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This article is dedicated to the upper semilattice FSub(S) of all finitely generated subsemigroups of a semigroup S. We prove some
necessary and sufficient conditions for this semilattice to form a lattice or to be a complete semilattice and describe some of its atoms
and dual atoms. We also studied finitely generated semigroups, all of whose proper finitely generated subsemigroups are finite, and
lattices of their finitely generated subsemigroups. A sufficient condition for such a semigroup to be finite was found.
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Introduction

In the study of semigroups, certain combinatorial structures related to semigroups, in particular, subsemigroup lattices,
play a crucial role. There are many works devoted to the connection between the structure of a semigroup and the structure
of its subsemigroup lattice. The results obtained by the middle of the 1980s are summarized in the monograph (Shevrin, &
Ovsyannikov, 1996); see also (Sit, & Sue, 1975; Jones, 1981; Jones, 2010; Pasku, 2006; Thron, & Koppitz, 2003).

Let S be a semigroup. It is well known that the set Sub(S) of all its subsemigroups forms a complete lattice with operations
TZWAT, =T,NT,and T, VT, = (T, UT,), T, T, € Sub(S).

In this article, we consider a subsemilattice of this lattice—the semilattice of all finitely generated subsemigroups of S. At
first we state some auxiliary results.

In what follows, for a semigroup S, the notation S' means the semigroup S with an adjoined unit if S does not have one,
and the semigroup S itself, otherwise.

Proposition 1. Suppose a finitely generated semigroup S has an indecomposable element a. Let A be a finite generating
system of S and A, = A\ a. Then S\ a is finitely generated; moreover,
S\ {a} ={{a? a®}U A, UaA, UAa VU aAa).

Proof. From indecomposability of a we obtain that the set S \ a is closed with respect to multiplication, and therefore it forms
a subsemigroup of S.
Each word over the alphabet 4, different from a, breaks down into subwords that either do not contain the letter a, or are
of the form ba*c or ada, where b,c € {(4,)!, k = 1, d € {A,). Thus, we obtain the desired equality.
]
A subset B of a set A is called cofinite if |A \ B| < co. Each infinite cyclic semigroup is isomorphic to the semigroup (N; +).
Hence, theorem 1 from (Sit, & Sue, 1975) can easily be reformulated in terms of arbitrary cyclic semigroups.

Proposition 2. Each subsemigroup of a cyclic semigroup is finitely generated and is a cofinite subset of one of its cyclic
subsemigroups.

Proposition 3. (Shevrin, & Ovsyannikov, 1996; Lemma 1.3.1 and Proposition 1.3.2)

1. An element T € Sub(S) is an atom if and only if T = e, where e is an idempotent.

2. Sub(S) contains a unique atom (which is also the zero in FSub(S) \ @) if and only if the semigroup S is periodic and
contains a unique idempotent.

1. Main results

Proposition 4. The set FSub(S) of all finitely generated subsemigroups of a semigroup S forms an upper subsemilattice of
the lattice Sub(S).
Proof. Let T;, T, € FSub(S). If T; = (A4;), |4;| < 0,i =1,2,thenT; VT, = (T, UT,) = (4; U A,) is a finitely generated semigroup.
O

From the proof of this proposition we obtain that the mapping ¢: B;,(S) — FSub(S), 4 - (4), where B;;,,(5) is the set of
all finite subsets of S, ordered by inclusion, is an endomorphism of semilattices.

Each element of the semilattice FSub(S) can be written as the join of a finite family of cyclic semigroups:

T =(ay,az, ..., an) = (ay) V{(az) vV -V (ay).

Proposition 5. If for elements Ty, T, € FSub(S) their least upper bound in FSub(S) exists, then it is equal to T, N T,.

Proof. Itis obvious that T; AT, € T; NT,. Lets € T, N T,. Then (s) € T, and (s) < T,. From the definition of the greatest lower
bound, we obtain that (s) € T; A T,, and therefore s € T; A T,. Hence, each element of the set T, N T, lies in T; AT,, so T; N
T, CTyAT,. Thus, Ty AT, =T, N T,.

