicates =,,. A feature of these logics is the use of the extended renomination composition. For quantifier elimination in TML®=, special
total indicator predicates Ez are used, while in TML® the partial indicator predicates are =,,. Transitional modal systems (TMS) form the
semantic basis of TVL. For TML® and TMLY important varieties of such systems are specified: general (GMS® and GMS®), temporal
(TmMS®= and TmMS®), and multimodal (MMS® and MMS®). We describe semantic models and languages of these TMS and examine the
properties related to equality predicates. Four types of consequence relations in TMS and logical consequence relations on sets of
formulas specified with states are considered: irrefutability (IR), truth (T), falsity (F), and strong (TF). The properties of replacement of
equals in TML® and TML are described. The properties of logical consequence relations on sets of formulas specified with states are
the semantic basis for the further construction of the corresponding sequent type calculi.
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Introduction

The development of information technologies has led to the emergence and practical application of new branches of
mathematical logic. Among them, modal logics hold a special place. The concepts and tools of modal logics are successfully
used for describing and modeling various subject areas, artificial intelligence systems, and information and software systems
(see, for example, Blackburn, van Benthem, & Wolter, 2006; Abramsky, Gabbay, & Maibaum, 1993-2000). Epistemic logics
are used to describe artificial intelligence, information, and expert systems, while temporal logics are used for modeling
complex dynamic systems, program specification and verification (see Bjorner, & Henson, 2008; Goranko, 2023; Fisher, 2011;
Kroger, & Merz, 2008). Modal logics, especially temporal ones, are widely used in model checking (see e. g. Baier, & Katoen,
2008). Traditional modal logics (see Cocchiarella, & Freund, 2008; Fitting, & Mendelsohn, 2023) are based on the classical
predicate logic. However, such logic insufficiently accounts for the incompleteness, partiality and structuredness of information
about the subject area. These limitations necessitate the development of new, program-oriented modal logical formalisms;
this underscores the relevance of the proposed paper.

The capabilities of traditional modal logics and program-oriented composition nominative logics of partial quasiary
predicates, described, in particular, in works (Shkilniak, O., & Shkilniak, S., 2023), are combined in composition nominative
modal logics (CNML). An important class of CNML is transitional modal logics (TML), which reflect the aspect of change and
development of subject areas. These logics have been studied, in particular, in work (Shkilniak, O., 2015). Important
subclasses of TML studied in these works include general TML (GML), temporal TML (TmML) and multimodal TML (MML),
with epistemic TML types further distinguished within MML.

Traditional systems of modal, temporal and epistemic logics can naturally be considered within TML.

The goal of this paper is to investigate new classes of program-oriented modal logics — pure first-order TML of partial
quasiary predicates without monotonicity (equitonicity) restriction and enriched with equality predicates. Two types of such
predicates can be distinguished (see Shkilniak, 2019): the weak equality =x, and the strong equality =x. Pure first-order TML
without monotonicity condition are designated as TMLQ. In work (Shkilniak, 2015), TML® without equality predicates have
been considered. In work (Shkilniak, O., & Shkilniak S., 2024) TML® with strong equality predicates have been studied. In this
paper we propose TML®? with weak equality predicates. TML® with strong equality predicates will be designated as TML®=,
and TML® with weak equality predicates will be designated as TML®".

For quantifier elimination in the logics of non-monotone predicates, special predicates are needed to indicate the presence
of a component with a corresponding name in the input data. The use of predicates-indicators is a characteristic feature of
TMLQ. Total predicates-indicators determine the presence or absence of a component with a given name, while partial
predicates-indicators only detect the presence of such a component. Total predicates-indicators Ez were used in works
(Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016; Shkilniak, 2019; Shkilniak, 2015). It should be noted that the predicates Ez
can be expressed (see Shkilniak, 2019) as Jy=y. However, they appear at the renominative level, so for TML®=, it is
appropriate to define them explicitly as special 0-ary compositions. At the same time, partial predicates-indicators are already
present in TML®" as the =« predicates.

Another feature of the studied TML® with equality is the presence of extended renominations, described in (Shkilniak, O.,
& Shkilniak S., 2023); they were used in (Shkilniak, O., & Shkilniak, S., 2024). Note that in the modal logics considered in
(Shkilniak, 2015), traditional renominations were used.
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The present paper describes semantic models and languages of TML® with equality and examines the properties of these
logics related to equality predicates. A number of consequence relations in TML® and logical consequence relations on sets
of formulas specified with states are considered, and the properties of replacement of equals in TML®" and TML®= are
determined. The properties of these relations form the semantic basis for the further construction of corresponding sequent
type calculi for TML® with equality.

Concepts not defined here are interpreted in the sense of works (Shkilniak, 2015; Nikitchenko, Shkilniak, O., & Shkilniak, S.,
2016; Shkilniak, 2019; Shkilniak, O., & Shkilniak, S., 2023; Shkilniak, O., & Shkilniak, S., 2024).

1. Transitional modal systems

Transitional modal logics (TML) is a very important class of CNML, they describe transitions between states of the world
and thus reflect the aspect of change and evolution of subject areas. Transitional modal system (TMS) is the basic concept
of TML. It is an object (see Shkilniak, O., 2015) M = (Cms, Ds, Dns), where:

— Cms is a composition modal system (CMS), it defines semantic aspects of the world;

— Ds is a descriptive system, it defines a set of standard descriptions — formulas of the corresponding TML language;

— Dnsis a denotation system, it determines values of standard descriptions on semantic models: an interpretation mapping
is used for this.

