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Ðîçãëÿäàþòüñÿ òîòàëüíi ïiäïðîñòîðè â ïðîñòîði ëiíiéíèõ ôóíêöiîíàëiâ íàä íåñêií÷åííî-

âèìiðíèìè âåêòîðíèìè ïðîñòîðàìè òà ïîâ'ÿçàíi ç íèìè àëãåáðè i ãðóïè Ìàêêi. Öÿ ñòàòòÿ

ïðèñâÿ÷åíà îïèñó àâòîìîðôiçìiâ ãðóï Ìàêêi SL∞(V |W ), O∞(f) òà SU∞(f) íàä ïîëÿìè õàðà-

êòåðèñòèêè, âiäìiííî¨ âiä 2 àáî 3. Äëÿ öüîãî äîñëiäæó¹òüñÿ çâ'ÿçîê ìiæ àâòîìîðôiçìàìè ïîëiâ

òà àâòîìîðôiçìàìè çãàäàíèõ ãðóï.

Äæ.Õîëë äîâiâ, ùî íåñêií÷åííèìè ïðîñòèìè ôiíiòàðíèìè ïåðiîäè÷íèìè ãðóïàìè ¹ àáî çíà-

êîçìiííi ãðóïè íà íåñêií÷åííèõ ìíîæèíàõ, àáî ãðóïè Ìàêêi íàä ïîëÿìè, ùî ¹ àëãåáðè÷íèìè

ðîçøèðåííÿìè ñêií÷åííèõ ïîëiâ. Àâòîìîðôiçìè íåñêií÷åííèõ çíàêîçìiííèõ ãðóï áóëè îïèñàíi

â ðîáîòàõ Äæ.Øðàéåðà òà Ñ.Óëàìà. Îïèñîì àâòîìîðôiçìiâ ôiíiòàðíèõ ãðóï Ìàêêi òà ñïå-

öiàëüíèõ ôiíiòàðíèõ óíiòàðíèõ ãðóï Ìàêêi ìè çàâåðøó¹ìî êëàñèôiêàöiþ àâòîìîðôiçìiâ óñiõ

íåñêií÷åííèõ ïðîñòèõ ôiíiòàðíèõ ïåðiîäè÷íèõ ãðóï íàä ïîëÿìè õàðàêòåðèñòèêè, ùî íå äîðiâ-

íþ¹ 2 àáî 3. Äîâåäåííÿ  ðóíòó¹òüñÿ íà îïèñi àâòîìîðôiçìiâ åëåìåíòàðíèõ ëiíiéíèõ ãðóï íàä

àñîöiàòèâíèìè êiëüöÿìè, ÿêèé íàëåæèòü I.Ãîëóá÷èêó, Î.Ìèõàëüîâó òà Þ.Çåëüìàíîâó.

Êëþ÷îâi ñëîâà: Àâòîìîðôiçì, àíòè-àâòîìîðôiçì, íåñêií÷åííà ïðîñòà ôiíiòàðíà ïåðiîäè÷íà

ãðóïà, ãðóïà Ìàêêi.

We consider total subspaces of linear functionals on an in�nite-dimensional vector space and the

related Mackey algebras and groups. We outline the description of automorphisms of Mackey groups

SL∞(V |W ), O∞(f), and SU∞(f) over �elds of characteristics not equal to 2, 3. Moreover, the paper

explores the relationship between �eld automorphisms and automorphisms of the aforementioned groups.

J.Hall proved that in�nite simple �nitary torsion groups are the alternating groups on in�nite sets

or Mackey groups over a �eld, which is an algebraic extension of a �nite �eld. J.Schreier and S.Ulam

described automorphisms of in�nite alternating groups. With the description of automorphisms of �ni-

tary Mackey groups and special �nitary unitary Mackey groups we �nish classi�cation of automorphisms

of all in�nite simple �nitary torsion groups over �elds of characteristics not equal to 2, 3. The proof

is based of description of automorphisms of elementary linear groups over associative rings that due to

I.Golubchik, A.Mikhalev and E.Zelmanov.

