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In continual mechanics sedimentation of aggregating particles in concentrated suspensions are
determined by the mass and momentum conservation laws for each component of the suspension. The
resulting quasilinear system of differential equations governing the flow could be hyperbolic, strongly
strictly or weakly hyperbolic depending on the model accepted. The type and Eigenvalues of the matrix
influence the characteristics of the pattern formation during the sedimentation that is essential for the model
application in modern medical, microbiological and nanofluidic technologies. In this paper the hyperbolicity
of the three-phase model of aggregation and sedimentation of micro/nanoparticles is studied.
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B mexaniyi cyyinbhux cepedoguiy ceOuMeHmayiss 4acmuHoOK, Wo dcpezylomv, V KOHYEHMPOBAHUX
CYCNeH3isnx GUSHAYAEMbCS 3AKOHAMU 30EPEICEHH MACU Ma IMIYILCY 01 KONCHO20 KOMHOHEHMA CYCNeH3ii.
Ompumana Keas3ininiiHa cucmema OupepenyianbHux pisHsHb, 5KI Kepylomb meuicio, Modce Oymu
2inepoOoNiunoI, CY8opo abo CcrabKo 2inepOoNiuHOI 3aleXCHO 6i0 npuiihamoi moodeni. Tun ma eracwi
BHAYEHH MAmpuyi 3a0ayi 6NIUGAIOMb HA XAPAKMEPUCMUKY (OPMYBAHHS NAMMEPHY YACMUHOK Nid yac ix
CceouMeHmayii, wo € 8aNcIugUM OJisl 3ACTNOCYBAHHS MOOENl 8 CYYACHUX MEOUYHUX, MIKpOOIoNo2iuHux ma
HanOIIOHUX mexHon02iAx. B 0aniii pobomi eusuacmuvcs cinepboniunicms mpughasnoi mooeni azpezayii ma
ceoumenmayii Mikpo i HAaHOYACMUHOK.

Kurouosi cnosa: acpecayis, cedumenmayis, bacamogpasui cyyinbhi cepedosuwya, 2inepboniuti cucmemu,
81ACHI 3HAYEHHS, XAPAKMEPUCTNUKU.

CrarTio ipeacTaBuB 1.¢.-M.H., mpod. Kyk . O.

1. Introduction

Sedimentation of aggregating particles in
suspensions is widely studied in connection with
direct engineering applications like testing the
suspension stability and ageing, formation of the
layered materials and coatings composed of solid
nanoparticles of different size and shape,
biological tests of red blood cells or platelet
sedimentation of patients [1-4]. The pattern
formation in the sediment, its continuity and
mechanical properties depend on the solution of
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the governing system of equations [2-5]. In this
paper the Eigenvalues (EV), characteristics (Ch)
and different types of solutions are studied on the
model of three-phase suspension of solid
aggregating particles developed in [3].

2. Mathematical background

Let us consider a concentrated suspension
composed of solid particles and basic fluid (BF)
some part of which could be captured inside the
aggregations as a captures fluid (CF). The mass and
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momentum conservation laws in the case of 1D
sedimentation in a tube in the external non-
uniform flow field can be finally formulated as a
system of quasilinear differential equations
6(Di L a(DJ .
—L+» A,—=—=B;, i=1-3, 1
ot ng P i ( )
where @ =(H,C, V)T , H and C are volumetric
concentrations of the aggregates and particles in
them, V is the mean volume of the aggregates per
Ajj(tx,®) e C'(R",®")  and

unite  volume,

Bi(t,x,®;) e C!'(R™) are matrix and force vector.

As it is know from general theory [1], if the
Jacobian J , (®) = 0A;;(®)/ X |; ji_ has real EV

and diagonalizable, (1) is hyperbolic. When the
EV are distinct, (1) is strongly hyperbolic, and
when J, is not diagonalizable, (1) is weakly

hyperbolic and singular shocks can occur [1].

Hyperbolic systems can have discontinuous
solutions even when the boundary conditions
(BC) are smooth. Such discontinuities are called
kinematic shocks, which must satisfy jump
conditions and an entropy condition (admissibility
condition) [1,4,6]. Depending on the hyperbolicity
kind of (1), different types of sedimentation (ToS)
may be observed [1] (Fig.1 a,b).
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Fig.1. Sketch of ToS I (a) and ToS II, III (b);
explanations are in the text.

ToS 1 corresponds to a sharp interface 1;(t)
separating the basic fluid zone (z1) from the
particle sedimentation zone (z2) (Fig.la), while
ToS II and ToS III (Fig.1b) also have a transition
zone (tz) between the aggregate sedimentation
zone (z3) and the sediment zone (z4). In tz the
concentration increases downwards continuously.
ToS II shows a jump between the z3 and the tz,
whereas in ToS III the jump is absent. The
interfaces propagate as kinematic waves and the
suspension dynamics is split into two regimes
(Fig.1a,b): in one only hydrodynamic interactions
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between the particles are dominant (z2,z3) and
another in which the solid interactions between the
particles are dominant (z3,z4) [1,2,4,6].