CMS have the form Cms =(St, R, Pr, C), where:

— Stis a set of states of the world;

— Ris a set of relations on St of the form R c St x St; they can be interpreted as state transition relations, hence the name;

— Pris a set of predicates on states of the world;

— Cis a set of compositions on Pr.

Pure first-order TMS (TMS of quantifier level) will be designated as TMS®. Here St is specified as a set of algebraic
structures (systems) o. = (Aq, Pro), where Aq is a set of basic data of the state o, Pry is a set of quasiary predicates VAq — {T, F},

called predicates of the state o.. Let us call global the predicates YA —{T, F}, where A= |J A, .

aeS
V-A-quasiary predicate is (see Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016) a partial function of the form
Q : YA —{T, F}, where Vis a set of subject names (variables), A is a set of subject values (basic data), {T, F} is the set of truth
values, A is a set of all V-A-nominative sets. V-A-nominative set (V-A-NS) is defined as a single-valued function of the form
d:V— A. V-A-NS is presented as a set of pairs [vi>az,...,vab>an,...], where vie V, aic A, vi#vjwhen i#j.

For V-A-NS we introduce an operation ||-z, where Zc V: d||-z={V+>a€d|ve Z}. Also a parametric operation of the
extended renomination is specified r‘;i : VA — VA (see Shkilniak O., & Shkilniak S., 2023).

Each V-A-quasiary predicate Q can be determined by two sets:

— the truth domain T(Q) = {de VA | Q(d)=T};

— the falsity domain F(Q) = {de YA | Q(d) = F}.

Predicate Q is single-valued, or P-predicate, if TIQ)NF(Q)= 2.

The class of V-A-quasiary single-valued predicates will be denoted by PrPV-A,

For modal logics we specifically consider single-valued predicates.

Predicate Q is:

—valid (irrefutable), if F(Q) = &;

— satisfiable, if T(Q) = <.

In the PrPY-A class, there are 3 constant predicates denoted by T, F and L:

— Qs identically true, if T(Q) = VA and F(Q) = &;

— Qs identically false, if T(Q) = @ and F(Q) = VA;

— Qs totally undefined, if T(Q) = & and F(Q) = &.

For single-valued functions (and predicates), the concept of monotonicity is specified as equitonicity — preservation of the
already accepted value after data expansion (see Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016).

P-predicate Q is equitone, or PE-predicate, if (Q(d)! and d c d') = Q(d')! = Q(d).

Subject name xe V is unessential for the predicate Q, if d||-x= h||-x = Q(d) = Q(h).

The set of compositions in TMS is defined by the basic logical compositions and basic modal compositions.

Basic logical compositions for TMS® are logical connectives — and v, renomination R;ﬁ and existential quantification Jx.
For TMSQ with equality, equality predicates are added as specific 0-ary compositions. Two types of equality predicates are
considered: weak equality =x, and strong equality =x,. Thus, TMS® with predicates =x, will be called TMS®, and TMS? with
predicates =x, will be called TMS®=,

Other compositions like &, —, Vx can be definable from these.

Basic compositions —, v, R;i’, 3dx and derivative compositions &, —, Vx are defined in (Nikitchenko, Shkilniak, O., &

Shkilniak, S., 2016; Shkilniak, O., & Shkilniak, S., 2023).
Let us specify two types of equality predicates according to work (Shkilniak, 2019):
— weak (up to definability) equality predicates =,;
— strong (strict) equality predicates =,
We define =, and =, through their truth and falsity domains:
T(=pep) ={d | d(x)i, d(y)! and d(x) = d(y)},
F(=ix) ={d | d(x)!, d(y)! and d(x) # d(y)};
T=) ={d | d(x)!, d(y)! and d(x) = d(y)} w{d | d(x)T and d(y)1},
F(=p) ={d | dx)L, d(y)i, d(x)#d(y)} o {d [ d(x)!, d(y)T or d(x)T, d(y)!}.
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In case x and y match, predicates =, and =(x,; become =y and =(.
Further on, predicates =3, =4 and =3, =p¢ Will be denoted more traditionally by =y, =xx and =4y, =xx respectively. From
the definitions implies that pairs =xy and =y, =xy and =yx represent the same predicates.
Predicates =xy and =« are total and non-monotone (non-equitone), while predicates =xy and =x are partial and equitone.
Special predicates-indicators which detect whether a component with a corresponding name has a value in the input data
are needed for quantifier elimination. Total predicates-indicators can distinguish either the subject variable has an assigned
value or not, while partial predicates-indicators can only ascertain that a value is assigned.
Total predicates-indicators Ez are non-monotone and defined (see Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016) as
follows:
T(Ez) = {d|d(z)}};
F(Ez) = {d]|d(z)1}.
TMS® don't need separate predicates-indicators as predicates =, already work that way:
T(=zz) = {d| d(z)4} = T(Ez);
F(=zz) = {d | d(2)! and d(z) # d(2)} = .
Equality predicates and predicates-indicators can be interpreted as special 0-ary parametric compositions.
We have (see Shkilniak, S., 2019) Ez = 3y =;, thus predicates Ez are derivative in TMS®=. However, Ez can be introduced
on the renominative level, hence it is convenient to specify them explicitly as 0-ary compositions.
v,u

Therefore, we obtain the following sets of basic logical compositions: {—, v, R?i,Elx, =y, Ez} for TMS®= and {—, v, R% 1

Ax, =y} for TMS®=. Their properties are described in (Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016; Shkilniak, S., 2019;
Shkilniak, O., & Shkilniak, S., 2023).

