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3a0ayi  NOPONPYIHCHOCMI 0Nl NIBHECKIHYEHHO20

NOPOJACHUCINO020 YUNIHOPY N0 Oi€l0 0CecCUMempudHo20 HasanmadicenHs. Buxiowy 3zadauy 36edeno 0o
00HOBUMIPHOT WTAXOM 3ACMOCY8AHHs iHmezpanbrozo nepemeaopenns Pyp’e. Oonosumipta xpaiiosa 3adaua
¥ npocmopi mpancgopmanm cghopmynboeana y 8eKmMopHomy eu2isioi, il po36 s130K 3HAUOEHO 3a OONOMO20I0
anapamy mampuunozo oOugepenyianonoco yucaenus. Ompumani auarimuyni Gopmyau 003801710Mb
docnioumu  3MiHy nepemiujeHb, HANpPYlceHb Md MUCKY pIOUHU 6 Nopax 6 3dnedCHOCmi 6i0 6udy
HOPONPYIUCHO20 MAMEPIany, NPUKIAOEHO20 HABAHMANCEHHS, PO3MIPY 306HIUWHBLO2O MA GHYMPIUHBLO2O
Ppaoiycis yurinopy.

Kniouogi cnosa: noponpyichuti nopodchucmuti Yyurinop, ocecumempuyne Ha6aHMaxdCenHs, inmezpanbie
nepemeopenHsi.

The exact solution of the poroelasticity problem for a semi-infinite hollow cylinder under the
axisymmetric load is derived in the paper. The original problem was reduced to a one-dimensional problem
by applying the integral Fourier transform. The one-dimensional boundary value problem in the transform
domain is formulated in a vector form, its solution is found using the matrix differential calculation
apparatus. The derived analytical formulas allow to investigate the change of displacements, stresses and
pore pressure depending on the type of porous material, the applied load, the size of outer and inner radii of
the cylinder.

Key Words: poroelastic hollow cylinder, axisymmetric loading, integral transform.

Crartio npenctaBus wieH-kop.HAH Ykpaiuau, n.¢.-m.H., mpod. Kyk 5.0.

[opomnpyxHi MaTepiaqu MIUPOKO 3YCTPIHAIOTHCS
y PI3HHX Taimy3siX MEIMLUHH, Te0Jorii, iHXKeHepii.
[uM  moOsICHIOETBCST  BEJNIMKA  KIJBKICTH  POOIT,
MIPUCBSYCHUX JOCITIDKEHHIO IMOPOIPYKHUX CTaHiB
TNl Pi3HOI reoMeTpU4HOI (HOpMH, 30KpeMa IWITiHI-
piB. Ane BapTO BIAMITUTH, IO OUIBIIICTH JTOCIIJ-
KEHb € YUCIOBUMH Yepe3 BEIHKY KUTBKICTh PIBHAHB
3agay. AHamituuHi Mmeroau [1]-[5] matoTe 3Mory
JOCTITUTH SIKICHY TMOBEIIHKY IMepeMilieHb, Harpy-
KEHb Ta TUCKY. TakoX iX MOXXHa BUKOPUCTOBYBATH
Ut BepHudikarii yucaoBux meroaiB. Tomy mpobie-
Ma po3poOKH HOBUX aHATITHYHUX IMIIXOAIB J0 PO3-
B’sI3aHHS 3a/lad HOPOIPYKHOCTI 3IHIIAETHCS aKTY-
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anpHOW0. Y naHiil poOOTi IPOMOHYETHCS HOBA METO-
JUKa, 32 JOTOMOIOI0 SKOI OTPUMAaHO TOYHHH pPO3-
B’SI30K 3ajJjadl TOPOIPYXKHOCTI JUIsl TiBHECKIHYEH-
HOTO  MOPOXHUCTOTO  MWIIHAPY  MiJ i€l
0CECHMETPUYHOTO HABAHTAKCHHS.