3. Mathematical problem formulation
The resulting system of equations for the 3-
phase suspensions has the form [3]

a_H+Alla_H+Alza_C+Al3a_V=9 Bl’

ot Ox 0x [5)4

oC OoH oC oV

b Ay —+ Ay —+Ay—=-B,, 3
o T2 25 TAB 2 (3)
ov ov v: o

Ay =——(I'"-T'")-B;,

a e ¢! )83

where 6 is the rate of the CF accumulation, I'* are
rates of aggregation and disaggregation, Ay,
Bj,l“ir are known nonlinear functions of H,C,V ;
the corresponding complex expressions are
presented in [3]; the functions B;_; # 0 here due to
the presence of the non-uniform vertical field G(x)
instead of gravitation (for instance, centrifugal,

magnetic or other force field). The BC for (3) are
t=0,x€[0,L]: H=H,, C=C,, V=V, 4

where C, and V, are the initial concentration and

volume of a single particle; in the case of the
perfectly uniform suspension C,=H, .

The system (1) determines nonlinear flux
function F(®), which needs special consideration

in solving the initial value problem (3),(4). Any
potential jump between z1, z2, z3, tz and z4 must
satisfy the Rankine-Hugoniot condition [1]

F(@,)-F(®,_)=c(P,,P, )P, -D, ), (5

J+?
where ¢ is the jump propagation speed.

The Liu entropy condition requires that
c,(D,, P, )<c,(P,,,D)), (6)

for all @ in the Hugoniot locus inside [®, , D, ].

J+? i+

Here the existence of a complete set of EV for
(3) and different ToS determined by (3), (4) for
different model parameters taken from [3] for the
suspension of human red blood cells are studied. As
it was shown in [3], for such sets of parameters the
discontinuity between z1 and z2 always exist while
two more EV are solutions of the square equations
and one of them could be negative. Theoretical
sedimentation curves I;(t) can easily be checked in
experimental measurements using the optical
techniques, while the curves L(t), 15(t), l4(t) are
much more difficult for experimental studies.
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4. Results and discussion

Solutions of the problem (3), (4) have been
found by the method of characteristics [3,7]. The
method had been validated by the particle
dynamics method [8] and experiments [9]. The
characteristic chl of the 1-st family separates zl1
and z2 and moves with the speed ¢;>0 at any set
of material parameters. For the microparticles

with high aggregation rate T'™ and I' ~0 the
length 1,-1; of z2 is very short, while in the
nanofluids it could be long enough due to high
buoyancy of the nanoparticles [1]. At the low

. £ * . o, .
concentrations Cy< C, C is a critical value, the

cross-section of the chl and ch2 with negative
speed ¢;<0 (Fig.2a). The chl curves correspond to
the experimentally observed sedimentation curves

1(t) and in Fig.2a C"~0.25-0.3 depending on the
suspension parameters.

The nonlinear flux (5) can generate a centered
rarefaction wave originating from the bottom
(Fig.2b). This wave may be interpreted as a
‘supersediment’ consistsed of the tz built above
the sediment during sedimentation [1,5]. At some
mode parameters and low external forces te tz
layer built from t=0 and is formed by a series of
thin layers with gradually increased (from x=I4(t)
to x=I5(t)) concentrations from C=C"" in z3 to C=1
in 7z4 (Fig.1b). Existence or absence of the
discontinuity at x=l; is determined by an
additional condition that can be satisfied by
different sets of suspension parameters and G(x).

When the aggregation is high enough and the
external force G(x) grows monotonously, the z4
zone is formed quickly and another picture of
zone distributions appear (Fig.2c). The rarefaction
wave is represented by a fan of piecewise constant
values split by the propagating fronts [1]. This
solution strategy has been used for sedimentation
modeling in bidisperse suspensions in [5]. At
some combinations of the model parameters the
discontinuity at x=l+L+1; (ToS III) is also
presented as a fan-type structure proper to the
rarefaction wave (Fig.2c). In the highly non-
uniform fields G(x) an additional jump at x=
x=l;+1,+14 (ToS II) is formed (Fig.2d). Despite our
case, in the uniform gravity field this structure is
also uniform with the sublayers of gradually
decreasing concentrations and, therefore, density.

Contrary to the 2-phase suspensions [1,4,5],
in the 3-phase suspensions with the ability of
rapid capture of the BF and its temporary
absorption inside the sedimented aggregates in z3,
release of the CF inside the zt will produce more
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complex structures of the fan-type structures (ToS
IIT) with a possibility with complex discontinuities
with additional fan-type structures (ToS II) in each
sublayer (Fig.3) depending on the relationships
between the model parameters. This double
structures are formed by the intersections of three
family of characteristics of the system (3).

The corresponding bulky expressions for the
conditions on the model parameters needed for
development of each case (Fig.2a-d, Fig.3) are not
presented here for brevity.
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Fig.2. Characteristics of the 1-st and 2-nd families for (a)
low Cyp=0.1; 0.15; 0.2 and (b) high C;=0.35;0.5 values, in
low- (c¢) and high- (d) intensity fields G(x) at Cy=0.4.
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Fig.3. Distribution of 3 families of characteristics for 3-
phase suspensions with high BF capture (6 = 0.5).

5. Conclusions

The complete sets of EV for the 3-phase
suspension of aggregating particles sedimented in
an external non-uniform field are computed for
different sets of material parameters. It was shown,
besides well-known ToS LILIII, a more complex
sets of characteristics can appear. That may be used
in manufacture of complex layered nanomaterials
with non-uniform physical properties as well as in
medical diagnostics on blood sedimentation tests.
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