Important special cases of TMS are (see Shkilniak, 2015):

— general TMS (GMS), with R = {~} and a basic modal composition O ("necessary");

— temporal TMS (TmMS), with R = {»} and basic modal compositions O ("it will always be the case") i O ("it has always
been the case");

— multimodal TMS (MMS), with R= {1, | ie [} and basic modal compositions M;, ie | in which each >, R is matched with a

corresponding modal composition Mj; each Mi is basically O with respect to its relation >, .

Derivative compositions are also usually defined. For GMS, ¢ ("possibly"): ¢P means —[1-P.

For TmMS, Ot ("it will sometime be the case") and OL ("it was sometime the case"): OtP means —t—P, 0P means

The following types of TMS®? with equality can be obtained. For TMS®, we have GMS®, TmMS &=, MMS &; for TMS®,
we have GMS®=, TmMS &=, MMS &=,

2. Languages of transitional modal systems

Let us describe the language of GMS®=. The alphabet: a set V of subject names (variables); a set Ps of predicate symbols

(language signature); a set of basic logical compositions' symbols {—, v,Rgf,Ex,sxy,Ex} ; a set of basic modal compositions'

symbols (modal signature) Ms = {{1}. The set Fr of language formulas is determined inductively:
Fa) PscFr,
Fc) {Ex| xe V}c Frand {=y | x, ye V} C Fr;
FpR) @, We Fr = —®e Fr, vO@¥e Fr, and R.{®e Fr;

F3) ®e Fr = IxPe Fr;
FO) ®e Fr = O®eFr.
Formulas of the type pe Ps, Ex, =xy are atomic.
We will use traditional derivative compositions and thus write ®&¥, ®—¥, Vx®, O® in place of formulas v—®¥, —-v—®—-,
—|E|X—|(D, —||:|—|(I)
Sets of guaranteed to be unessential names for formulas are defined by the function v: Fr— 2" (see Shkilniak, 2019;
Shkilniak, O., & Shkilniak, S., 2023).

A GMS®=type is determined by an extended signature ¢ = (Ps, v) and properties of the relation .

An interpretation mapping /m is specified for formulas for TMS®. compositions' symbols are interpreted as corresponding
compositions. For basic predicates, we have Im: PSx ST — PR, with condition IT(P, o) € PR.. the mapping Im is continued
to FTx ST — PR as follows:

IpR) Im(—, &) = =(Im(®, &0)); Im(v@¥, &) = v(Im(®, &), Im(¥, )); Im(RL (®), ) = RL (Im(D, a0));
F3) ®e Fr = Axde Fr;
FO) ®e Fr = OdeFr.

Formulas of the type pe Ps, Ex, =« are atomic.

We will use traditional derivative compositions and thus write ®&¥, ®—¥, Vx®, O® in place of formulas v—®¥, —v—®—P,
—|E|X—|(D, —|D—|®

Sets of guaranteed to be unessential names for formulas are defined by the function v: Fr— 2V (see Shkilniak, 2019;
Shkilniak, O., & Shkilniak, S., 2023).

A GMS®=type is determined by an extended signature ¢ = (Ps, v) and properties of the relation .
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An interpretation mapping Im is specified for formulas for TMSQ. compositions' symbols are interpreted as corresponding
compositions. For basic predicates, we have Im: PSx ST — PR, with condition IT(P, o) € PR.. the mapping Im is continued
to FTx ST — PR as follows:

IpR) Im(=, &) = =(Im(®, &0)); Im(v@¥, &) = v(Im(®, &), Im(¥, )); Im(RL (®), ) = RE (Im(D, a0));

T, if Im(®,0)(d ||, uxt>a)=T forsomeac A,,
13) Im(3x®, o)(d) =1 F, if Im(P,a)(d ||, v x> a)=F foranyae A,,
else undefined;

T, if Im(®,8)(d)=T forany de St: a9,
I00) Im(O®, o)(d) =4 F, if exists 5e St: a0 andIm(P,5)(d)=F,
else undefined.

Given for o St there is no B such that a > 3, then for each de YA we define Im(CI1®, o)(d)1.

The interpretation mapping /m can be specified in the similar manner for the derivative formulas ®&Y¥, ®—Y¥, Vx®, O0.

Predicates which are values of formulas that do not use modalities (i.e. contain no symbols from Ms) belong to predicates
of states. Predicates which are values of modalized formulas are global.

The language of GMS® is defined similarly. It has a different set of basic logical compositions' symbols: {— v, R;E,Elx, =y}

The rule Fc for language formulas has a form {=xy | X, ye V}  Fr; the interpretation mapping is modified accordingly.
The languages of TMMS® and TmMS®* are also specified similarly to the languages of GMS®= and GMS®.
The set of basic modal compositions' symbols is Ms = {{J1, [Ji}. In the definition of language formulas Fm, the rule FOI
changes to:
FO1) ®e Fr = Ot®e Frand Lide Fr.
Short notation ¢1® AND ¢1® can be used instead of —[11—® AND —[i—®.
Interpretation mapping /m should take into account time direction:
{ T, if Im(®,8)(d)=T forany de St: a9,
101) Im(C1®, a)(d) = { F, if exists 5 St: a0 and/m(P,d)(d)=F,
else undefined.

T, if Im(®,8)(d)=T forany de St: d 0,
Im(OL@, a)(d) =< F, if exists e St: &> a andIm(P,0)(d)=F,
else undefined.

Given for e St there is no B such that a > 3, then for each de YA we define Im(CIh®, o)(d)1.

