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Cmamms npucesuena po3pooyi OUHAMIYHOL CIMPYKMYPU OAHUX 05 PO38 S3aHHA 3a0ay O1U3bKOCMI HA OCHOBL
ounamiunoi  MHiaepamu Boponoco. Taxa cmpykmypa Oaunux moodce Oymu s0pom Mooeni €0UH020
anzopummiynoeo cepeoosuwa (MEAC) ma apximexmypu ii peanizayii Ha 0CHOBI €OUHOI ANCOPUMMIYHOTL
naameopmu, 015 p036 SA3aHHL KOMNAEKCY 3a0ay 8i3yanizayii ma Komn 10mepHo2o MOOeIio8aHHs.
Cmpykmypa oanux nob6y0osana Ha OCHO8I cmpamezii «po30inau ma o100apioy npu nobyoosi diazpamu
Boponoeco. Ilodibno 0o opucinanbroeo arcopummy, mu 30epiecaemo 08illKoge 0epeso, sKe Npeocmasise
diacpamy Bopownozo, ane euzHauaemo mpu HOGI onepayii: 6cmasxa, eudaienHs ma 6aiancysanus. J{is
3abe3neuents eeKmusHocmi onepayit. NPONOHYEMbCS BUKOPUCIAMU YEPBOHO-YOPHE Oepeso. 3azanom
3aNPONOHOBAHA CIPYKMYPA OAHUX NOKA3VE HAOA2amo Kpawji pe3yibmamu, Hidc OPUSTHATbHULL CTRAMUYHULL
aneopumm. B nopieHsauHi 3 ICHYIOUUMU ACOPUMMAMU, OAHA CIMPYKMYPA AGIAEMbC OOHOYACHO NPOCMOI0 MA
epexmusnoro. Ha 6a3i ounamiunoi Oiacpamu Boponoeo Mmodciugo cmeopumu €0une aicopummiuyne
cepedosuiye 05 eheKmMUBH020 MOOeN08AHH OUHAMIYHUX NPOYECI8.

Kurouosi cnosa: ounamiyHi cmpykmypu Oanux, aieopumm, po3oinai ma eonooapiot, diaepama Boporozo,
Hatbaudcui cyciou, Modeib €0UHO20 ANOPUMMIYHO20 cepedosuiyd

The article is devoted to the development of a dynamic data structure for solving proximity problems based on
the dynamic Voronoi Diagram. This data structure can be used as the core of the common algorithmic space
model for solving a set of visualization and computer modeling problems.

The data structure is based on the strategy of "divide and rule" for Voronoi diagram construction. Similar to
the original algorithm, we store a binary tree that represents the Voronoi diagram, but define three new
operations: insert, delete, and balance. To ensure the efficiency of operations, it is proposed to use red-black
tree. In general, the proposed data structure shows much better results than the original static algorithm.
Compared to existing algorithms, this data structure is both simple and efficient.

Key Words: dynamic data structures, algorithm, divide and conquer , Voronoi diagram, nearest neighbour,
model of common algorithmic space
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Introduction

The nearest neighbor search is a fundamental
problem of computational geometry, and its dynamic
version is a powerful tool for solving many problems
such as computer vision, statistical classification,
DNA sequencing etc. Data structure that supports
points insertions and deletions and queries for the
nearest neighbor can be used to implement more
complex systems like an autopilot for drones that uses
computer vision. Firstly, Agarwal and Matousek’s in
paper [1] proposed several data structures with
updates in O(n%) amortized time and queries in
O(log n) worst-case time, while the other supports
updates in O(log?n) amortized time queries
in0 (n#) worst-case time, for any € > 0.

Also techniques of Bentley and Saxe [2] yield
anO(log?n) amortized bound for updates and
queries. In work Chan [3] obtained data structure with
0(log3n) insertion time , deletions in 0(log®n)
amortized time, and nearest-neighbor queries in
O0(log?n)worst-case time. One of the possible
solution of the nearest neighbour problem is to use a
dynamic Voronoi diagram. Current version of
dynamic Vorionoi diagram based on modified
sweepline Fortune algorithm [4]. Additionally, this
data structure could be used as a kernel for MCAS [5]
to construct efficient computational geometry
algorithms.

