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UTILIZATION OF BOUNDARY INTEGRAL EQUATIONS IN THE SOLUTION
OF LINEAR VISCOELASTICITY PROBLEMS OF PIECEWISE-HOMOGENEOUS BODIES

This article discusses the use of the boundary integral equations method to solve problems related to linear viscoelasticity of
piecewise homogeneous bodies. The method is based on the use of complex potentials, the apparatus of generalized functions, and
viscoelastic operators. For flat viscoelastic piecewise homogeneous isotropic bodies, the well-known formulation of the second
fundamental problem for inhomogeneous bodies in movements is considered. Integral representations for the stress vector components
were used to determine the stress state of a viscoelastic half-plane with inclusions. Discrete analogues of boundary-time and defining
integral relations are constructed, taking into account the peculiarities of the stress field behavior in the vicinity of angular points and its
changes over time. An efficient algorithm for the numerical implementation of the proposed methodology has been developed. For the
considered examples of the epoxy matrix with metal inclusions, the problem of the stress state of the viscoelastic plane was solved
depending on the geometric parameters of the inclusions and their placement in the matrix. The change in the intensity of stress
distribution over time is taken into account. The results for matrices with circular and square inclusions are compared.
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Introduction

Relevance of research. Until now, significant progress has been made in developing solution methods, and extensive
research has been conducted on boundary value problems related to the theory of elasticity and viscoelasticity of bodies that
are inhomogeneous or piecewise homogeneous.

The Boundary Integral Equations method (BIE) is a commonly used approach for solving a variety of engineering and
scientific problems. This method's versatility is due to its capability to effectively and precisely consider boundaries that are
infinitely far away, decreasing the complexity of the problem by one dimension. BIE inherently captures the interaction
conditions present on the contacting surfaces of the body. For a comprehensive review of this method please see the work
of Brebbia (Brebbia, 1978).

The application of this method in solving viscoelasticity problems was examined, specifically in the study conducted by
(Kusama, & Mitsui, 1982). The study proposed the utilization of the boundary element method in conjunction with numerical
Laplace inversion.

When solving problems of deformation in piecewise-homogeneous media, the BIE method traditionally and most naturally
involves an approach that considers the conditions of ideal mechanical contact on the boundaries of conjunction. In this case,
the resolving integral equations are formulated based on the conditions of motion continuity and the corresponding stress
tensor components on the contacting boundaries. An essential aspect in solving problems of this class is the use of
generalized function theory and the representation of viscoelastic parameters using unit characteristic functions in a form that
is uniform across the entire domain under consideration. By transforming the problem into a set of boundary integral equations
(Zatula, & Lavrenyuk,1995), it becomes possible to decrease its dimension by one. This reduction in dimensionality opens up
opportunities to investigate a diverse range of viscoelasticity problems in bodies that are piecewise-homogeneous and have
piecewise-smooth boundaries. This approach can be effectively implemented through numerical methods.

The object of research is boundary-time integral equations.

The aim and objectives of the research are constructing discrete analogues of boundary-time and defining integral
relations taking into account the peculiarity of the behavior of the stress field in the vicinity of angular points and its change in
time, and developing an effective algorithm for the numerical implementation of the proposed technique.

1. Main results

Let the semi-infinite region D is a piecewise homogeneous half-plane, consisting of a matrix D, and a finite number of
arbitrarily shaped inclusions D,,, which are bounded by piecewise-smooth contours I and I3, respectively (p = 1,n, where n
is the number of inclusions). The outer contour goes to infinity, and the inclusions are bounded by piecewise-smooth contours.
The half-plane is subjected to distributed tangential and normal loads (Zatula, & Lavrenyuk,1995).

In order to assess the stress condition of the designated area, we will employ the widely recognized approach of the second
fundamental problem for inhomogeneous bodies in movements, as derived from the theory of elasticity (Zatula, & Lavrenyuk, 1995):

(Au”)‘i + (u(uu + uj'i))]‘ + Xi =0 (X € D), (1)

Mg+ p(u; +uny =g (x €D, (2)

where u; = u;(x, t) — components of the movement vector; X; = X;(x,t) and g; = g;(x,t) (i = 1,2) — respectively components
of the mass force vector and the surface force vector; n; = cos(nf?c]) (j = 1,2) — components of the unit normal vector n to
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the boundary I' of the region D; A = A(x, t) and u = u(x, t) — analogs of the elastic constants of Lamé, dependent on time and
being piecewise-constant functions of coordinates and time.