Given for ae St there is no B such that 3 > @, then for each de VA we define Im(C1®, o)(d)1.

Similarly, the languages of MMS®= and MMS®- are defined in the same fashion as the languages of GMS®= and GMS®~.
The set of basic modal compositions' symbols changes to Ms={M;|ie f}. In the definition of language formulas Fm, the rule
FO changes to FM) ®e Fr = M; @< Fr.

For interpretation mapping /m, for modalities we have:

T, if Im(®,d)(d)=T forany de St: ar,; d,
IM) Im(M; @, o)(d) =1 F, if exists e St: ar; & and Im(®,d)(d)=F,
else undefined.

Given for ae St there is no f such that a >; B, then for each de VA we define Im(M;®, o)(d)1.

In case the interpretation /m is defined explicitly, TMS can be represented as M = (St, R, A, Im).

Predicate Im(®, o) which is a value of the formula @ in the state o is denoted by ®.

Formula @ is valid (irrefutable) on state o (denoted o |= ®@), if @, is a valid (irrefutable) predicate.

Formula @ is valid in TMS M (denoted M |= @), if for each ae St the predicate @, is valid.

Let M be a TMS class of a given type. Formula @ is M-valid (denoted # |= ®), if M |= ® for all Me M.

Depending on conditions imposed on the relation ,_different classes of TMS® can be specified. Traditionally, cases where
> can be reflexive, symmetric or transitive are considered. In case  is reflexive/transitive/symmetric, then the corresponding
symbol R/T/S will appear in the TMS® name. Thus, the following classes can be obtained:

R-GMS%®, T-GMS®, S-GMS%, RT-GMS®=, RS-GMS®=, TS-GMS®=, RTS-GMS%;
R-GMS®, T-GMS®, S-GMS®, RT-GMS®, RS-GMS®*, TS-GMS®¥, RTS-GMS®;
R-TmMMS®=, T-TmMS®=, STmMS®=, RT-TmMS®, RS-TmMS®=, TS-TmMS®=, RTS-TmMS®;
R-TmMMS®, T-TmMS®, S-STmMS®, RT-TmMS®, RS-TmMS®=, TS-TmMS®=, RTS-TmMS®=,
For MMS, the situation is more complicated. Given that all >, have the same type, we can obtain pure MMS®= classes

similar to the corresponding GMS® classes. However, more complex mixed types are also possible: for example, transitive
>,, symmetric »,, reflexive and transitive >, etc.

Let us consider how the value of ®3(d) can be set in case dg YAs. Two types of TMS are specified (see also Shkilniak, O.,
& Shkilniak, S., 2024): with strong condition of definedness on states and with general condition of definedness on states.
The strong condition requires ®s(d)T for de VAs. Hence: ®s(d)d = de YAs. Then (0®)a(d) = T implies that de YAs for all § such

that a>p. This means that basic objects (basic data) cannot disappear when transitioning to a successor state, which imposes
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strong restrictions on semantic models. Equitonicity of predicates with modalities is also violated. Therefore, this condition
turns out too restrictive.

The general condition of definedness on states looks more organic. Let ds denote the name set [V>ae d|acAs]. For
non-modalized formulas for all de VA and 8e St we specify ®s(d) = @5(ds). Given dg YAs, we obtain @3(d) = ®s(ds). This means
that predicates on states 3 "perceive" only such components v a that ac As. Moreover, in TMS with the general condition
of definedness on states basic modal compositions preserve equitonicity. This is an additional reason to concentrate on TMS
with such condition of definedness on states.

Further on, we will consider the case of GMSQ. Similar statements can be formulated for TmMMS and MMS.

Let us consider the interaction of modalities with renominations and quantifiers.

Symbols of modal compositions Ms can be carried through renominations:

Theorem 1. Ry (O®)(d) = O(RY(P))(d) for arbitrary ®e Fr, de VA,
Corollary 1. Formulas R%Y(00) — O(RL(P)) and TO(RLY (P)) —» RL(OP) are valid.

The interaction of modal compositions and quantifiers is more complex. For modalities [1 and ¢ and quantifiers 3x and
Vx we get:

Theorem 2 (see also Shkilniak, O., & Shkilniak, S., 2024). In a GMS of equitone predicates:

1) formulas [Ax® — IxCIP, Vx[O — VXY, VXOF — OVXYP, 03x0 — Ix00 are refutable;

2) formulas Ax® — O3xP, (VXY -Vx[Y, OVXY — VxOWP, Ix06 — OIx0 are valid (irrefutable).

At the same time, formulas IxOP — O3IxP, OVxS> -VxO9, OV — VxOWF, IxO0 — OIx0 are refutable in GMS® without
monotonicity restrictions.

3. Properties of GMS? with equality

Let us consider properties of equality predicates in GMS®.
Assertion 1. 1) Formulas =«, and U=y are refutable in GMS®= with 1-element states;

2) Formulas =xy and O=xy are irrefutable in GMS®= with 1-element states.
Proof. Let us specify such GMS®=. We define St={o, B}, R={a>B}, Au=As={a}. Letus take d =[x  a ]. Then duo(y)t and
ds(y)T, hence (=xy)u(d) = F and (sxy)p(d) = F, therefore (O=xy)o(d) = F. So, o |#=xy and o |# O=yy.

For 1-element interpretations with A={a} for each de"{a} impossible d(x)!, d(y)! and d(x)=d(y), hence impossible
=4/(d) = F. Therefore, =x, and [I=y, are irrefutable in GMS®= with 1-element states.

