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Hexati A — anzebpa nad nosem K, m in — namypasvni wucaa i P = (pj;) — Pixcosana n x m
mampuysa 1ad A. K -eexmophuti npocmip ycix m xXn mampuyd Had aszebporo A moscha nepemesopumu
6 anzebpy sidnocro nacmynnoi onepayii (o): B o C' = BPC. Ila areebpa Ha3usaemvbCa MAmMpPusHOI0
anzebporo Marna nad A i3 cendsiv-mampuuero P. Aizebpu marxozo muny unukiu A% Y302000HEHHA
HANIB2PYNOBUL AA2EOD MAMPUYHUT Hanieepyn Pica, AKi, 6 c6010 wepey, MicHO N06 A3aHE 3 NPOCTNUMU
HanIB2PYNAMU. Y Uil cmammi onucaHo MmeipHi Ma BUSHAYANOHT CNIGEIONOWEHHA MATNPUNHUL aA2e0D
Manna i3 peeysapHo ceHisii-Mampuyero.

Knowo6i crosa: k0300pasicertsa, MmeipHi eAeMeHImu Ma BUSHAUANDHE CTIEGIOHOULEHHA, HEKOMYMG-
musHull noatHom, aszebpa Manrna, nanieepyna Pica, peeysapta cendsiv-mampuis

Let A be an algebra over a field K, m and n natural numbers and P = (pj;) a fized n x m matriz
over A. The K -vector space of all m x n matrices over the algebra A can be made into an algebra with
respect to the following operation (o): B o C = BPC. This algebra is called the Munn matriz algebra
over A with sandwich matriz P. The algebras of such type arose as generalizations of semigroup algebras
of Rees matriz semigroups which in turn are closely related to simple semigroups.

This article describes the generators and defining relations of Mann matriz algebras with a reqular
sandwich matriz.

Key Words: corepresentation, generators and defining relations, noncommutative polynomial, Mann
algebra, Rees semigroup, regular sandwich matriz

1 Introduction is called the Rees I x J matrix semigroup over

GO with sandwich matrix P, and is denoted by
Munn matrix algebras arose as generalizations MO(G;I,J;P).

of semigroup algebras of Rees matrix semigroups
which in turn are closely related to simple semi-
groups (see [1]).

Let G be a finite group and G° = G U0 the
group with zero (the adjunction of a zero element
0 to G means, by definition, that 00 = 0g = g0 =0
for all g € G, what make G U0 a semigroup with
zero). For I and J be nonempty finite sets, denote
by M°(G;1,J) the set of all I x J matrices over

GO and by M?(G;I,J) its subset consisting of the The Munn algebras are defined in the same
way as the Rees semigroups, but instead of a group

with zero one need to take an algebra. A particular
case of the Mann algebras are the contracted semi-
group algebras of Rees semigroups.

By the Rees theorem a finite semigroup is
completely 0-simple if and only if it is isomorphic
with Rees matrix semigroup over a group with zero
(a semigroup is called simple if it does not properly
contain any two-sided ideal, and 0-simple if it addi-
tionally contains a primitive idempotent).

matrices having at most one non-zero entry.

Now let P = (pj;;) be arbitrary fix J x I matrix
over G such that each row and each column consi-
sts at least one non-zero entry (such a matrix is
called regular). The set MY(G, I, J) can be made
into a semigroup with respect to the following In this paper we study corepresentations of
operation (0): B o C = BPC. This semigroup Mann algebras.
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2 Generators and defining relations of
Munn algebras

Through the paper K be a field and A a finite-
dimensional unital algebra over K. In the definiti-

on of the Mann algebra (see Introduction) we put
I={1,2...n}, J={1,2,...m} (n,m €N).

Definition. Let A be an algebra over K. Let m
and n be natural numbers and let P = (p;;) be a fi-
xed nxm matrix over A. The K-vector space of all
mXxn matrices over the algebra A can be made into
an algebra with respect to the following operati-
n (o): Bo(C = BPC. This algebra is called the
Munn m x n matriz algebra over A with sandwich
matriz P and is denoted by M(A;m,n; P).

By analogy with the Rees semigroups, the
matrix P could be called regular if each row and
each column consists at least one invertible entry.
But since after replacing the matrix P by an equi-
valent matrix P = X PY (with invertible X and
Y’) we obtain an isomorphic Mann algebra, it suffi-
ces to require that there be at least one inverti-
ble entry. Namely such matrices P we call regular
and will assume without loss of generality that pi;
is invertible in A. For the same reason, we can
somewhat simplify matrix P, assuming that pi; is
equal to the identity element of A.and the remai-
ning entries of the first row and first column are
equal to zero. Just such a variant is considered in
Theorem 1.