Posrisinaerbcsi MiBHECKIHUEHHUH TMOPOKHUCTHIMA
MOPOTIPYKHUM IWITIHAP y paMkax moxeni bio [6],
10 3aiimMae 001acTh

a,<r<a,0<z<o,—r<@<m. BepxHi rpaHp

z =0 3HAXOJHUTHCS B YMOBaAX INIaAKOTO KOHTAKTY Ta
€ HCIIPOHUKHOIO
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0e3p0o3MipHI IepeMillleHHsd, O, (V,Z),TFZ(F,Z) -

0e3po3MipHi HaIpyKEHHS, p(r,z) - 0e3po3mMipHUi
THUCK PiJFHH, [0 3HAXOAUTHCS B OPax IITiHAPY.
ITo 30BHIMHIA HWIIHAPUYHIN TpaHi 7 =a, 3a1aHO
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3HaxXOJUTbC B YMOBaAx

HaBaHTaXXCHHs
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BHYTpIIIHS TpaHb 7 =q,

3YEIUICHHS Ta € IPOHUKHOIO
r=ag r=ag = 0’p r=ay = 0 (3)
[oTpiOHO BU3HAUUTH MEPEMIilLICHHs, HAMPYKEHHS Ta

TUCK DIJUHHM, IO 3aJ0BOJBHSIOTH KPalHOBI YMOBH
(1)-(3) ta piBusiHHEA [7]
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13(,@) L xotdt 2 Pw x-ldp
ror\  or e K+1 972 K+10roz k+lor
la(awj Jk+1d’w 2 16[814] »_y
ror\ or k-1p82 x-1ror oz az
13( 5pj+f’ P_g[lﬁ(m) ELW}_LP o
ror\ or 0z2 Klror oz K
4)
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Ilyaccona, a - koediuient bio, Sp =5, G k=45

Ge3posmipHi Benmunud, G — MOAYJIb 3CYBY, S,

3amam’ITOBAaHICTh TMPOCTOPY TOpP, k- Koe]ilieHT
TIPOHUKHOCTI.

Buxigny kpaiioBy 3amauy (1)-(4) 3Bemeno 1o
OJIHOBUMIPHOT 3a JOMOMOIOI0 MiBHECKIHUEHHOTO
CHHYC, KOCHHYC TepeTBOpeHHs Pyp’e 3a 3MIHHOIO z

ug () L u(r.2) |[cos Bz

wg (r) = _[ w(r,z) || sinPz |dz
e (r) 0 p(r,z) cos Pz
KpaiioBy 3amauwy y mpoctopi TpaHchopMaHT
c(OpMYIIBOBAHO Y BEKTOPHOMY BUIJISIII
Lz}ﬂ (l") = 0,
(%)

Fp(b)=0,455"5(1)+ Bpyg(1)=8p
Tyr L, - nudepennianbauii omepatop Apyroro
MOPSIZIKY, Aﬂ, B 5 - Bijomi Matpuii, g B - Bigomuii
- T
BEKTOD, yB (}") = (uﬁ (}’),WB (I"),pB (}")) .

Po3B’si3aHHs  BeKTOpHOT KpaiioBoi 3amadi (5)
OymyeTsCsl 3a JOMOMOTOI0 amapary MaTpUYHOTO
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JuQepeHLialbHOro YucieHHs [8], 3rigHo 3 SKuM

PO3TIISAAETHCS BiJINIOBiZHE MaTpUYHE
JudepeHLianbHe piBHAHHS
L)Y, (r):O, (6)
ze Y, (r) - Matpuns  mopsaaky — 3x3.
Buxopucrosyroun CHIBBIAHOIICHHS
L2H(F,§)=—H(V,§)M(§), Ac
J, (fr) 0 0
H(r,§)= 0 Jo(ér) 0 )
0 0 J, (fr)
J, (fr) ., (fr) - byHKi Beccens,
4+ K__l 5’ i £ - K_l £
K+1 K+1 K+1
2 +1 )
me=| Lo gElp g
k-1 k-1
a ap 2y g2y e
K d K SHE K
pPO3B’30K MAaTPUYHOTO piBHAHHA (6) MOXHA
OoTpUMaTH 3a HaCTYITHOIO (dopmyoro
Yp(r =—[[]H (nEYM'(&)dé. ne M7(&) -

MaTpHLs, 06epHeHa 1o matpui M (§) , 3aMKHYTHH

koHTYp C OXOIutoe yci 0coONMBI TOYKH MAaTpHII
M™(&). Toni po3s’a130k BEKTOpHOT KpaioBoi 3anadi

(5) MoxHa OTpUMAaTH 33 HOPMYJIOIO

4] Cyq
VB (r)=X(r)] e |+ Y5 (r)] s @)
a3 %
matputi Y (r),% () €  dyHIaMEHTaIBHOIO

CHUCTEMOIO PpO3B’SI3KIB MaTpU4yHOTO piBHAHHA (0),
cTam ¢;,i= 1,6 3HAXOMATHCA 3 KPaiiOBHX YMOB y (5).
3actocyBaHHs (opMynH OOEpHEHHS 110 BUpa3y
(7) 3aBepirye mnoOyIOBY TOYHOTO aHATITUYHOTO
pO3B’sI3Ky BUX1IHOI KpaioBoi 3aaadi.
UYncnosi po3paxyHKH TPOBOIINCE 411 Pypcpkoro
MCKOBMKA 3  HACTYNHMMH  Tapamerpamu  [9]:

G=133-10°N/m’,u=0.12,a = 0.637,
k=2-10"m"/N-s5,8,=39215-10"m* / N .