Note that formulas x = y are irrefutable under 1-element interpretations in classical logic as well.

For equality predicates we have F(=x) = & and F(=xx) = &. We obtain
Assertion 2. 1) M |==x and M |= O=« for each GMS®= M,

2) M |==xx and M |= O=xx for each GMS®~ M.
Proof. Predicate =xx is partial, therefore formulas =xx and [J=xx cannot be interpreted as a constant predicate T.

Predicate =« is a constant T, hence formula =« is always interpreted as T. At the same time, formula O=x is not always
interpreted as T. Indeed, let us consider GMS®= with St={o, B} and R={a > B }. As there does not exist a state n such that

Brn therefore ((=x)p(d)1 for each d.

Theorem 3. Formulas =xy — U=xy and O=x, — =4y are irrefutable in GMS®~.

Proof. Let us prove that =x, — (=4, by contradiction. Suppose =x, — [I=xy is refuted in a GMS® M = (St, R, A, Im). Then for
some o St and de YA we have (=xy — O=xy)o(ds) = F, hence (=x)o(de) = T and (O=x)u(ds) = F. The latter implies that there
exists Be St such that a > and (=x/)s(dp) = F, hence dp(x)!, ds(y)! and ds(x) = dp(y). Therefore, there exist a, be Ag such that
a#b, ds(x)=a and dp(y) = b, thence d(x)=a and d(y) = b.

(Zx)o(do) = T implies that du(x)!, do(y)! and du(x)=du(y). Given du(x)! and du(y)!, we have du(x)=d(x)=a and
da(y) = d(y) = b. However, a= b, which contradicts du(x) = du(y)-

Let us prove the irrefutability of CI=x, — =x,. Assume the opposite: [=x, — =y, is refuted in a GMS® M = (St, R, A, Im).
Then for some o St and de VA we have ((=xy — =x)a(dx) = F, hence (O=xy)o(de) = T and (=xy)o(do) = F. From (O=x)e(de) = T
we obtain: for all Be St such that a > 3, we have (=x)p(dp) = T, therefore for all such B we have ds(x)!, da(y)! and dp(x) = dp(y).
Such B that ap should exist, else ((=x)u(d)t for all deVA. Let us fix such a B. Then there exists acAp such that
ds(x) = dp(y) = a, hence d(x)=d(y)=a. From (=xy)o(dc) = F we obtain du(x)!, du(y)! and du(x)# du(y). From duo(x)} and du(y)!
we obtain du(x) = d(x) and du(y) = d(y). However, d(x) = d(y) = a, thence du(x) = du(y) = a, which contradicts du(x) # du(y).
Corollary 2. Formulas =xx — (=xx and =y — =xx are irrefutable in GMS<~.

For GMS®, the situation is different (see (Shkilniak O. and Shkilniak S., 2024)):
Theorem 4. Formulas =xy — =, and U=y, — =y, are refutable in GMS®=,

The following statement is similar to Theorem 4, but formulated for predicates-indicators Ex.
Theorem 5. Formulas Ex — LEx and Ex — Ex are refutable in GMS®=,
Proof. Let us consider GMS®= with St={o, B}, R={a> B}, Ac={a}, Ap={b}. Letd=[x—>ay>b]l=du=[x—aland ds=
[y bl Hence dux)=a and dp(x)T = Exu(d)=Exa(de) =T and Exp(d) = Exp(dp) = F = (HEx)u(d) = F. Therefore,
(Ex— OEX)o(d) = F = o | Ex— OEX.

Let h=[X—byr>al = du=[y>a] and dg=[X>D]. Hence du(x)t and ds(x)=b = ExXu(d) = = Exu(ds) = F and
Exp(d) = Exg(d) = T = (LEXx)o(d) = T. Therefore, (UEx — Ex)o(d) = F = o | Ex — Ex.

At the same time, everything is different for partial predicates-indicators =xx (see Corollary 2).
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Theorem 6. Formula =« & O=x; — O=y. is refutable in GMS®=,
Proof. Let us consider GMS®= with St={o,, B}, R={0a>B}, Au={a}, Ap={b,c}. Letd=[x— Cc,y > b,z C,S > al=du=
[s—aland dg=[X>Cy —bz>C]. Hence du(X)T, du(y)T; ds(x)=c, ds(y)=b, ds(2) = c.

Therefore, (=x)u(d) = (Ex)u(da) = T; (Ex)p(d) = (Ex2)s(ds) = T, (Sy2)p(d) = (Sy2)p(ds) = F.

Thence we obtain: (=xz)p(d) = Tand a B = (O=x)u(d) = T; (52)8(d) = Fand a =B = (O=5yz)a(d) = F.

Therefore, (sxy & O=xz — O=yz)u(d) = F = o |£=xy & D=z — O=yz.

