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Posensmnymo eunadok nowupenns y 8y3vKill YuriHOPUYHit mpyoi nioCcKoi no3008AHCHbOL 36YKOGOL X6UJ, 6
SKIU CKAA008I pyxy piOuHu, napaneivbHi oci mpyou, Maiome 3HAYHO OLIbWY KIHEMUuuHy eHepeilo Hidc
CKIA008I, NepneHOuUKyIapHi oci mpyou. JJocriodcenns Oii akycmuyHoi padiayitinoi cunu 36yK08020 Nois Ha
meepoy cepuuHy YacCmuHKy 6 3aNOGHeHIll I0ednbHOI0 DPIOUHON MOHKOCMIHHIU NPYXICHIU YUTIHOPUYHIL
mpybi npogedeHo y 06a emanu: Nepuiuil — po36 s3aHHsA JIHIUHOL 3a0ayi pO3CisHHs NePEUHHOI X6Uli Ha
nepewkooax, opyeutl — 0OYUCIeHHst 2i0POOUHAMIYHUX CUT, SIKI OiIOMb HA Cepudny YACMUHKY, 3 HACTHYNHUM
ocepednennsam ix 6 uaci. Busedeno gopmyny 0ns obuucients akycmuyHol padiayitinoi cunu 0as makozo
BUNAOKY.

Kniouosi  cnosa: ideanvna piouna, niocka aKycmuyHa Xeuis, meepoa cepuuHa 4acmuHKa,
2iopoounamiyna cuna, padiayitina cuua.

Acoustic radiation force effect upon a rigid spherical particle placed in the thin elastic tube is studied.
The problem of determination of the acoustic radiation forces acting on an obstacle in an ideal liquid is
formulated with respect to the Lagrange coordinate system. Thus, the radiation pressure is defined as time-
averaged value of the acoustic pressure over the obstacle surface. This approach is adequate if, at
determining of the acoustic pressure in a fluid, the deviation of the pressure from the harmonic law in time
domain is taken into account in the obstacle vicinity. An action of the acoustic radiation force on the rigid
spherical particle placed in the thin tube with elastic wall is studied here for the case of the incident plane
sound wave propagating along the tube axis. Model is developed to describe the response of the sys-tem
consisting of the compliant infinite thin circular cylindrical tube filled with the ideal compressible liquid and
rigid spherical body which is immovable and located on the tube axis under the plane wave propagating
along the tube axis. The problem of the hydrodynamic characteristics determination is reduced to the
solution of the infinite system of algebraic equations that can be solved by the reduction method. The
formula for the acoustic radiation force calculation is derived to characterize the force acting upon rigid
spherical particle in the thin compliant elastic cylindrical tube.

Key Words: ideal liquid, plane acoustic wave, rigid spherical particle, hydrodynamic force, radiation
force.

Crartio npenctaBus akaaemik HAH Ykpainu [lepectiok M.O.

1. Beryn panialiiiHuM THCKOM.

Jliniitne HaOMVKEHHS TSl OOYMCIIEHHS aKyCTHY-
HOT'O PaIialliiHOTO TUCKY BUSIBIIAETHCSA HEJOCTATHIM.
BusiBisieTbesi, oiHaK, 110 OOYUCIICHHS aKyCTHUYHOIO
TUCKY 3 BpaxyBaHHSIM BEIHYUH JPYroro MOPSIKY
MaJIOCTI MOYKHA BUKOHATH, BUKOPUCTOBYIOUH MMOTCH-

[Ipu mommpeHHi rapMOHIYHOI IUIOCKOI XBHJII B
aKyCTHYHOMY CEpEJOBHIII KPiM MEPiOAUYHOTO 3BY-
KOBOI'O THCKY BHHMKA€ CTaJUil THCK 3BYKOBOI'O BH-
npomiHeHHA [1,2], SKWii Ha3WBaIOTh aKyCTHYHHM
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miaJl  MmoJisl IMIBHAKOCTI, IO BH3HAYEHUH TIpH
PO3B’s13aHHI JiHINHOI 3a1a4i PO3CiOBaHHs MEPBHH-
HOT xBWIII Ha nieperkoni [1,2].