BYJ'IO PO3ITIAHYTO J[Ba BHUIIAAKH HABAHTAKCHHS:

HOPMaJIbHE MEXaHIuHe HaBaHTa>XCHH
L(z)=sin(zz/h),T(z)=0,P(z)=0 (Puc. 1-2)
Ta HaBaHTa>XCHHSA THCKOM pi[[I/IHI/I

L(z)=0,T(z)=0,P(z)=sin(zz/h) (Puc. 3-4).



Bicnuk Kuigcbkoeo nayionansnozo ynieepcumenty 2023,2 Bulletin of Taras Shevchenko
imeni Tapaca [lleguenka National University of Kyiv
Cepis izuxo-mamemamuymi Hayku Series Physics & Mathematics
o{la0+al)2,y) o-{(a0 +al)2,y)
0.0 i 0.0 i
Ly i
—0.2
-0.4
-0.6
I e Tt s B L exrmrr e S ..
al=alfld . - e al=al/d N . A
e al=alf2 by P al=alf2 N ity
| = an=3*ali4 (e et Lo T a=3taln [P
00 02 04 0.6 08 10 0.0 02 04 0.6 08 10
z z
a, +a a, +a
Puc. 1. HopmanbHe HanpyxeHHs o, — v | npu Puc. 3. HopMmanbHe Hanpy»KeHHS o, — y |mpu
HOPMaJIbHOMY MEXaHIYHOMY HaBaHTaXEHHI1 HABaHTA)KEHHI TUCKOM PiAWHU
pilad+allf2.y) plla0+allj2.y)
0.40 ===
— al=alf4 05 L —_ al=alfd
s al=alj2 ) T al=alf2
. —.= al=3*al/d L \'\ —= al=3*al/4
0.30 0.4
0.25
0.20 03
0.15 . L
0.2 7 Nk
0.10 \
.\.
0.05 0.1 ¥
T T T T T T 1

0.0 02 0.4 0.6 0. 10
z

+
Puc. 2. Tuck p[%, yJ NpU  HOPMAJIBHOMY

MeXaHIYHOMY HaBaHTaKEHHI

Sk BUJIHO, y BUNAJIKy HOPMAJILHOTO MEXaHIYHOTO
HaBaHTA)XEHHS MaKCHUMajbHI a0COIIOTHI 3HAYEHHS
HopMaibHOro HampyxkeHHs (Puc. 1) mocsraroTbes
JUTst OLTBII TOHKOT CTIHKH MOPOKHUCTOTO IMIIIHAPY,
B TOHM 4ac sIK JUIsl TAKMX T€OMETPUYHHUX MapamMeTpiB
Trck pianau (Puc. 2) y nopax € HaliMeHIINM.

BucHoBKHI

Y poboti Oyno moOymoBaHO TOYHHMU PO3B’S30K
3a7a4l  MOPOMNPYKHOCTI Ui MiBHECKIHUEHHOTO
TTOPO’KHUCTOTO HWTHIPY i €0
O0CECUMETPUYHOTO0 HABAHTAXKEHHS 32 JOMOMOTOI0
amnapariB IHTErpajbHUX I1€PETBOPEHb Ta MATPUYHOTO
nuepeHIiaibHOTO YuciaeHHs. JlochmipkeHo 3MiHy
HaNpy>XeHb Ta THCKY PIAWHU yCepequHi IIIIHAPY B
3JI€KHOCTI  BiI IMOPOMPY)KHOTO MaTepialy Ta
TeOMETpUYHHUX po3MmipiB. Januii miaxig mMoxxe OyTh
BUKOPHCTaHUH s OUTBII CKJIAIHUX OOJIACTeH,
TaKOX JIsI 00J1acTeid, mocIabIeHuX e(eKTaMu.
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Puc. 4. Tuck p(%, yj Mpy  HaBaHTAXKEHHI

THUCKOM PiAMHU

Y BHNAIKy HABaHTOKCHHS THCKOM PiAMHH
MaKCHUMaJibHI a0COJIOTHI 3HAYECHHS HOPMAJIbHOIO
Hanpyxenust (Puc. 3) Ta MakcUMalbHUN THUCK
pimuan  (Puc. 4) cmocrepiraroTbCsi Ui MEHIIOL
PI3HULI MK JiaMeTpamMu LMIHAPY a, —d, .