Theorem 7. Formula =xy & O=xz — (=y; is irrefutable in GMS®=,
Proof. Let us assume the opposite: =xy & (I=xz — (1= is refuted in a GMS® M = (St, R, A, Im). Then for some o€ St and de YA
we have (=xy & O=xz — O=yz)o(du) = F, hence (=x)u(de) = T, (O=xz)u(de) = T and (O=yz)u(de) = F. From (0=y2)a(dx) = F we
obtain: there exists Be St such that a > and (=yz)p(dp) = F, thence dp(y)!, ds(z)! and dp(y) # ds(z). Therefore, a, be A should
exist such that: a=b, ds(y) = a and ds(z) = b, hence d(y)=a and d(z) = b.
(O=xz)a(do) = T implies that for all ye St such that ar>y, we have (=x)(dy) = T, in particular, for a state B we have
(=xz)p(dp) = T. Hence dp(x)!, dp(z)! and dp(x) = ds(z), which implies d(x) = d(z). However, d(z) = b, therefore d(x) = b.
(=xy)a(de) = Timplies du(x)!, do(y)! and duo(x) = du(y), thence d(x) = d(y). However, d(x) = b and d(y) = a, and a#b. We came
to contradiction.
Therefore as we see, there are significant differences in semantic properties of GMS® and GMS®=,
4. Logical consequence relations on a set of formulas specified with states
We define logical consequence relations in TMS on a set of formulas specified with names of states (or states of formulas).
The specification indicates the state of the world on which the formula is considered. A formula specified with a state is
denoted by ®%, where @ is a formula of the language, o< S is its specification, S is a set of names of states of the world.
Let X be a set of formulas specified with states with a specifications' set S.
We will call a set X consistent with TMS M = (St, R, A, Im), provided that an injection of S into St is defined.
For sets of formulas specified with states, the notation I v|=* A assumes the consistency of I" and A with TMS M.
On sets of formulas specified with states, let us introduce (see Shkilniak, O., & Shkilniak, S., 2024) the relations of
irrefutability (/IR), truth (T), falsity (F), and strong (TF) logical consequence. Such relations are specified similarly to the
corresponding relations in the traditional logics of quasiary predicates (see Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016;
Shkilniak, 2019).
Let A and T be sets of formulas specified with states.
Ais an IR-consequence of T in a consistent with them TMS M (denoted I v|=ir A), if for all de VA:
®o(d)=T for all " T = Wp(d)= F for some Whe A,

Ais a T-consequence of T in a consistent with them TMS M (denoted I v|=7A), if for all de VA:
®o(d)=T for all ®*c T = Wp(d) =T for some Whe A.

Ais a F-consequence of T in a consistent with them TMS M (denoted I v|=F A), if for all de VA:
Ws(d)=F for all Whe A = dy(d) = F for some ®°cT’
Ais a TF-consequence of T in a consistent with them TMS M (denoted ' m|=1rA), if T m|=7A and T m|=FA.
The relation of logical *-consequence with respect to a TMS of a certain type is introduced according to the following
scheme (here * denotes one of the IR, T, F, TF):
A is a logical *#-consequence of T with respect to a TMS of a type M (denoted I"*|=: A), if I m|=: A for all Me M.
The non-modal properties of the specified relations repeat the corresponding properties of the same-named relations for
sets of formulas of the traditional logic of quasiary predicates (see Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016;
Shkilniak, O., & Shkilniak, S., 2023).
Let us consider the properties related to equality predicates.
The symmetry properties of equality follow from the definitions, because the pairs =xy and =yx, =« and =yx represent same
predicates.
The reflexivity properties: predicates =« are constants T, while predicates =xx are irrefutable.
The transitivity property for the weak equality is violated (see Shkilniak, S., 2019) for the T- and F-consequence relations:
=xy, Syz MIZF =xy, Syz,=xz and —=xy, ==yz, ==xz M[ZT ==xy, = yz.
Indeed, ford=[xH—>a,Z+> b] we have dz F(=xy) U F(=yz) = F(=xy & =yz), while de F(=xz) € F(=xy & =yz & =xz).
Therefore, if the transitivity property for the weak equality is violated for the T- and F-consequence relations in GMS®,
then it is violated for the stronger TF-consequence relation. Hence, in GMS®- these relations are incorrect.
We obtain
Assertion 3. For GMS®=, only the IR-consequence relation is non-degenerate and correct.
Properties of the transitivity of equality in GMS® and GMS®" are represented as follows:
TrE) ExyO(, Eyzm, I M|=* A& Exya, EyzoL, Exza, I M|=* A;
Tr=) =% =% TM=IRA & =3, =% =% T M=RA.

Properties of substitution of equals are important for logics with equality. For GMS®* they are specified as follows:
=rpL) =, RETZ(P)T yl=r A & =, RETEA(D)RETE(D)T yl=r A

:xy 1w, L x “xy " 'w,Lx w,Ly
=rpr) =xyu’r vl=r szv:i"f((d))“,A 4 =xyu’r vl=r szv',i',i(q))urszv',i';(q))q’A-

At the same time, the substitution of equals in GMS®= is not straightforward. Let us consider some examples.
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Example 1. =%, O=x%, O=y* M=+ =y is true.
However, =%, ="M=+ =" is refuted from the proof of Theorem 6: in GMS® for d =[x - ¢,y — b,z > ¢,s > a ] we have

E=)u(d) = T, (O=e)old) = T, (O=r)u(d) = F; hence =y, O=® MR O=y2%, therefore =%, O=e® M O=." However, [O=,,=R}(C=,,)
and O=,=RY(0=,,), which implies = ° Ry (0=,)" yl# RY(O=,)". Butfrom = °RY(O=,)", R)(O=,)" yl= RY(O=,)"

Zxy 0 “vz =xy
follows that =, %, Ry(®)°,T yl=- A and =, % R(P)",R/(P)T |= A are notequivalent.
As a result we obtain that the following statements are not equivalent (+ denotes one of the T, F, TF):
=, RETZ(D)NT = A and =% RETZ(D),RETZ (DN 4 l=, A;

=xy M, 1,x xy "M, 1,x w,Ly
=y i ARZIN(®) and =, yl= A RZIL(®),RET(®)".