B nmaniit cratri mocmimKyeThest misl pamiamiiHol
CHITM 3BYKOBOTO TOJSI Ha TBepay chepuvHy dac-
THHKY B 3allOBHEHIH iJleaJIbHOI0 PiTUHOI0 TOHKOC-
TIHHIW TOJATIUBIN MIIHAPUYHIA TPYOLIi.

2. IlocranoBka 3agaui
PO3B’sI3yBaHHS

auppakmii Ta i

Po3risigaemMo mommpeHHs y BY3bKil IUTITHIPAY-
Hill TpyOi TIOCKOI MO3MOBXHBOI 3BYKOBOI XBHJIL.
[MocTaHoBKy JiHIMHOI 3a7ayi MepLIOro eTamy AOCi-
JOKEHHSI — BUBEJCHHS MMOTEHIIaTiB XBUIBOBOTO TMOJIS
B TpyOi — chopMyIIt0eMo TIpy YMOBI, 1110 BJIACTUBOC-
Ti PIIUHM, a TaKOXX MEXaHiuHI BIIACTHBOCTI TPyOH
TTO310BXKHBO OJTHOPIHI.

JocmipkeHHsS BUKOHAEMO IUISI BUITAAKY IFITiHA-
pu4HOi TpyOu, paiiyc sKoi @, IpU BiACYTHOCTI B
TpyOi THCKY, a TOBIMHA CTIHKH / . Matepian Tpyou
Mae Monynb FOnra E 1 koedinient [lyaccona v .
Tpyba 3amoBHEHa iA€aTFHOIO CTHUCIHMBOIO PiJHHOIO
TyCTHHOIO p,, MIBUAKICTb 3BYKY B fKil ¢,. B Tpy0i
3HaXOAMTHCS TBEpAa chepHyHa YaCTHHKA paniycy d
3 HEHTPOM Ha OcCi TpyOu.

BBenemo UMIIHAPUYHY CHCTEMY KOOPIMHAT
(R,z,¢), Bicb Oz sKOI HalpaBUMO B3JIOBX OCI TpPY-
0u, a 1MoYaToK KOOpJMHAT BHOEpeMo B LIEHTpi cde-
pUYHOi YacTHHKU. BBememo Takox chepuyHy cuc-
TeMy KoopAuHaT ( r,6,¢ ) K IoKa3aHo Ha puc. 1.

Puc. 1. TBepna cdepuuna 4acTHHKa y BY3bKii moja-
TIUBIN HECKIHUEHHIHN TPYOIIi.

[T10cKa 3ByKOBa XBHJIS MOLIMPIOETHCS B TPYOl Yy
JI0JIaTHOMY Hampsimi oci Oz 1 ONMHUCY€ETHCS MOTEHIia-
JIOM

®, = Aexpli(kz - wr1)]. (1)
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[orenuian 3BykoBoi xBuii © (1) y Biamo-
BITHOCTI 3 MPUUHATAM METOJOM JIOCHI/DKCHHS €
PO3B’S3KOM PiBHSAHHS

10’0
c* ot

VY dopmynax (1) i (2) mozHayeHo: A — am-

nityna; k=w/c — XBUIbOBE YHCIO; @ — KyTOBa

AD 0. )

yacToTa; ¢ — 4ac; A — audepeHIiaabHul oneparop

Jlannaca; ¢ — IMIBHAKICTH TUIOCKOI XBHWIII B PiJIUHI,

sKa 3allOBHIOE TMOJATIMBY (elacTudHy) TpyOy. 3a-

3HAYMMO, M0 MIBUJAKICTh ¢ IUIOCKOi XBHIJI B TPyOi

BIAMIHHA BIiJ IIBHAKOCTI IIOCKOI XBWII B HEoOMe-

JKeH1H piauHI i 00YHCITIOETHCA 32 (HOPMYIIOI0
%

. JU+2R,J(hE'B,)
B sKill E'= E/(l—vz); By = 1/(pc02) — CTHCIHMBICTb

(€)

piguHu; R, =a, — paaiyc TpyOu IpH BiJICyTHOCTi B
Hill TUCKY, 0OYMOBJIEHOTO 3BYKOBOIO XBUIICIO.
[[IBuaKicTh piAMHU 1 THUCK, OOYMOBIIEHI 3BYKO-
BOIO XBHJICIO, BU3HAYAIOTHCS (hopMynaMu:
od

v = grad®, p:—pog.