In the case of the absence of mass forces, assuming that the unknown densities of potentials are stresses on the
boundaries of inclusions, based on the properties of generalized functions S(Dp) and &(x,&) and Maxwell's theorem
(Zatula, N., & Zatula, D., 2022), the expression for the movement vector can be represented as:

Ep—E,

w (e, t) = [ i GO UkCo & 0 dy(®) == [, o’ (6 0)n;(§) V(e & 1) dy (), (3)
where E, and Ep are viscoelastic operators of homogeneous reglons belonglng to the class of resolvent operators (Rabotnov,
2014; CagBiH, & Pywuubkuin, 1976); ‘ ‘ ‘

Ull((xl E' t) = Ull((x' Er t) + ﬁll((x' Er t)r (4)

U,i(x, ¢ t) is the fundamental solution for problems of two-dimensional flat-strain state of a viscoelastic infinite body, and

Ui(x,% t) is an additional term, which provides that the condition g (x, t) = 0 is satisfied vx € I' and V£ € D; g;(§ t) — given

densities along the contour [;; o .(]?’)(E, t)n;(§) — unknown densities of potentials along the contours I;,. The expression for
(p)(‘é t) has the following form:

o (5 6) = Ay () w4, (5 0) 815 + 1y () (w5 1) + 1,5 D)), (5)
where 2, (t) and p,(t) are viscoelastic characteristics of regions D,,, p = 1,n.

By utilizing the Cauchy relations, Hooke's law, and formulas (3), it is possible to represent the stress tensor components
in the subsequent manner:

" 5(0,)) x
% (95 GO US 050 dy® =222 [ o) (. 0)m®) Ul (6 5.0 dv(®)). ®)

where S(Dq) is the generalized function of the region D, and ij(x, ¢ t) are stresses arising in a viscoelastic homogeneous
body occupying region D under the action of unit concentrated forces at the point £ € D (Zatula, N., & Zatula, D., 2021).

Therefore, the stress tensor at any point within the analyzed region can be determined by utilizing the viscoelastic
potentials of the double layer. These potentials are associated whether with the contour I, and have a specified density
gk, t), or the stress tensor can also be defined along the contours I,, where the densities o,(fl’)(f, t) n;(§) are unknown.

In order to determine the densities that are not known, we approach the point x towards each of the contours I, from
within the region D,,. By multiplying both sides of equation (6) by n;(x), we derive the following system of boundary-time
integral equations:

E
o;(x,t) = (1 +

oE;”(x. £) ny(x) —

ol (x, ) m;(x) —_— ( 9k &) UL (& ) (x) dy(®) — Cul
Iy

Eq q

E,—E,
— [ ol EOn© U@ E D00 dY(E)). X€ET, ()
where C;; in the case of a smooth contour is equal to §;,/2. The integral over I, in (7) should be understood in the sense of
the Cauchy principal value.

To obtain a numerical solution for the system of boundary-integral equations (7), we can discretize the contours of the inclusions
by employing linear elements. These linear elements are characterized by the coordinates of their midpoints. By doing so, we

approximate the unknown densities of potentials in expression (7) using a function f (x,(lp), g, t). This function approximates the

stresses on the n-th boundary element of the p-th inclusion, with the node point x(”) and it is dependent on the time t¢.

In order to consider the impact of concentrators, such as angular points, on the stress-strain state in a viscoelastic
piecewise-homogeneous body, researchers use an asymptotic stress expansion near these points. By studying the stress
state features in a two-dimensional problem for a compound viscoelastic body near an angular point of the boundary that
divides the regions, the root with the smallest positive real part of a transcendental equation was found (Zatula, N., & Zatula, D.,
2021). This equation depends on the viscoelastic parameters of the regions (E and ¥) as well as the opening angles 6 of these
regions. The order of singularity in this case is determined by |Re s(t) — 1]|. Consequently, the nature of the stress state at the
vertex of a corner in a compound body is defined by the type of boundary conditions, viscoelastic material characteristics,
and the geometry of the regions. It remains independent of the type of loading.

For angular boundary elements, the approximation of the unknown densities of potentials corresponds to the peculiarity
of the stress-strain state near this angular point.

The densities of potentials in expression (6) are stresses that can be represented in the vicinity of the angular point as:

0;j(x,t) = 0 (pO71), (8)
where s;(t) = Res(t), s(t) € (0,1); s(t) is the root with the smallest positive real part of the transcendental equation
(Zatula, N., & Zatula, D., 2021).

Let's represent the unknown densities of potentials for an arbitrary, for example, n-th boundary element of the p-th

inclusion in the form of:

le)(E )y (§) = Ckl( w, )f(x(”),E, t)n (X(p)). 9)

(”) ) are unknown constants determined from the discrete analogs of boundary-time integral equations (7); n, ( (”))

where Cy; | x (

are the components of the vector of the external normal to the inclusion contour at point x,(lp). The function f (x,(lp), g, t) has the
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following properties: f(x,(f’),i, t) =1, if the nodal point x,(f’) belongs to an ordinary boundary element, and f(x,(f’), g, t) =

s1(t)-1 —
= G) if the nodal point x,(f’) belongs to an angular boundary element, where d is the length of this element, a; (i =1, 2)

1
are the coordinates of the angular point, r = [(§; — a;) €; — a;)]=.

