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Poszzaadaromvea momasvui nidnpocmopu 6 npocmopt AMHITHUL GYHKUYIOHANE HA0 HECKIHYEeHHO-
BUMIDHUMY BEKMOPHUMY NPOCTOPAMYU MaA NO6 A3AHT 3 HUMU aazebpy i epynu Maxki. [[a cmammasa
npucsauena onucy asmomopdizmic 2pyn Maxxki SLoo(VIW), Oxo(f) ma SUx(f) nad noasmu zapa-
Kmepucmuku, 6i0MinHoi 610 2 abo 3. Jas yb020 JoCAIONCYEMBCA 36 A30K MINC ABMOMOPPIZMAMU NOALG
ma a8momopPIi3Mamy 32000HUT 2PYT.

Jotc. Xoan 00616, U0 HECKIHUEHHUMU NPOCUMU HIHIMAPHUMY NEPIOOUNHUMU 2PYNAMU € 4O 3Ha-
KO3MIHHL 2DYNU HG HECKIMYEHHUT MHOCURAT, abo epynu Makki Had nosamu, wWo € aszedpuarumu
POSUWUPERHAMY CKIHYEHHUL NOAIE. ABMOMOPPIZMU HECKIMYEHHUL 3HAKOZMIHHUL 2PYN OYAU ONUCAHT
6 pobomazx owc. lpatiepa ma C.Yaama. Onucom asmomopdismie dinimapnuz epyn Makki ma cne-
YIAADHULT PINIMaprux yHimaprux 2pyn Maxki mu 3a6ePUYEMO KAACUPIKGUII0 A6MOMOPPIZMIE YCIT
HECKIHYEHHULT NPOCTUL PIHIMAPHUT NEPIOCUNHUL 2PYN HAO0 NOAAMY TAPAKMEPUCMUKY, WO He JOPi6-
nroe 2 abo 3. Jlosedenna JS'pynmyemnupca na 0NUCE A8MOMOPPIZMIE EAEMENMAPHUT ATHITGHULT 2pYn Had
ACOULAMUBHUMY KIALYUAMU, AKUT Haseocums 1.Toaybuury, O.Muxasvosy ma FO.3eavmanosy.

Karouosi crosa: Aemomopdiam, anmu-asmomopdism, HECKiHUeHHa npocma GiHimapha nepioouywta
epyna, epyna Maxxk:.

We consider total subspaces of linear functionals on an infinite-dimensional vector space and the
related Mackey algebras and groups. We outline the description of automorphisms of Mackey groups
SLoo(VIW), O (f), and SUx(f) over fields of characteristics not equal to 2, 3. Moreover, the paper
explores the relationship between field automorphisms and automorphisms of the aforementioned groups.

J.Hall proved that infinite simple finitary torsion groups are the alternating groups on infinite sets
or Mackey groups over a field, which is an algebraic extension of a finite field. J.Schreier and S.Ulam
described automorphisms of infinite alternating groups. With the description of automorphisms of fini-
tary Mackey groups and special finitary unitary Mackey groups we finish classification of automorphisms
of all infinite simple finitary torsion groups over fields of characteristics not equal to 2, 8. The proof
15 based of description of automorphisms of elementary linear groups over associative rings that due to
1.Golubchik, A.Mikhalev and E.Zelmanowv.

Key Words: Automorphisms, anti-automorphisms, infinite simple finatary torsion group, Mackey
group.
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1 Introduction define

End; = i .
Let F be a field of characteristic # 2, 3; and let sin(V) = 1{p € Ende(V) ‘ dime p{V') < o}
V be an infinite-dimensional vector space over F. The space V* has a natural structure of a
Let V* denote the vector space of all linear functi- right Endp(V))-module. Given a linear functional
onals V — F. For an element v € V and a linear X :V — F and a linear transformation ¢ : V. — V'
functional w € V*, we denote w(v) = (v|w). we define

A subspace W C V* is called total if v € V, (xe)(v) = x(p(v)), veV.
(v|W) = (0) implies v = 0.

Let Endp(V) be the associative algebra of
all linear transformations V — V. Additionally, A(VIW) ={p € Endp(V) | Wy C W}

The subalgebras
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and
Apin(VIW) = A(VIW) N End 43, (VW)

are called the Mackey algebra and the finitary
Mackey algebra, respectively. Clearly, Ay, (VW)
is an ideal of the algebra A(V|W). For more
information about Mackey algebra, see [6, 7, 8|.