B mnomanpmomy 3rigHO [2] BHKOPHUCTOBYEMO
0e3p0o3MipHi BEJTHMYHHU.

IToTeHmian XBUILOBOTO OIS B TPYyOi OpMY€ETh-
csi B pe3ynbraTi iHTepdepeHIlil nepBUHHOT XBUII i
XBHUJIb, PO3CISIHUX Ha TBEpiil cdepi i BIGOUTHX Bif
CTiHKM TpyOKH. B pe3ynbraTi moTeHIias XBHILOBOTO
1oJIs B TpyOILll Ma€ HACTYITHUN BUTJISL;

P=0,+D , +D,,.

Y popmyni (5) @

Toi Bix chepuuHoi vactunky; P, — TOTeHIiaN

4

&)

o — TOTEHLIaN XBUIi, BiOH-

XBUWJII, BIIOUTOT BiJ| €TACTUYHOI CTIHKM TpyOKu; @ —
3araJbHAN MOTEHIlia)l XBHIILOBOTO TIOJISl B TPYOITI.

3HAaXO/UKEHHS IMOTEHIIAIIB [IUX XBUIb 3BOIUTH-
Csl IO PO3B’sI3yBaHHs 0araTo3B’sI3HOI JIHIMHOT 3a1a4i
Judpakuii nepBUHHOT XBWIL Ha TBepAii cdepi 1 Ha
BHYTpIIIHIA MOBEpXHI NOAATINBOI (€IacCTHYHOT)
TpyOKH — pO3B’sI3yBaHHS 3HEPO3MIPEHOTO JIiHIHHOTO
XBHIILOBOTO PIBHSIHHS

AD +(nw)’ & =0 (6)

nen=1/c.

Juns piBasiaHSA (6) CHOPMYITIOEMO TPaHUYHI yMO-
Bu. Ha moBepxHi Hepyxomoi TBepaoi cdepu HopMma-
JbHA MBUAKICTH PIAMHA JOPIBHIOE HYIO

oD
== =0 7
V=5 (7

r=d
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Ha BryTpimHiil moBepxHi noaaTinBoi (enactud-
HOi) TpyOKH IpaHHYHa YMOBa IIOBHHHA 3a]I0BOJIbHS-
TH PIBHICTH pajiabHOI mBHUAKOCTI 0D / OR pinunn
1 pagiaibHOT MIBUAKOCTI BHYTPINIHBOI MOBEPXHI CTi-
HOK Tpybku a(t), me a(t) — BHyTpimmiil panmiyc
TpyOu B MOMeEHT ¢. B miHiiiHIl Teopii 1f0 TpaHu4HY
YMOBY MOJKHA 3aITUCATH 5K

00l 400,

oOR
OCKiIbKM OyZab sika pi3HMUS B 3HaueHHAX OD/OR

®)

r=a

npu R=a(t) inpu R =a, € MeHIIA HiXk

o’

|a (1) a0|max T

)l

TOMY HEIO MO>KHA B JIiHIHHIN Teopii 3HexTyBatH [1].
Horenuian @, poscisHux Ha chepi XBUIb MO-

BUHEH 33JI0BOJILHATH YMOBaM 3oMMepdenbaa

dd
limr[ sph

—io®d =0; lim®_, =0. (9
s dr sphJ s sph ( )
OCKIiNbKY piAMHA 3HAXOIUTHCS B TPYOi, TO mMoTe-
HIan CDCy, BiIOMTOI BiX BHYTPINIHBOI TOBEPXHI
TpYOH XBUJII MOBUHEH OYyTH OOMEKEHUM:
@, = const ko R —0. (10)

Taxum unHOM, piBHSIHHS (6) 13 ymoBamu (7)—(10)
(OpPMYIOTh ITOCTAHOBKY 3a/adi BU3HAYEHHS IMOTCH-
LiaTiB MOJIS MIBUAKOCTI B MOAATIMBIN TPYOIL.