It should be noted that in this representation of unknown densities of potentials, there are no difficulties associated with
aligning nodal points with angular points of conjugate contours, as the values of unknown densities are determined at the
midpoints of the boundary elements. For the case of arbitrarily specified distributed load, discretization of the body boundary
was chosen with linear elements under the assumption that within each element the load is constant, and for the unloaded
part of the boundary g, (§,t) = 0.

2. Examples. Let's consider in the first case a viscoelastic isotropic half-plane with circular inclusions, and in the second
case with rectangular inclusions, subjected to a uniformly distributed normal load. Let's assume that E,,/E, = 32,7 (p = 1,2),

Vo=V, =035(p = 1,2). Operator representations of the elasticity modulus E, and the shear modulus G, matrix according
to Rabotnov (Rabotnov, 2014) are used in the following form:

11 X
5T (1 + wy 3y (—wm)) ; (10)
Go = Go <1 - 2102)10/0 a (_ww - ziuz)?/o)>‘ an

where 37, are Rabotnov integral operators; E, G, — elasticity modulus and shear modulus of the matrix, respectively; o, wg, wWe —
rheological parameters of the matrix. Numerical calculations were performed for epoxy resin: « = 0,5, wy = 0,052, w,, = 0,12.
Let's consider the effect of a normal uniformly distributed load with intensity g, on the segment [—b, b] of the half-plane
boundary at x, = 0, containing two elastic circular (square) inclusions symmetrically positioned with respect to the Ox; axis.
It should be noted that during the calculations, all lengths were taken in dimensionless form: x; = x;/d (i = ﬁ) where

d — diameter of circular inclusions, or x; = x;/a (i = ﬁ) where a — length of square inclusion side.

Considering that the strength properties of materials depend not only on the nature of stress distribution, but also on
changes in their intensity over time, we will present changes in relative stress intensities for different depths of inclusion in
the matrix and distances between inclusions.

Figure 1 shows the graphs of changes in o,(t)/o; for the half-plane with two circular (square) inclusions at h = 5d,
1 =0,5d,b =100d (h = 5a,l = 0,5a, b = 100a). Here o, (t) is the stress intensity at a certain moment in time t, o, is the initial
value of intensity at t = 0, h is the depth of inclusion in the matrix, [ is the distance between inclusions. It should be noted that
the numbering of the graphs corresponds to the numbers of points indicated on the inclusions in their region.
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Fig. 1. Comparison of the dynamics of relative stress intensities o, (t)/a; for a half-plane with two:
a) circular inclusions (h; = h, = 5d, 1 = 0.5d); b) square inclusions (h; = h, = 5a,1 = 0.5a)

According to the analysis of numerical results, at a depth of h = 5d (h = 5a), which corresponds to a homogeneous stress field,
a relaxation process o, (t)/o} is observed in the matrix, at the internal points of inclusions and on their contours. This process is
accompanied by a significant reduction in stress jumps when crossing the corresponding sides of the inclusions: for circular
inclusions — o,.-(t) (r = 1,2), 0ge(t) (8 = 1,2), and for square inclusions — o, (t) (k = 1,2). The most dynamic relaxation process
0o(t)/og occurs at the internal points of inclusions and in the vicinity of neighboring angular points of square inclusions.

It should be noted that when loading the boundary of a half-plane with normal stresses, the stresses o,4(t) (01,(t)) in
inclusions and on their contours are insignificant and do not exceed an absolute value of 0,5g, for circular inclusions (0.6g,
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for square inclusions, except for the angular points of the contours). After 5 hours from the application of the load, the shear
stresses in these areas decrease by approximately 1,5 times, which is significant as it reduces the stress peaks that occur at
the initial moment.

As the depth of immersion of inclusions into the matrix decreases, the nature of the change in the relative stress intensities
significantly changes. As shown in Figure 2 a, over time, the increase in g,(t)/o; occurs in the lower part of the inclusions —
in zones of tensile stresses and in areas of concentration of circumferential stresses at the contours of the inclusions. The
maximum values of o,(t)/aj in the figures are marked by dashed lines.