Despite the results of the mentioned works, the lower
estimate of the complexity of the dynamic nearest
neighbor search has not yet been achieved, and
therefore work in this direction has not yet been
completed.

Main approach

Data structure for a dynamic nearest neighbor

An important aspect of the choice of approach was
novelty: during the analysis of existing papers, no
works were found that use the principle of "divide and
conquer" in a dynamic version. Although in the worst
case the above algorithm loses to the already known
ones, it is impractical to think only about the worst
case, because it is rather exceptional. The efficiency
of the above algorithm is ensured by the properties of
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the Voronoi diagram given above, which, however,
do not hold in the general case.

Properties of the VVoronoi diagram:

1. The dual graph to the VVoronoi diagram (in the case
of Euclidean space with point sites) corresponds to the
Delaunay triangulation for the same set of points.

2. In the Euclidean plane, two points are adjacent on
a convex hull if and only if their Voronoi cells share
an infinitely long side.

3. If the space is normalized and the distance to each
site is known (for example, when the site is a compact
set or a closed sphere), then each VVoronoi cell can be
represented as a union of segments of rows coming
from the sites.

4. Under relatively general conditions VVoronoi cells
have the property of stability: a small change in the
shape of the sites, for example, a change caused by
some transfer or distortion, leads to a small change in
the shape of Voronoi cells. This is the geometric
stability of VVoronoi diagrams. This property does not
occur in the general case, even if the space is two-
dimensional and the plots are points.

Having a VVoronoi diagram it is very easy to find the
nearest neighbor of the entry point: you need to find a
cell of the diagram that contains the entry point and
the vertex of this cell will be the closest point to the
entry point. The diagram itself does not allow you to
quickly search for a cell, but using point localization
algorithms, you can perform this operation in
O(log n).

The proposed data structure is based on a dynamic
version of the known algorithm for constructing a
static VVoronoi diagram using the principle of "divide
and conquer™, so for a better understanding we present
a static algorithm for constructing a VVoronoi diagram.

Algorithm for static Voronoi diagram using the
"divide and conquer' method.

Shamos and Hoey [6] presented the first O(n log n)
deterministic algorithm for computing the Voronoi
diagram in the plane that is optimal in worst case
sense. This algorithm is significant from a theoretical
standpoint not only because it was the first one but
also it uses the divide-and-conquer paradigm. The
'Divide-and-Conquer' is one of the fundamental
paradigms for designing efficient algorithms. In this
paradigm, the original problem is recursively divided
into several simpler sub-problems of roughly equal
size, and the solution of the original problem obtained
by merging the solutions of the sub-problems. In the
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divide-and-conquer approach of Shamos and Hoey,
the set of sites, S, is split up by a dividing line into
subsets S; and Sp same sizes. Then, the Voronoi
diagram, Vor(S;), of subset S; and Voronoi
diagram, Vor(Sg), of subset S are computed
recursively [7].

The algorithm for static VVoronoi Diagram:

INPUT: The number n > 3 of sites and the list S =
(51,52, ., Sy )of the sites in increasing order with
respect to x-coordinates.

OUTPUT: Voronoi diagram Vor(S).

1. L
et t be the integral part of n/2 and split S into S, =
(81,82,...,St) and SR = (St+1,St+2,...,Sn).

2. C
onstruct the Voronoi diagram Vor(S,) of
Sy recursively.

3. C

onstruct the Voronoi diagram Vor(Sg) of Sy
recursively.

2020, 4

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

IF cur.diagram.size() < 3
cur.diagram.insert(p)
MERGE_UP()

ELSE
DIVIDE (cur.diagram + p)
MERGE_UP()

In cur we get the minimum static VVoronoi diagram
with no more than 3 vertices (a tree leaf) by the
DESCEND method. For it, the insertion of a point
occurs through a complete rebuilding of the diagram.
If cur contained 3 points, we split it into two diagrams
of two points (3 from the original cur chart plus one
that we inserted) using DIVIDE. Next is the
restructuring of Vor(S) from the bottom up. Here we
rely on the property of the Voronoi stability diagram
- inserting a single point requires a local change of the
diagram, and therefore MERGE_UP doesn't rearrange
the diagram completely most of the time. The
DESCEND, DIVIDE, MERGE_UP will be described
after the point removal algorithm.