3. IToGynoBa noTeHniagiB XBUJIbOBOI0 MOJISI B
NoJATJIMBIl BY3bKill TPYOui

Bu3HaunMO TOTEHIIaNH, NpUBEACH] Y Gopmyii
(5), po3p’si3aBUIM OaraTo3B’si3HY 3a1ady IS PiBHSH-
Hs (6) npu rpannyHEX ymoBax (7)— (8) Ha moBepxHi
chepuvHOi YACTHHKM 1 Ha BHYTPILIHIK HOBEpXHi
tpy6u. [lorenmiaim @, i @, s3HaiigemMo 1pu
pO3B’s3yBaHHI PiBHSHHA (6) METONOM PO3IiTEHHS
3MIHHUX Y BIJIMOBIIHUX CHCTEMaX KOOpAuHAT (cde-
pHYHI | WTHAPWYHINA). MHOXHHY po3B’s3kiB @,
BUOEpEMO Yy BUIIISAII y3arajJbHeHUX paniB Oyp’e mo
chepruvHUX XBUIIBOBHUX (PYHKITISIX

ZA W (wr) (11)

— Yy BUIJIAZI iHTerpana

nn

P,(cos8),

D Sph

a MHOXHHY po3B’si3kiB @,

_ TB (\/a) ¢ R) e, (12)

Y gopmynax (11), (12) 4" (w) — chepuuni dy-
Hknii [aHkens mepmoro poay #n — ro MOPAIKY;
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P, (w) — noninomu Jlexauapa; J,(w) — uuiinapu-

n

yHa ¢yHkuig beccens HynboBOro mopsaxy; A, —

n
HeBigomi crami; B(&) — HeBinoma ryctuna; & —
B (1) i
exp(—iwt) He mpuBEsEHO.

cTajia PO3JIJICHHS. (12) MHOXHUK

I3 MmuHOXMHU po3B’s3kiB (11) 1 (12) piBHsAHHS (6)
BHOEPEMO TaKi pO3B’SI3KH, SIKi 33JI0BOJBHIIOTH YMO-
BaM (7), (8) (ymoBaM Ha HeckiHueHHOCTI (9) 1 Ha oci
TpyOu (10) BOHU 3aJJ0BOJIBHSIFOTH aBTOMATHYHO).

Cxunagosi notenmianu (1), (11) 1 (12) motenmiany
(5) mons mBHAKOCTI pinuHK B TpyOi ofepkaHi B CH-
cTeMax KOOPJIMHAT, 3B’ s3aHUX 3 cEeporo 1 3 IUITiHI-
puuHOto TpyOoro0. 1100 Bukopuctatu ymoBy (7) Ha
MOBEPXHI cHepUUHOT YACTUHKH HEOOXIJHO MOTEHIII-
an (5) 3amucaru y chepuyHiii cuCTeMi KOOpAWHAT
(r,¢,0), a, 100 BUKOPUCTATH TPaHUYHY YMOBY (8)
Ha BHYTPIIIHINA CTiHII TpyOHM, HEOOXiHO 3amucaru
noteHuian (5) y WWIHIPUYHIA CUCTeMi KOOpAMHAT
(R,$,z). JUii LpOro BHKOPHCTOBYKOTBCS CHIBBiI-

HOIIEHHS [2], 3a JOMOMOIOI0 SIKUX IHJIIHAPUYIHI
XBWJIbOBI (DYHKIIIT BHpaKaroTbCs 4yepe3 cepudHi i
HaBmakd. [lOBTOPIOIOYM MipKyBaHHS 1 BHUKJIQAKH
aHaJIOTivHO 110 [2] Ta BBOJSYM JOJATKOBI MO3HAYEH-

C(w’§)=H1(\/wz—§2)\/w2—§2

( o gz)hE"
D(.8)=J,(Jor -& o' -&
(“w -¢ )hE"

13 33/I0BOJIEHHS] TPAaHUYHUX YMOB Ha TMOBEpPXHi cde-
pYYHOT YaCTUHKM 1 MOJATIINBOI TPYOKH 13 BUKOpPHC-
TaHHAM OPTOTOHANBHOCTI moJiHOMIB JlexkaHzapa
OTPHUMYEMO HECKIHYEHHY CHUCTeMY alreOpaidHuX
piBHSHB BITHOCHO HEBiIOMHX KOE(ILIi€HTIB A,

(13)

@) Gy (ron) &,
2nw hr(ll)'(na)ro)n;)l Doin "
—(2n+1)i”A{1+G”(a))} Jn (1) ’
4 hr(zl),(n“)’”o)
i £
=2)— P = |ae,
e E] )
orbe 5 +8) e (15)

ZI KL

npuIOMy ¢y, = Gy 3 @ Gy (@) =0, k,1=0,1,2,....
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(2].