The algebra Az, (VW) can be identified with
the tensor product

V or W, (Ul ®w1)(U2 ®w2) = (v2|w1)vl X wa.

Here, an element ), v; ® w; is viewed as the linear
transformation

v — Z(v[wi)vi, veV

The algebra A, (V|W) of a total subspace
W C V* is a nonunital locally matrix algebra;
see [1, 3, 4].

Let GL(V') denote the group of all invertible
linear transformations on V. The Mackey algebras
A(VIW) and Ay, (VIW) give rise to the groups:

GL(V|W)=AVIW)NGL(V);

GLoo(VIW) = (Afin(VIW) + Idy) N GL(V),

where Idy is the identity mapping V' — V. We
also consider the group

SLoo(VIW) = [GLoo(VIW), G Lo (VIW)].

This group SLeo(V|W) is a direct limit of groups
SLy,(F), and it is a diagonally local SL-group in
the sense of [2].

A bijective linear transformation (respecti-
vely, additive map) ¢ of an
algebra (respectively, ring) A is called an anti-
automorphism. if

associative

plab) = p(b)p(a)

for arbitrary elements a,b € A. An anti-
automorphism x* is called an involution if

(a*)* =a for an arbitrary element a € A.

N. Jacobson [6] showed that a finitary Mackey
algebra Az, (V|W) has an involution if and only
if the vector space V is equipped with a weakly
Hermition nondegenerate bilinear form f(x,y)
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such that W constitutes the space of linear
functionals

T:v— flv,x), veV,

where x runs over V. In this case, we call the
pair (V,W) dual; and the anti-automorphism is
the transpose

fle(vr),v2) = fo1, " (v2)).

Let us note that a linear transformation
¢ € Endp(M) has a transpose if and only if it
lies in A(V|W).

We also note that an anti-automorphism ¢t is
an involution if and only if the form f is symmetric

= ¢,

or skew-symmetric.
Consider the group O(f) of orthogonal linear
transformations defined as

O(f) ={a € A(V|W) ‘ al = a_l}
and
Ooo(f) = O(f) N GL(VW).

If the field F is equipped with an automorphism
of order 2: « — &, a € F, and the form f is semi-
linear, i.e.

flavy,ve) = af(vi,v2); f(vr, avy) = af(vi,ve),
then we define unitaly groups as follows:
U(f)={ac AVIW)|a" =a 1},

Uso(f) = U(f) N GLoo (VW)

and their special analogs:

SU(f) = U, U,
SUso(f) = [Uso(f), Uso ()]

We also consider scalar-unitary groups defined
as follows:

U'(f):{aeA(V\W)‘dt:aafl,();éaelﬁ‘}.

J. Hall [5] classified infinite simple finitary
torsion groups. He showed that a group belongs
to this class if and only if it is isomorphic to an
alternating group Alt(X) on an inifinite set X
or to one of Mackey groups SLoo(V|W), Ox(f),
SUx(F), where the ground field F is locally fi-
nite, and f is a nondegenerate (skew) symmetric
(semi)linear form. The proof uses the Classificati-
on of Finite Simple Groups.
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2 Main results

The following two theorems describe automorphi-
sms of Mackey groups
SLoo(VIW),

Oco(f),  SUs(f)-

In particular, they describe automorphisms of all
infinite simple finitary torsion groups in J. Hall’s
classification. Recall that automorphisms of infini-
te alternating groups were described by J. Schreri-
er and S. Ulam [9].

Theorem 1. (a) Let the characteristic of the fi-
eld F is not equal to 2 or 3. Then an arbitrary
automorphism ¢ of the group SLoo(V|W) either
extends to a ring automorphism of Apin (VW) or,
iof the spaces V. and W are dual, there exists an
anti-automorphism v of A (VW) such that

olg)=v(g ")

for an arbitrary element g € SLoo(VIW).

(b) Let the characteristic of the field F is not
equal to 2 or 3. Then an arbitrary automorphism
of the group Oso(f) or SUx(f) extends to a ring
automorphism of A, (VIW).

N. Jacobson [6] showed that all F-linear
automorphisms of A;,(V|WW) are conjugations by
elements from GL(V|W). Hence,

12

Autp (Afm(V’W))
= GL(V]W)/Center = PGL(V‘W).
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A ring automorphism of Az, (V|W) is semilinear
with respect to some automorphism o € Aut([F)
of the field F.
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