As in the case of round inclusions, for a half-plane with two square inclusions symmetrically located relative to the Ox;
axis at h = 0,2a, | = 0,2a (see Figure 2 b), the most dynamic relaxation process o,(t)/og occurs at the internal points of the
inclusions and at their upper bases. At the same time, in the lower part of the inclusions, o,(t)/og increases with time in such
a way that its significant increase occurs on the lower bases and especially in the vicinity of adjacent angular points due to
the increase in normal tensile stresses o, (t) over time. Note that in the limiting case of infinity (for t — oo) the ratio o, (t)/0o}
is limited by the number 2,8 It should be noted that at h < 0,5a there is a significant increase in tangential stresses when
approaching the angular points of inclusions. Their maximum increase occurs in the vicinity of neighboring angular points at
the upper bases of inclusions, and the value exceeds 2g,. Over time, 0,,(t) relaxes with the exception of the indicated areas
of their maximum growth.
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Fig. 2. Comparison of the dynamics of relative stress intensities o (t)/a; for a half-plane with two:
a) circular inclusions (h; = h, = 0.2d,1 = 0.2d, b = 2a); b) square inclusions (h = 0.2a,1 = 0.2a, b = 2a)

Discussion and conclusions

Studies of features such as angular points show that the influence of these features on the stress state in a viscoelastic
piecewise homogeneous body affects only in small vicinities of angular points and practically does not affect the nature of the
change in stress over time. This is explained by the small degree of the leading term of the asymptotics of the solution to the
problem of plane deformation of a composite region for given values of the viscoelastic and geometric parameters.

In conclusion, we note that BIE is a fairly universal method for solving a wide class of problems in the theory of elasticity
and viscoelasticity of piecewise homogeneous bodies for the cases of different numbers of inclusions and their placement in
the matrix, arbitrary geometry of inclusion contours, as well as various physical and mechanical characteristics of the areas
under consideration.

Authors' contribution: Dmytro Zatula — conceptualization and analysis of sources; Nelli Zatula — methodology and preparation of
literature review or theoretical foundations of research.
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BMKOPUCTAHHSA MPAHUYHUX IHTEMPATIbHUX PIBHAHb NI YAC PO3B'A3AHHA NIHIAHUX 3A0AY
B'A3KOMPY>XHOCTI KYCKOBO-OHOPIAHMX TIN

HocnidxeHo sukopucmaHHs Memody 2paHUYHUX iHMeapasnibHUX PieHsIHb OJ1s1 po36'a3yeaHHs1 3aday, Moe 'a3aHux 3 JIiHIlIHOM 8 'A3KoNpyXHicmio
KycKoe0-00HOpidHuUx min. Memod 6a3yembcsi Ha eukopucmaHHi KOMIIJIeKCHUX MomeHyianie, anapamy y3a2anbHeHUX ¢yHKUil i 8 'A3KonNpyxHuUx one-
pamopis. []ns nnockozo 8'sa3KonpyxHo20 KycKog8o-00HOPiOHO20 i30mponHo20 mina po3asssHymo eidomy 3 meopii npyxHocmi nocmaHoeKy opyaoi
OCHO8HoT 3adayi Onsi HeOOHOPIOHUX Min y nepemiujeHHsIX. Byno eukopucmaHo iHmezpanbHi npedcmassieHHs1 Osisi KOMIOHEHI 8eKMOpPa HanpyXeHb
nid 4ac su3HayYyeHHs1 HanpyXeHo20 cMaHy 8 'A3KONpPY)KHOI niennouwjuHu 3 eknroYeHHsIMU. [TobydoeaHo AuckpemHi aHano2u 2paHU4YHO-4Yacoeux iHme-
2panbHuUX crnieeiOHoWeHb 3 ypaxyeaHHsIM ocobsiueocmi noeediHKU MoJsisi Hanpy)XeHb 8 OKOJIi Kymoeux mo4oK i lio2zo 3miHu e 4yaci. Po3po6rneHo
egekmueHull anzopumm 4YucesnbHOI peanisayii 3anponoHoeaHoi Memoduku. [nsi po3ansiHymux npuknadie enokcudHOi Mampuyi 3 Memanesumu
BKITIOYEHHSIMU PO38'si3aHo 3adayy Npo HanpyxeHuli cmaH e 'A3KONpy)XHoI NJIOWUHU 3a/1eXXHO 8i0 2e0MeMmpPUYHUX NapaMempie 8KJIl0YeHb ma IXHb020
POo3MiuwjeHHs1 y Mampuuyi. YpaxoeaHo 3MiHy e 4aci iHmeHcueHocmi po3nodiny HanpyxeHb. lopieHsiHO pe3ynbmamu Onss Mampuyb i3 Kpy2numu ma
KeadpamHuUMUu eK/TI0YeHHSAMU.

Knwo4yoBi cnoBa: 2paHu4yHo-yacoei iHmeapanbHi pi@HsIHHSI, 8'A3KONpPY)XXHiCMb, KYyCKO80-00HOPIOHI Mmina, meH30p Hanpyau, pe30osib8eHMHi
ornepamopu, Mampuuys i3 KIIIO4YeHHAMU.

ABTOpM 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi 4ocniaxXeHHs; y 36opi, aHanisi umn
iHTepnpeTaLii AaHKX; y HANUCaHHI pyKonucy; B pilleHHi Npo nybnikaLito pe3ynbTaris.
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