Key Words: Automorphisms, anti-automorphisms, in�nite simple �natary torsion group, Mackey

group.

Communicated by Prof. Anatolii Petravchuk

1 Introduction

Let F be a �eld of characteristic 6= 2, 3; and let
V be an in�nite-dimensional vector space over F.
Let V ∗ denote the vector space of all linear functi-
onals V → F. For an element v ∈ V and a linear
functional w ∈ V ∗, we denote w(v) = (v|w).

A subspace W ⊂ V ∗ is called total if v ∈ V,
(v|W ) = (0) implies v = 0.

Let EndF(V ) be the associative algebra of
all linear transformations V → V. Additionally,

de�ne

Endfin(V ) = {ϕ ∈ EndF(V )
∣∣ dimF ϕ(V ) <∞}.

The space V ∗ has a natural structure of a
right EndF(V )-module. Given a linear functional
χ : V → F and a linear transformation ϕ : V → V
we de�ne

(χϕ)(v) = χ(ϕ(v)), v ∈ V.

The subalgebras

A(V |W ) = {ϕ ∈ EndF(V )
∣∣Wϕ ⊆W}
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and

Afin(V |W ) = A(V |W ) ∩ Endfin(V |W )

are called the Mackey algebra and the �nitary

Mackey algebra, respectively. Clearly, Afin(V |W )
is an ideal of the algebra A(V |W ). For more
information about Mackey algebra, see [6, 7, 8].

The algebra Afin(V |W ) can be identi�ed with
the tensor product

V ⊗FW, (v1 ⊗ w1)(v2 ⊗ w2) = (v2|w1)v1 ⊗ w2.

Here, an element
∑

i vi⊗wi is viewed as the linear
transformation

v →
∑
i

(v|wi)vi, v ∈ V.

The algebra Afin(V |W ) of a total subspace
W ⊂ V ∗ is a nonunital locally matrix algebra;
see [1, 3, 4].

Let GL(V ) denote the group of all invertible
linear transformations on V. The Mackey algebras
A(V |W ) and Afin(V |W ) give rise to the groups:

GL(V |W ) = A(V |W ) ∩GL(V );

GL∞(V |W ) =
(
Afin(V |W ) + IdV

)
∩GL(V ),

where IdV is the identity mapping V → V. We
also consider the group

SL∞(V |W ) = [GL∞(V |W ), GL∞(V |W )].

This group SL∞(V |W ) is a direct limit of groups
SLn(F), and it is a diagonally local SL-group in
the sense of [2].

A bijective linear transformation (respecti-
vely, additive map) ϕ of an associative
algebra (respectively, ring) A is called an anti-

automorphism if

ϕ(ab) = ϕ(b)ϕ(a)

for arbitrary elements a, b ∈ A. An anti-
automorphism ∗ is called an involution if

(a∗)∗ = a for an arbitrary element a ∈ A.

N. Jacobson [6] showed that a �nitary Mackey
algebra Afin(V |W ) has an involution if and only
if the vector space V is equipped with a weakly
Hermition nondegenerate bilinear form f(x, y)

such that W constitutes the space of linear
functionals

x̂ : v → f(v, x), v ∈ V,

where x runs over V. In this case, we call the
pair (V,W ) dual ; and the anti-automorphism is
the transpose

ϕ→ ϕt, f(ϕ(v1), v2) = f(v1, ϕ
t(v2)).

Let us note that a linear transformation
ϕ ∈ EndF(M) has a transpose if and only if it
lies in A(V |W ).

We also note that an anti-automorphism t is
an involution if and only if the form f is symmetric
or skew-symmetric.

Consider the group O(f) of orthogonal linear
transformations de�ned as

O(f) = {a ∈ A(V |W )
∣∣ at = a−1}

and
O∞(f) = O(f) ∩GL∞(V |W ).