Deletion:

4 m IF Vor(S) contains p THEN

ergeVor(S,) and Vor(Sg) into the Voronoi diagram
of Vor(S) i.e, Vor(S) = Vor(S,) U Vor(Sg) by
algorithm MERGE_VORONOI.

5.

eturn Vor(S).

Dynamic Voronoi Diagram algorithm

The algorithm described in the previous section was
used as a basis: the set of points sorted by x coordinate
is divided by vertical lines in half recursively. We will
keep such structure in a binary tree. The nodes contain
a static Voronoi diagram. The leaves of the tree
contain trivial diagrams no larger than three. An
arbitrary vertex, except leaves, contains a diagram
which is obtained by merging two diagrams contained
in the two descendants of the vertex. Each vertex,
except leaves, has exactly 2 descendants by
construction.

The Voronoi dynamic diagram must support two
basic operations: inserting and deleting a point.

Next we describe the logic of these operations.

Insertion:

IF Vor(S) is empty THEN root « p
ELSE

cur «<DESCEND(p)
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cur < DESCEND(p)

IF cur.diagram.size == 3 THEN

cur.diagram.remove(p)

MERGE_UP()

ELSE

cur <- cur.parent

IF cur.left.diagram.size == 2 &&
cur.right.diagram.size == 2 THEN
vertices «cur.diagram.vertices
vertices.remove(p)
cur < NEW_DIAGRAM(vertices)
MERGE_UP()

ELSE
DIVIDE(cur.diagram — p)
MERGE_UP()

The point deletion algorithm works in such a way that
a node cannot contain a diagram of size 1. Suppose
that when deleting a point p we go down to a leaf
containing diagrams Vor(S;) of size 2 formed from
two of its descendants. If the size of Vor(S;)is 3, then
we simply remove the point p from Vor(S;). After
that, as in the insertion algorithm, there is a merge
from the bottom up using MERGE_UP.

DESCEND:
WHILE cur.diagram.size > 3
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IF p is in cur.left THEN
cur «cur.left
ELSE cur «<cur.right

To descend the tree, use the location of the point p
relative to the dividing line. For example, if the point
is to the left of the dividing line, then the desired
trivial diagram is also to the left of the line. If the point
is on the chain, it does not matter which way to go
down.

MERGE_UP:
merged < MERGE(cur.left.diagram,
cur.right.diagram)
WHILE cur.diagram.dividing_chain
I= merged.dividing_chain DO

cur .diagram < merged
cur « cur.parent
merged «<MERGE(cur.left.diagram,
cur.right.diagram)

The condition of completion of the merge algorithm
is important: if after merging two diagrams Vor(S;),
Vor(S;) the dividing chain ofVor(S; U S;)has not
changed, the diagram will not change anymore and we
can stop merging.

DIVIDE:
vertices « diagram.vertices
vertices.sort()
cur.left «StaticDiagram(vertices[1, 2])
cur.right «StaticDiagram(vertices[3, 4])

An example insertion process can be seen in Fig. 1.
This figure shows the resulting diagram after each
insertion. Now let us look at the insertion process in
depth. Fig. 2 and Fig. 3 shows the tree data structure
representing the dynamic voronoi diagram. We can
see that 5 point diagram is represented as 2 trivial
diagrams: 3 points in the left diagram and 2 points in
the right one. Since the 6th point lies within the left
diagram, the DESCEND algorithm will add it to the
left diagram. Now the left diagram grows from 3
points to 4. This means the resulting diagram is not
trivial and we need to divide it using the DIVIDE
algorithm into two trivial diagrams which are now
children of the 4 point diagram.
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Fig. 1. Insertion of 6 points. Red circle denotes the
newly added point.

Fig. 2. Dynamic Voronoi diagram tree for first 5
points.
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Fig. 3. Dynamic Voronoi Diagram tree for the final 6
point diagram.