We can see that validity of =4 is not enough for the substitution of equals in GMS®=,

Example 2. =%, Ex%, Ey*, (=" |==y,* is true.

Suppose the opposite: for a GMS M= (St, R, A, Im) and oe St, de VA we have (=x)«(d)=T, Ex(d)=T, Ey(d)=T,
(O=xz)a(d) = Tand (O=yz)a(d) = F; hence du(x)} = du(y) = a for some ac A = d(x) = d(y) = a. Following (C=yz)a(d) = F we have
(52)p(d) = F for some B: af3.

Condition (O=x)«(d) = T implies (=xz)p(d) = T, therefore two cases are possible:

1) dp(x)T and dp(z)T; hence d(x)zdp; from d(x)=d(y) =a we get ds(y)T, therefore (sz)p(d) = T, which contradicts the
condition (=yz)s(d) = F.

2) dp(x)4 = dp(z)!; from d(x) = d(y) = a we obtain dp(z) = dp(x) = ds(y) = a, which contradicts the condition (=,z)s(d) = F.

We came to contradiction in both cases.

Therefore, the substitution of equals in GMS®= requires an addition of conditions of Ex* and Ey* validity to the condition
of validity of =

Theorem 8. We obtain the following conditions for the substitution of equals in GMS®=:
ErpL) = U EXG!Eya!RVﬂ’Z (q))q!r Mlz* A < = . EXC(’EyU,RV,U,Z (qD)G!RE’E’Z (q:))a!r Mlz* A:

Sxy w,1,x Sxy w,1,x w,Ly
=rpr) =, % Ex%Ey°.T yl= RYTZ(®)A & =, % Ex®Eye T yl= RYLZ(®),RETL (D), A;
=1pL) =, % Ex®Ey " —RET(OIT yl= A & =% Ex® Ey® —RyIL(®)F, —REIH(O)LT yl=, &
=IPR) =, EX" BV = SREIN(®)A & =, S EXLEY T yl= —RETH(®), —RETS (®)% A

Properties of carrying modalities over renominations and modality elimination belong to the modal properties of logical
consequence relations. For TMS® with equality, such properties basically repeat the corresponding properties for TMS®
without equality (see Shkilniak, 2015).

In case of additional conditions imposed on the transition relation, the elimination properties for modalities will be modified
accordingly. The properties for the relation m|=1r and dual properties for the relation m|r for the cases of transitive, reflexive
or symmetric transition relation in GMS® can be found in work (Shkilniak, 2015).

The described properties of relations m|=+ for sets of formulas induce analogous properties of the corresponding logical
consequence relations |=+for a given type of TMSQ,

Discussion and conclusions

In this paper we studied pure first-order transitional modal logics of partial non-monotonic quasiary predicates with equality which
are program-oriented logical formalisms of the modal type. Two types of such logics were introduced: logics with strong equality
predicates and with weak equality predicates. Depending on types of modal compositions and transition relations, classes of general,
temporal and multimodal logics can be considered. Semantic models and languages of these logics were described with special
attention to the properties of equality predicates. We determined a number of consequence relations in TMS and logical
consequence relations on sets of formulas specified with states; the substitution of equals was described in detail.

Properties of these relations will be the semantic basis for constructing the corresponding sequent type calculi.

References

Abramsky, S., Gabbay, D. M., & Maibaum, T. S. E. (Eds). (1993—-2000). Handbook of Logic in Computer Science (Vol. 1-5). Oxford University Press.

Baier, C., & Katoen, J. (2008). Principles of Model Checking. MIT Press.

Bjorner, D., & Henson, M. C. (Eds). (2008). Logics of Specification Languages, EATCS Series. Springer.

Blackburn, P., van Benthem, J., & Wolter, F. (Eds). (2006). Handbook of Modal Logic. Elsevier.

Cocchiarella, N., & Freund, M. (2008). Modal Logic. An Introduction to its Syntax and Semantics. Oxford University Press.

Fisher, M. (2011). An Introduction to Practical Formal Methods Using Temporal Logic. Somerset, NJ: Wiley.

Fitting, M., & Mendelsohn, R. (2023) First-Order Modal Logic. Springer.

Goranko, V. (2023). Temporal Logics. Cambridge University Press.

Kroger, F. & Merz, S. (2008).Temporal Logic and State Systems. Springer-Verlag.

Nikitchenko, M., Shkilniak, O., & Shkilniak, S. (2016). Pure first-order logics of quasiary predicates. Problems in Programming, 2-3, 73-86 [in Ukrainian].
[HikiTueHko, M., WkinbHsik, O., & WkinbHsk, C. (2016). YucTi nepLuonopsakosi norikv kBasiapHux npeavkaTis. [pobremu npoepamysaHHsi, 2—3, 73—86].

Shkilniak, O. (2015). Modal logics of non-monotone partial predicates. Bulletin of Taras Shevchenko National University of Kyiv. Series Physics & Mathematics,
3, 141-147 [in Ukrainian). [LWkinbHsk, O. (2015). MoaanbHi norikvi HEMOHOTOHHKX YaCTKOBWX NpeaukartiB. BicHuk Kuiecbkozo yHieepcumemy. Cepis: @i3uko-
mamemamuyHi Hayku, 3, 141-147].

Shkilniak, O., & Shkilniak, S. (2023). First-Order Sequent Calculi of Logics of Quasiary Predicates with Extended Renominations and Equality. Proceedings of
UkrPROG'2022, Kyiv, Ukraine. CEUR Workshop Proceedings (CEUR-WS.org), 3—18.