4. Buznauenns paaiauiiinoi cuiu

Papniariiina cuna, sika Jlie B aKkyCTUYHOMY MOJIi
Ha TBepJy c(hepUyuHy YAaCTHHKY, € CEPEIHS 3a Tepioj
TIEPBUHHOT XBUJII BEIMYHMHA T1IPOJMHAMIYHOT CHIIH

n2r
F, =—r02jjpsin0coseded¢. (16)
00
Bukoprctaemo Gpopmyiy At THCKY, HABECHY B
[2], sika, Oymyun 3HEPO3MIpEHOIO, B AOCIIIKYBaHO-

MY BUIIAAKYy Ma€ BUTJIA

__1[(aY 1fe)
P=52\e0 ) "2\ar )

ITincraBnsroun y (17) Bupa3 mis 3araibHOTO T10-
teHiary @ 1 0OYMCITIOIYM TOXIiJHI, 3HAXOIUMO
BHECKH Yy pajialiiiiHy CHIIy MepIIoro i APyroro Ao-
JaHKiB 13 (17)

17)

2
oo .
= 7Z'J- 6_ sinf@cos0d 0,
o\ 00
i )
oD .
Fz(z) = —ﬂn)zj(a—j sin@cos8do.
o\ Ot
Ocepennroroun (18) B waci i momaroun ix, oTpH-
MaeMo (GopMyIy Ui OOUYHCICHHS pafialifHOl CHIIH,
sKa Ji€ Ha TBepAy cepUyHy YaCTUHKY B IOAATIIH-
Bilf (€1acTHYHIN) HMITIHAPUYHIN TpyOi

(F)=(F0)+(F2).

2n+1

< > 2 ,,Z;‘{ 4n+1
{2(2””)

an+3 K, (7760”0 )D,. (7760”0 ) +

2n—1
4n—1 Kon Doy (776‘””0 )} -
n 27’1_1 2n+1
D[ o), o)
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2(n-1)

+—
4n-3

Ly, (7760”0)52»172 (’760”0 )}} +

+27znZL ntl

— D D
~ 27’l+1)(27’l+3) n(ﬂw”o) n+l (77&)]’6)"‘

n+l1
_ntl g S ,
T ani1)(2n13)  (1ry) "“(’7“”"0)}
© 1 [2n+1
<FZ(2)>=_2”(W°)2,,Z=;'4n+1[4:+3 2 (1107) %

n
Dy, (770”’0)"‘ —_1K2n (7750’”0 )DZn—l (7760”0 )} -

4n

_27[(‘0’"0)2i ! [ 2 Ly, (nary)S,, (neory ) +

man—114n+1

ﬂlﬁn—l (nary) S, (nar, )} +

4n-3
+27r(a)r0)2 3 &D (nor,) D, ., (nor,)+

S (2n+1)(2n+3) O TR
27 (er,) Z%S (n01,)S,.1 (nax, ),

K, (nor) = (=1)" F (@) (4n+1) jo, (ner),

F(

Ly, 1 (nar)=(-1)" F(0)(4n=1) j»,, (nor),
M, (nor)=ReAd,j, (nor)—-1mA4,y, (nor),
N, (nor)=ReA,y, (nor)+1mA4, j, (nor),

G,(nor)=ReB, j, (nor),

T, (nor)=1ImB, j, (nor),
D, (nwr)=M,(nor)+G, (nor),
S, (nwr)=N,(nor)+T, (nor).
Moaska. Pe3ynpbraTh AOCHIIPKEHHA OTpPUMaHI 3a

rpaHToBoi miaTpuMKK HanioHansHOTO GOHIY A0CHIi-
JokeHb Ykpainu (mpoekt Ne 2020.02/0112).
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