O
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Corollary 1. The partially ordered set FSub(S) is a lattice if and only if an intersection of two arbitrary finitely generated
subsemigroups of S is finitely generated. In this case, FSub(S) is a sublattice of Sub(S).

Since in a nilpotent semigroup the lengths of nonzero products are bounded from above, every finitely generated
subsemigroup of such a semigroup is finite. From this and proposition 5 we obtain the following.

Corollary 2. If a semigroup S is nilpotent, then FSub(S) is a lattice.

Proposition 6. Let T;, T, € FSub(S) be such that T, N T, € FSub(S). For any finite generating system A of the semigroup
T, N T,, there exist finite generating systems B and C of T, and T,, respectively, such that Bn C = A.
Proof. Let A; and A, be some finite generating systems of the semigroups T; and T,, respectively. Then AU A, and AU 4,
also generate these semigroups. Since A U A; and A U A, are finite, they contain some minimal generating systems, B and
C, that contain A. Suppose that B\ A € T; \ (T; N T,). Then there exists an element ¢ € T, N T, such that ¢ € B \ A. Since ¢
is generated by A4, the set B \ c is a generating system of T; n T, and contains A, which contradicts the minimality of B. Hence,
B\ ACT\ (T, NT,). Analogously, it can be shown that C\ A< T, \ (T; N T,). Thus, BN C = A.

O
Corollary 3. For any T;, T, € FSub(S), such that T, N T, € FSub(S), there exist finite generating systems, A, and A,, such that
Ty NT, = (A4; NAy).
Proposition 7. Let ¢ : S —» S; be a homomorphism of semigroups. A subsemigroup of ¢(S) is finitely generated if and only if
it is a homomorphic image of some finitely generated subsemigroup of S.

Proof. If T = (ay,a,, ..., a,) € FSub(S), then
@(T) = (p(ay), p(az), ..., p(ay)) € (pFSub(s)).

Conversely, suppose U = (by, by, ..., b,) € (pFSub(S)). Let ay,a,,..,a, €S be some preimages of the generators
by, b, ..., by, respectively. Then, for the semigroup T = (a4, a, ..., a,) € FSub(S), we have:

U =(p(a), 9(az), ..,0(a,)) = p({ay, a, ...,an)) = @(T).
The claim follows.

Proposition 8. If the lattice Sub(S) is distributive, then FSub(S) is its sublattice. In particular, FSub(S) is also distributive.
Proof. Suppose T; € Sub(S), T, € FSub(S) and T, = (a4, a,, ..., a,,). Applying distributivity, we obtain:

T NT, =T N (a) V- Viay)) = (T n{a)) V-V (T N{ay)).
Proposition 2 and the fact that FSub(S) is an upper semilattice imply that T; n T, € FSub(S). Thus, by corollary 1, FSub(S) is a
sublattice of Sub(S). But then it is itself distributive.
O

Let L be a lower semilattice. By a A b we denote the greatest lower bound of the elements a and b. Because of the
associativity, commutativity and idempotency of the operation A, the semilattice L can be viewed as a commutative band with
respect to A. The same holds for upper semilattices with respect to the operation of taking the least upper bound.

From the proof of proposition 8 we obtain
Corollary 4. If the lattice Sub(S) is distributive, then the lower semilattice (FSub(S);n) is an ideal in (Sub(S);n) (in the
semigroup-theoretic sense).

The distributivity criteria of the lattice of all subsemigroups of a semigroup are stated in (Shevrin, 1961). Proposition 3
immediately implies the following.

Proposition 9:
1. An element T € FSub(S) is an atom if and only if T = e, where e is an idempotent.

2. FSub(S) contains a unique atom (which is also the zero in (S) \ ©) if and only if the semigroup S is periodic and contains
a unique idempotent.