Shkilniak, O., & Shkilniak, S. (2024). Modal Logics of Partial Quasiary Predicates with Equality. Proceedings of DSMSI-23. Kyiv, Ukraine. CEUR Workshop
Proceedings (CEUR-WS.org), 35-48.

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMU. 1(80)/2025 ~181 ~

Shkilniak, S. (2019). First-order composition-nominative logics with predicates of weak equality and of strong equality. Problems in Programming, 3, 28—-44
[in Ukrainian]. [WkineHsak, C. (2019). MNeplionopsakoBi KOMMNO3WLIMHO-HOMIHATUBHI NOriku 3 npeaukatamu cnabkoi Ta ctporoi piBHOCTI. [lpobremu
npozpamysaHHsi, 3, 28—44].

OTpumaHo pepakuieto xypHany / Received: 05.07.24
NMpopeueHsoBaHo /| Revised: 05.02.25
CxsaneHo go apyky / Accepted: 06.03.25

OkcaHa WKINbHSAK, kaHA. ¢is.-maT. Hayk, Ao,

ORCID ID: 0000-0003-4139-2525

e-mail: oksana.sh@knu.ua

KviBcbkui HauioHanbHUI yHiBepcuTeT imeHi Tapaca LLleByeHka, KuiB, YkpaiHa

NEPLLUONOPAAKOBI TPAH3ULIAHI MOAANBbHI NOTKN KBA3IAPHUX NPEOUKATIB 3 PIBHICTIO

HocnidxeHo mpaH3uyiliHi MoOanbHi noziku (TMJ1) keasiapHux npedukamie 3 pieHicmro. ModanbHi n1o2iku ycniwHo eukopucmoeyroms Ons onucy
U mModesnroeaHHs1 pi3HOMaHimMHux npedmemuux obnacmel. EnicmemivHi noziku 3acmocoeyromb Onisi onucy cucmem wWmy4YyHO20 iHmMesnekmy,
iHghopmayiliHux ma ekcriepmHux cucmem. 3 GOMOMO20t0 memropasnbHUX J102iKk onucyroms GuHaMi4Hi cucmemu, crneyudgikayii ma eepudbikayii
npozpam. TpaduyiliHi MoOanbHi no2iku 6a3yrombcsi Ha Kracu4Hil noziyi npedukamie. [Ipome ys nozika HeAocmamHbO 8paxoeye HerosHomy,
4acmkosicmb, cmpykmypoeaHicmb iHghopmayii npo npedmemHy o6bnacmb. Taki obmexeHHsi eedymb 00 HeobxiOHocmi nobydoeu Hosux,
npozpaMHO-OpieHMo8aHUX J102iK, U0 3yMOBJIHOE aKmyasibHicmb nponoHoeaHoi po6omu. Mu po3ansidaemo yucmi nepwonopsiokoei TMJT keaziapHux
npedukamie, He 06MeXeHUX YMO8OH MOHOMOHHOCMI ma 36azavyeHux npedukamamu pieHocmi. BudineHo dea pisHoeudu makux nozik: TML?= 3
npedukamamu cmpoz2oi pieHocmi =, ma TML?" 3 npedukamamu cnabkoi pieHocmi =, XapakmepHoro ocobrugicmio Yux J1o2iK € UKOPUCMaHHS
KoMno3uuii po3wupeHoi peHoMiHauii. ns eniminauii keaHmopie y TML®= eukopucmaHo cneyiansHi momansHi npedukamu-iHdukamopu Ez, a e TML®
y poni yacmkoeux npedukamie-iHOukamopie nocmarome =z;. CeMaHmuyHoto 6azoro TMJT € mpaH3uyitiHi modansHi cucmemu (TMC). Ons TML®= ma
TML® gudineHo Halieaxnuseiwi pi3Hoeudu yux cucmem: 3azanbHi (GMS? i GMS®), memnopansHi (TmMS® i TmMS®) ma mynsmumodansHi (MMS®=
i MMS®). OnucaHo cemaHmu4Hi modeni ma moeu yux pizHogudie TMC, ocobnuey yeazy npudinieHo esacmugocmsiM, Noe'a3aHuM i3 npedukamamu
pieHocmi. Po3a2nsiHymo Yomupu munu eiOHOWeHb J102i4HO20 HacnidKy Onsi MHOXUH, creyugikoeaHux cmaHamu c¢opmyn y yux TMS, 3a
HecnpocmoeHicmio (IR), icmurHicmio (T), xubHicmio (F) ma cunbHuli (TF). OnucaHo oco6nueocmi 3amiHu pieHux y TML®= ma TML®". Bnacmueocmi
8iOHOWeHb 1102i4HO020 HacnidKy Onsi MHOXUH crneyugpikoeaHux cmaHamu ¢OpMysl € CeMaHMUu4YHOK OCHO8O0 mnodanbwoi nobydoeu Onsi
docidxeHux nozik 8idnoeidHUX YucneHb ceKkeeHYiliHo2o muny.

Knwo4yoBi cnoBa: mModanbHa nozika, mpaH3uyiliHa ModanbHa cucmema, npedukam, pieHicmb, 102i4HUl HaciOoK.

ABTOp 3asiBNsi€ Npo BiACYTHICTb KOHMIKTY iHTepeciB. CnoHcopu He Gpanu y4yacTi B po3pobreHHi JocnimpkeHHs; y 36opi, aHanisi
4y iHTepnpeTauii AaHWX; y HanncaHHi pykonucy; B piLLeHHi Npo ny6nikauito pe3ynbTaTis.
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