Recall that a corepresentation (or presentati-
on) of an algebra A is, by definition, a pair (A|R),
where A is a set of generators and R a set of defi-
ning relations for the given set of generators. Then
one writes A = (A|R). For convenience, the relati-
ons (non-commutative polynomials in elements of
A) are written not only in the form f = 0, but
also in the form f; = fo.

The following theorem defines corep-
resentation of any Munn algebras M(A;m,n; P).
with regular sandwich matrix.

Theorem 1. Let A be a finite-dimensional algebra
with identity e over a field K and (A|R) be its
corepresentation with

A= {a’O :€,CL1,...,CLS},

R:{flzglv"'va:gT}v
where a1, ...,as # 0 and
fi = filar,...,a5),9; = (giya1...,as) are non-

commutative polynomials over K.
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Let P = (pji) be an n x m matriz over A such
tha/tpll = €,P15 = Oapjl =0 (Z - 277m7.7 =
2,...,n). For n,m € N, introduce the sets

F'={v...y,vm}, A={Aa....\}

Then we have the corepresentation (M|R) for the
Munn algebra M = M(A, where M = AUT UA

and R consists of the following relations:

(1) the relation from R;

(2) apa; = ajap =a; (i =0,...,s);

(3) apy; = 0,7via0 = v (Z =2,.. m);

(4) aoA; —)\],)\aofo(]—z n);
(5) vivir =0 (4,4 = 2,...,m);

(6) NAy =0 (o f' =2, m);

(7) XNjvi =pji (i =2,.. mj—2,...,n).

Proof. First, indicate which element of M
corresponds to each generator.

Forz e Aandie€ {1,...,m},j€{l,...,n},
denote by (z);; the matrix from M with its (¢, j)th
entry being z, and its remaining entries being 0;
the expression (0);; mean the I x J zero matrix 0.
Then, by the above definition,

(0)ij o (c)irjr = (bpjirc)iyy (1)

and in particular (taking into account the equality
p11=1)

(be)ij = (b)ir © (c)1;. (2)

As the generators indicated in the condition

of the theorem, we take the following matrices (as
elements of M):

(e, Aj=(e);  (3)

for k € {0,1,...,s},i€{2,...,m},j €{2,...,n}.

Prove that these elements form a system of
generators of M.

Denote by A€ all words in the set A \ e
(as an alphabet) and put A = A¢ Ue, (A) =
{@)la e Ai=1,...,mj =1,...,n} Since
the elements of A form a system of generators
of A as a vector space, all elements from (A)
form a system of generators of M as a vector
space. Hence to prove that the elements from M
form a system of generators of the algebra M, it
suffices to show that each element from (A) is a
product of elements from M, and according to (2),
it suffices to check this for elements of the form
(aT)il with ¢ # 1 and (aT)lj with j # 1. Using
equality (2) again, we have (a,);1 = 7i(ar)11 and
(ar)1; = (ar)11A;. So the elements from M form
system of generators of the algebra M.

ar = (ag)11, vi=
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Now we show that the set of relations R defi-
nes the algebra M. In other words, there is no
relation between generators from the set M which
would not follow from the relations of R. Assume
the contrary and let F' be a non-commutative
polynomial in variables from M such that F' =0
and it is not a consequence of the relations from
the set M.

It is follows from the equations (2) and (3)
(see the condition of the theorem) that a,v; =
0,v;a, = ~; for each a, € A. Therefore every word
in M containing ~; is equal to 7.

The same is true for A; (because of equalities
(2) and (4)). Taking into account also equalities
(5), (6) and (7), we have that

F = f(ag,a1,...,as)+
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+ Z TiYi + Z YN + Z 2iYiNjs

2<i<m 2<j<n 2<i<m
2<j<n

where x;,y;, 2z;; € K.

Since the non-zero parts of the matrices
that correspond (according to the definitions)
generators from M do not intersect, then, substi-
tuting these matrices into the equality F 0,
we obtain that all w;,y;,2;; are equal to zero.
Hence the equality F' = 0 turned into the equality
f(ag,ai,...,as) = 0and we came to a contradicti-
on, since this relation is a consequence of relations

from R.
Theorem 1 is proved.
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