Proposition 1 immediately implies the following.
Proposition 10. If a finitely generated semigroup S contains an indecomposable element a, then S \ a is a dual atom in FSub(S).
Note that if a semigroup S is finite, then FSub(S) always contains dual atoms. For infinite semigroups, FSub(S) can have dual

atoms even if S does not contain indecomposable elements. For example, in FSub(Z) of the semigroup (Z; +), each of the
subsemigroups N,, —N, and pZ for prime p is a dual atom.

Proposition 11. If the upper semilattice FSub(S) is complete, then S is finitely generated.
Proof. Suppose the semilattice FSub(S) is complete. Then the set {(s)};cs must have the least upper bound in FSub(S). From

the equality
esr=s.
€S

S
it follows that the least upper bound of this set has to be equal to S. Thus, S € FSub(S), which means that S is finitely generated.
O
Proposition 12. Let T € Sub(S) \ FSub(S). If, in the semilattice FSub(S), the least upper bound, U, of the set {(t)};cr exists,
then T contains all the indecomposable elements of U. In particular, no generating system of U can consist purely of
indecomposable elements.
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Proof. By the definition of the least upper bound, no proper finitely generated subsemigroup of U can contain T. Let a be an
indecomposable element of U. By proposition 1, U \ {a} € FSub(U) \ U. Hence, T ¢ U \ a, which means a € T. If U were
generated by its indecomposable elements, T would contain a generating system of U, which would imply T = U, which is
impossible, since T & FSub(S).

O
Proposition 13. If all proper finitely generated subsemigroups of a finitely generated semigroup S are finite, then FSub(S) is
a complete lattice.

Proof. Since S is finitely generated, then the upper semilattice FSub(S) contains a unit. An intersection of an arbitrary family
of finitely generated subsemigroups of S either equals S or is finite; hence, it is always finitely generated. Therefore, FSub(S)
is a complete lower semilattice. By lemma 34 from (Gratzer, 2011), FSub(S) is a complete lattice.
]

Proposition 14. Suppose S is a finitely generated semigroup, all of whose proper finitely generated subsemigroups are finite.
Let A an irreducible generating system of S and a € A. Then:

1. The set S\ S'aS?! is finite.

2. If T is an infinitely generated subsemigroup of S, then the set T n S*aS?! is nonempty and is a two-sided ideal of T.

3. If T is an infinitely generated subsemigroup of S, then, in the lattice FSub(S), the following equality holds:

\/(t) =

Proof. 1. Each element of the set S\ S'aS?! is generated by the elements of the set A\ a. Hence, S\ S'aS* € (4\ {a}) €
FSub(S). Since (4 \ {a}) is a proper finitely generated subsemigroup of S, it is finite, which means S \ S*aS? is finite as well.
2. Suppose T n StaS! = @. Then statement 1 implies that |T| < o, which contradicts the infinite generatedness of T. The
second part of this statement is obvious.
\w=r.
teT

3. In the lattice Sub(S), the following equality holds:
Since FSub(S) is a sublattice of Sub(S) and is complete, the least upper bound of the set {(t)};cr exists in it and contains
T. Since T is infinite, the only element of FSub(S) that can contain it is S itself.
]
Let S be the semigroup from Proposition 14. The ideal S'aS?! is the set of all elements of S that are generated by a (in
combination with other generators). Hence, the following equality holds:

S= U51a51.

acA
If S is infinite, then at least one of these ideals is infinite.

Proposition 15. Suppose S is a finitely generated semigroup, all of whose proper finitely generated subsemigroups are finite.
Let T be a proper subsemigroup of S. Then:

1. Sub(T) is a complete sublattice of Sub(S).

2. FSub(T) is a sublattice of FSub(S); moreover, FSub(T) U T is a complete lattice.

3. (Sub(T);n) is an ideal (in the semigroup-theoretic sense) in (Sub(S) ; N), and (FSub(T);N) is an ideal in both (FSub(S);N)
and (Sub(S);n).
Proof. 1. This is obvious.
2. This follows from corollary 1 and the fact that all proper finitely generated subsemigroups of T are finite.
3. If F; and F, are some subsemigroups of S and T, respectively, then F; N F, is a subsemigroup of T. Moreover, if F, is finite,
so is F; N F,, which means F; N F, € FSub(T).