94



2023,2 Bulletin of Taras Shevchenko
National University of Kyiv

Series Physics & Mathematics

Bicnux Kuiscbkozo nayionanbhozo yHisepcumemy
imeni Tapaca [lleguenka
Cepis izuxo-mamemamuymi Hayku

Cnucok BUKOPUCTAHHUX JKepea

Zhupanska O.I. Contact with friction of a
rigid cylinder with an elastic half-space / O.1.
Zhupanska, A.F. Ulitko // Journal of the
Mechanics and Physics of Solids. — 2005. —
Ne 53(5). — P. 975-999.

Senchenkov I.K. Modelling of residual
stresses developed in steel cylinders subjected
to surface-layer deposition by welding / LK.
Senchenkov, Ya.A. Zhuk, O.P. Chervinko, E.
Turyk // Journal of Engineering Mathematics.
—2008. —Ne 61. — P. 271-284.

Yuzvyak M. Axisymmetric thermal stresses in
an elastic hollow cylinder of finite length / M.
Yuzvyak, Yu. Tokovyy, A. Yasinskyy //
Journal of Thermal Stresses. — 2020. — Ne
44(3). — P. 359-376.

Popov G.Ya. Axisymmetric problem for an
elastic cylinder of finite length with fixed
lateral surface with regard for its weight /
G.Ya. Popov, Yu.S. Protserov // J. Math. Sci.
—2016. — Ne 212(1). — P. 67-82.

Vaysfeld N. (2023). Exact Solution
of the Axisymmetric Problem for Poroelastic
Finite Cylinder. / Vaysfeld N., Zhuravlova, Z.
/' Altenbach, H., Mkhitaryan, S.M.,
Hakobyan, V., Sahakyan, A.V. (eds) Solid
Mechanics, Theory of Elasticity and Creep.

Advanced Structured Materials. Springer,
Cham. — 2023. — Ne 185.
Biot M.A. General theory of three-

dimensional consolidation / M.A. Biot // J.
Appl. Phys. — 1941. — Ne 12. — P. 155-164.
Verruijt A. An introduction to soil dynamics.
Theory and applications of transport in
porous media / A. Verruijt. — Springer, 24,
2010.

Gantmacher F.R. The theory of matrices /
F.R. Gantmacher. — New York, Chelsea
Publishing Company, 1959. — 276 p.

Cheng A.H.-D. Poroelasticity. Theory and
applications of transport in porous media /
A.H.-D. Cheng. — Springer, 27, 2016.

95

References

ZHUPANSKA, O.I. and ULITKO, AF.
(2005) Contact with friction of a rigid
cylinder with an elastic half-space. Journal
of the Mechanics and Physics of Solids,
53(5). p. 975-999.

SENCHENKOV, 1K., ZHUK, YaA,
CHERVINKO, O.P. and TURYK, E. (2008)
Modelling of residual stresses developed in
steel cylinders subjected to surface-layer
deposition by welding. Journal of
Engineering Mathematics, 61. p. 271-284.
YUZVYAK, M., TOKOVYY, YU. and
YASINSKYY, A. (2020) Axisymmetric
thermal stresses in an elastic hollow cylinder
of finite length. Journal of Thermal Stresses,
44(3). p. 359-376.

POPOV, G.Ya., PROTSEROV, Yu.S.
(2016) Axisymmetric problem for an elastic
cylinder of finite length with fixed lateral
surface with regard for its weight. J. Math.
Sci., 212(1). p. 67-82.

VAYSFELD, N., ZHURAVLOVA, Z
(2023) Exact Solution of the Axisymmetric
Problem for Poroelastic Finite Cylinder. In:
Altenbach, H., Mkhitaryan, S.M., Hakobyan,
V., Sahakyan, A.V. (eds) Solid Mechanics,
Theory of Elasticity and Creep. Advanced
Structured Materials, Springer, Cham, 185.
BIOT, M.A. (1941) General theory of three-
dimensional consolidation. Appl. Phys., 12.
p. 155-164.

VERRUIT, A. (2010) An introduction to
soil dynamics. Theory and applications of
transport in porous media. Springer, 24.
GANTMACHER, F.R. (1959) The theory of
matrices. New York: Chelsea Publishing
Company.

CHENG, A.H.-D. (2016) Poroelasticity.
Theory and applications of transport in
porous media. Springer, 27

Hapiitna no penkosnerii 26.06.23