If the �eld F is equipped with an automorphism
of order 2: α→ ᾱ, α ∈ F, and the form f is semi-
linear, i.e.

f(αv1, v2) = αf(v1, v2); f(v1, αv2) = ᾱf(v1, v2),

then we de�ne unitaly groups as follows:

U(f) = {a ∈ A(V |W )
∣∣ āt = ā−1},

U∞(f) = U(f) ∩GL∞(V |W )

and their special analogs:

SU(f) = [U(f), U(f)],

SU∞(f) = [U∞(f), U∞(f)].

We also consider scalar-unitary groups de�ned
as follows:

Ũ(f) = {a ∈ A(V |W )
∣∣ āt = αa−1, 0 6= α ∈ F}.

J. Hall [5] classi�ed in�nite simple �nitary
torsion groups. He showed that a group belongs
to this class if and only if it is isomorphic to an
alternating group Alt(X) on an ini�nite set X
or to one of Mackey groups SL∞(V |W ), O∞(f),
SU∞(F), where the ground �eld F is locally �-
nite, and f is a nondegenerate (skew) symmetric
(semi)linear form. The proof uses the Classi�cati-
on of Finite Simple Groups.

17



Âiñíèê Êè¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó

iìåíi Òàðàñà Øåâ÷åíêà

Ñåðiÿ: ôiçèêî-ìàòåìàòè÷íi íàóêè

2023, 2

Bulletin of Taras Shevchenko

National University of Kyiv

Series: Physics & Mathematics

2 Main results

The following two theorems describe automorphi-
sms of Mackey groups

SL∞(V |W ), O∞(f), SU∞(f).

In particular, they describe automorphisms of all
in�nite simple �nitary torsion groups in J. Hall's
classi�cation. Recall that automorphisms of in�ni-
te alternating groups were described by J. Schreri-
er and S. Ulam [9].

Theorem 1. (a) Let the characteristic of the �-

eld F is not equal to 2 or 3. Then an arbitrary

automorphism ϕ of the group SL∞(V |W ) either

extends to a ring automorphism of Afin(V |W ) or,
if the spaces V and W are dual, there exists an

anti-automorphism ψ of Afin(V |W ) such that

ϕ(g) = ψ
(
(g−1)t

)
for an arbitrary element g ∈ SL∞(V |W ).

(b) Let the characteristic of the �eld F is not

equal to 2 or 3. Then an arbitrary automorphism

of the group O∞(f) or SU∞(f) extends to a ring

automorphism of Afin(V |W ).

N. Jacobson [6] showed that all F-linear
automorphisms of Afin(V |W ) are conjugations by
elements from GL(V |W ). Hence,

AutF
(
Afin(V |W )

) ∼=
∼= GL(V |W )�Center = PGL(V |W ).

A ring automorphism of Afin(V |W ) is semilinear
with respect to some automorphism σ ∈ Aut(F)
of the �eld F.

Let the subgroup AutV,W (F) 6 Aut(F) consist
of those automorphisms σ ∈ Aut(F) that extend
to σ-semilinear automorphisms of Afin(V |W ).

If both spaces V and W are countable-
dimensional, then

AutV,W (F) = Aut(F).

If the spaces V and W have uncountable dimensi-
ons, then the subgroup AutV,W (F) may be strictly
smaller than Aut(F).

Theorem 2. If the spaces V and W are not dual,

then the group Aut
(
SL∞(V |W )

)
is an extension

of AutV,W (F) by PGL(V |W ). If the spaces V and

W are dual, then

Aut
(
SL∞(V |W )

)
�AutF

(
Afin(V |W )

) ∼=
∼= AutV,W (F),

AutF
(
Afin(V |W )

)
�PGL(V |W ) ∼= Z/2Z.

The proof of Theorems 1, 2 are based on the
description of automorphisms of elementary linear
groups over associative rings due to I. Golubchik,
A. Mikhalev and E. Zelmanov; and on the fact that
Afin(V |W ) is locally covered by algebras, to the
automorphisms or anti-automorphisms of which
the automorphisms of elementary matrix groups
are lifted.

The question about automorphisms of Mackey
groups in characteristics 2, 3 remains open.
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