O

Proposition 16. Suppose S is a finitely generated semigroup, all of whose proper finitely generated subsemigroups are finite.
If S contains an indecomposable element, then it is finite.

Proof. Let a be an indecomposable element of S. By proposition 1, S \ a is a proper finitely generated subsemigroup of S. Hence, it
is finite. But then S is itself finite.

O
Remark. In (Pasku, 2006), there is a criterion of finiteness of a finitely generated semigroup. However, it is not suitable for
our purpose.

Proposition 17. Let (a) and (b) be infinite cyclic semigroups and have non-empty intersection. Let k be the smallest integer
such that a* = b™ for some n, gcd ged (k,n) = d and k = kyd. Then

(a) N (b) = (ak, aktko, .., ak*+(@d-Dko),
Moreover, the above generating system is a unique irreducible generating system of this semigroup.
Proof. Consider arbitrary [ and m such that a! = b™. We have:
pnl = (bn)l — (ak)L — (al)k — (bm)k = pmk,
Since the semigroup (b) is infinite, the above equality implies that km = nl. For a positive integer [, there exists a positive
integer m such that km = nl if and only if k,|l. Hence, a' € (b) if and only if = k + k,t for some t € Nj,.
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Now we will show that (a) N (b) = {(a,,ay, ..., as), where a; = a¥*(@=Dko j =1, .. ,d.Foranyt = qd + r, 0 < r < d, we have

k + tko = k + qdko + rko = k + ko + gk, which means ak*t%o = a,,,al. Hence, (a) N (b) S (ay,a,, .., aqz). The converse

inclusion is obvious. Since each of the elements a4, a,, ..., a4 is indecomposable, this is a unique irreducible generating system
for this semigroup.

O
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KuiBcbkuit HauioHanbHUM yHiBepcuteT iMeHi Tapaca LLleBuyeHka, KuiB, YkpaiHa

MPO HAMIBI'PATKY BCIX CKIHYEHHO NOPOOXXEHUX NIOHAMIBIPYN HANIBIPYNUX

IMpucesiyeHo docnidxeHHIo sepxHbOI Hanierpamku FSub(S) ecix ckiH4eHHO nopodxeHux niGHanie2pyn Hanie2pynu S. 3HalideHo desiki HeO6XiOHI
ma docmammHi ymoeu 9551 mozo, wo6 ys1 Hanierpamka ymeoproeasna rpamky abo 6yna noeHoro; po3aassHymo if amomu ma koamomu. lIpoaHanizo-
8aHO MaKoX CKiH4eHHO MopodXeHi Hanie2pynu, y sIKUX yci enacHi ckiH4yeHHO Mopod)keHi nidHanie2pynu ckiHYeHHi, ma rpamku iXHix CKiIH4eHHO no-
podxeHux nidHanie2pyn. BuzHa4yeHo docmamHIo yMosy CKiH4eHHocmi makoi Haniezpynu.

KnwouyoBi cnoBa: Haniezspyna, ckiHieHHO nopodxeHa Haniezpyna, rpamka niOHaniez2pyn, Hanierpamka CKiH4eHHO [OPOOKEHUX
nioHanieepyn.

ABTOp 3asiBNsi€ Npo BiACYTHICTb KOHMNIKTY iHTepeciB. CnoHcopu He Gpanu yyacTi B po3pobneHHi focnigkeHHs; y 36opi, aHanisi un
iHTepnpeTauii AaHWX; Y HanMCaHHI pykonucy; B pilleHHi Npo nybnikauito pe3ynbTartis.
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