Complexity analysis

Teorem. The data structure allows dynamic mainten
the Voronoi Diagram, when a point is inserted or
removed, for O(n) time in the worst case and O(logn)
in average:

1) search for the nearest neighbor can be find in
O(logn) time;

2) insert and delete a point in the data structure in
O(logn) time.
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Proof :

Lemma 1(Nearest neighbour query). Nearest
neighbour query for dynamic VVoronoi diagram can be
done using O (log n)processing time.

Proof. To find the nearest point, you need to find the
cell of the Voronoi diagram of the whole set of points
and return its vertex. The Voronoi diagram of the
whole set of points is located in the root of the tree,
i.e. it is accessed in a constant time. Next, the search
for the Voronoi cell to which the entry point belongs
is performed using O (log n)localization algorithms.
After that, we can immediately get the vertex of the
localized cell, and hence the nearest point. Thus, the
complexity of processing the search request for the
nearest neighbor is O (log n).

For optimal runtimes of insert and delete operations,
an important factor is balancing the Voronoi diagram
tree. Since the tree itself is binary, we can use red-
black tree to keep it balanced. Next we will assume
that the tree is balanced.

Lemma 2 (Insertion and deletion). Insertion and
deletion for dynamic Voronoi diagram can be done
using O (n) processing time in worst case and

0 (log n)for a large amount of points.

Proof. When descending to the leaf of the tree we
iterate over a logarithmic number of nodes. Each node
takes a constant time. Therefore we can descend in
O(log n). The merge operation is done in linear time
and in the worst case it is necessary to perform the
merge all the way from the leaf to the root. Assuming
the worst case scenario, we have a full binary tree with
leaves containing 3-point trivial diagrams. In this case
we start by merging two 3-point diagrams, then two
6-point diagrams and so on. Overall this results in:

l
Zii!iz(n)

2t x 3 = 6(21°92(M — 1) = 6(n — 1)
which results in the computational complexity of the
merge operation being O(n). However, for large
values, only a small part of the diagram will be
updated: this follows from the stability property of the
Voronoi diagram described in the first section.
Therefore, time complexity for a large number of
points could be reduced to O (log n).

The deleting time complexity is the same as for
insertion.

Comparison

Leading articles on the topic are Agarwal and
Matushek [1] and Chan [3]. The first article describes
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two data structures: one supports inserting/deleting
vertices in O (n#) on average and processing requests
in O(logn) in the worst case, and the second
supports insertion/deletion in 0 (log?n) on average
and processes queries in O (n#) in the worst case, for
an arbitrary € > 0. The second article first describes
the data structure that works in polylogarithmic time
for shells in three-dimensional space, and hence for
the two-dimensional case of the nearest neighbor.
Chan's data structure supports insertions inO (log3n)
on average, deletions in 0(log®n) on average, and
processing requests for an extreme point and the
nearest neighbor in O (log?n) in the worst case.
Thus, in the worst case, the proposed data structure
behaves on par with the one proposed by Agarwal and
Matushek, and on average even better than it.

Testing

We implemented a dynamic Voronoi diagram using
the proposed algorithm. The implementation was
done in Java with static implementation. The result is
demonstrated in Fig. 4.

ki \\ \ |
Fig. 4. Example diagram. Red line denotes the
dividing chain of the root diagram.

It was tested on 1000 randomly generated set of
points. The results are shown in Fig.5. The peaks on
the dynamic times graph correspond to the
rebalancing that is done by completely rebuilding the
diagram. This process can be made faster by
implementing a red-black tree data structure for the
dynamic Voronoi diagram tree. The data for the
yellow graph was obtained by building a new static
Voronoi diagram at each point insertion.
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Conclusion

We showed a novel algorithm for the dynamic
Voronoi diagram that performs significantly better
than the full Voronoi diagram rebuild. It uses a well-
known concept "divide and conquer" and therefore is
easy to understand.

The algorithm for dynamic Voronoi diagram was
implemented in Java and is now open-source. It was
tested against a static VVoronoi diagram.

Fig. 5. Time taken to insert a point. Dynamic
Voronoi diagram (blue) and Static VVoronoi diagram
rebuilding (yellow). 1000 points were inserted.
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