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FUNCTIONAL STABILITY OF PRODUCTION PROCESSES AS CONTROL PROBLEM
OF DISCRETE SYSTEMS WITH CHANGE OF STATE VECTOR DIMENSION

The paper proposes an approach to mathematical modeling of technological processes of industrial enterprises for the organization
of production in accordance with established standards with compliance with acceptable tolerances and requirements. For the first time,
the authors consider the property of functional stability of production processes in two aspects: as a property of the system to maintain
its functional state under conditions of change and as a property of the system to restore its functional state after the effects of external
and internal factors (functional stability and functional resilience). We presents the mathematical model of production processes in the
form of linear discrete control systems under the following condition: the state vector changes dimension. This condition shows that the
parameters characterizing the state of the system can change at different stages of production processes due to technological features.
This causes the state vector dimension to change. The authors give definition of functional stability of the process, prove theorems on
conditions of functional stability and give solution of control design problem using generalized inverse matrices properties.
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Introduction

Rapid development of technologies in recent years is key to development in many social, economic, military, and information
domains. Production processes require deep automation, integration of processes with modern complex information, information-
communication or cyberphysical systems. This significantly increases their efficiency. The rapid dynamics of technological progress
creates new challenges to information systems. These systems ensure the stability of production and technological processes to
the influence of various factors of external and internal nature. The property of complex technical and information systems that
ensures their effective functioning in a changing environment is called functional stability (Mashkov, & Kosenko, 2015). The first
important results in this area were obtained by O. Mashkov and colleagues (Gostev, Mashkov, & Mashkov, 1995).

In the paper, we will distinguish between two views on this property. On the one hand, functional stability is the ability of
the system to maintain its functional state under the influence of changing external and internal destabilizing factors
(Maksymuk et al., 2020; Sobchuk, V., Olimpiyeva, Musienko, & Sobchuk, A., 2021). On the other hand, functional resilience
is the ability of the system to restore its functional state after the impact of negative external and internal destabilizing factors
(Pichkur, & Sobchuk, 2021; Rohret, Kraft, & Vella, 2013). The main difference between these two concepts is that functional
stability characterizes the system's ability to maintain its functional state under conditions of change, functional resilience
characterizes the system's ability to restore its functional state after negative impacts.

One can achieve functional stability in the system due to following factors:

e reliability of system's components. If the system components are reliable, they will function properly even under the
influence of external and internal factors;

e redundancy. A system with redundant components can continue to function even if some of its components fail;

o flexibility. If the system is flexible, then it can adapt to changing conditions caused by the influence of factors of a
different nature.

One can achieve functional resilience (Bellini, Coconea, & Nesi, 2020) in the system due to such factors as:

e recoverability. A system that has ability to self-recover will be able to recover its functional state after the influence of
external and internal factors without outside help;

e adaptivity. If the system is adaptive, then it will be able to change its functional state in order to resist the negative
unauthorized effects of various nature.

Information systems controlling the technological processes of production enterprises must be functionally stable in both
senses. The functional stability is important. It ensures smooth operation of production processes under the influence of
external and internal factors (Asrorov, Sobchuk, & Kurylko, 2019). For example, such factors are fluctuations in temperature,
pressure, composition of raw materials, etc. The functional resilience of the systems is important because it allows them to
adapt to the conditions of its operation, regenerate itself from the negative effects of various factors (e. g. power supply
failures, equipment breakdowns, deviations from specified telemetry parameters, etc.)
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Consider the components of functional stability of information systems controlling the technological processes of
production enterprises:

e reliability. The system must be equipped with reliable components. Such components are sensors, controllers,
actuators, etc. This will ensure the proper functioning of the system, even in conditions of fluctuations in temperature,
pressure, vibration, composition of the raw material structure, etc.;

e redundancy. System's redundancy means that there are additional components in the system that are not requited.
These components can be used to increase its reliability and stability. Redundancy can be implemented in various ways:
redundant components, parallel processing of components and redundant circuits. Redundancy increases probability that the
system will be able to continue processing even if one or more components fail;

o flexibility. The system must be flexible. It must adapt to changed external conditions. For example, the system must be
able to regulate temperature, pressure, vibration, etc. The system must be flexible to the composition or structure of raw
materials or product quality requirements;

e recoverability. The system must have the ability to self-recover. It should recover from the negative effects of external and
internal factors without outside help. For example, the system must be able to automatically restart after power failures, etc.;

e adaptivity. Adaptivity of the system is its ability to change its functional state in order to resist the negative effects of
factors of various nature. For example, the system should be able to automatically change the operating mode in the event
of an equipment failure, etc.

We can conclude that functional stability is an integral property of information systems controlling the technological
processes of modern manufacturing enterprises. Functional stability ensures smooth operating of production processes and
allows for quick recovery after abnormal situations (Barabash et al., 2023).

In the paper we consider mathematical model of production process in the form of a linear discrete control system with
state dimension change. We define functional stability as a control problem, prove necessary and sufficient conditions of
functional stability. Further we give solution of control design that implements the functionally stable production process.

1. Literature review. At present, there are many works related to the problems of stability and control of discrete systems.
The monograph (Halanay, & Rasvan, 2000) studies the problems of stability theory for discrete systems in detail: the method
of first approximation, the Lyapunov functions method, the problem of invariance, dissipativity conditions of discrete systems,
stable oscillations problem etc. Stability conditions for systems of discrete equations are highlighted in (Michel, Ling, &
Derong, 2008). Problems of the qualitative theory of discrete systems, stability and boundary-value problems are highlighted
in (Agarwal, 2000). The work (Lasalle, 1986) describes the second Lyapunov method for discrete systems, stability according
to the first approximation method, controllability, solutions in stabilization and state estimation problems. Quantitative and
qualitative analysis to discrete systems is also given in (Galor, 2007). The article (Diblik, Dzhalladova, & Michalkova, 2013)
studies company's work efficiency using conditions of financial stability. In this paper the mathematical model is described by
a system of difference equations with random coefficients.

The papers (Garashchenko, & Bashnyakov, 1999; Garashchenko, & Kutsenko, 2000; Garashchenko, & Pichkur, 2016;
Pichkur, & Linder, 2021) offer practical stability conditions to discrete systems and inclusions. The results are based on the
properties of optimal sets of practical stability. The paper (Valeyev, & Dzhalladova, 2002) considers optimal control of discrete
systems with random coefficients. The technique of structural-parametric optimization based on the method of dynamic
programming is highlighted in the paper (Strakhov, 2013). The article (Matvienko, 2007) gives the general solution to the
terminal control of linear discrete systems problem.

The papers (Zamrii et al., 2022; Mashkov, 2020) offer methods ensuring the reliability of the telecommunication infrastructure of
critical infrastructure enterprises. The researchers take into account the impact of the risks of unauthorized access to information
systems and data transmission systems. The papers (Barabash et al., 2017; Yevseiev et al., 2021) describe principles, design and
application methods of information infrastructure organization under the influence of external and internal destabilizing factors. In
(Otenko, Podorozhna, & Otenko, 2021) the authors give techniques of information support to decision-making systems in industrial
enterprises. One may see that the problem of functional stability of production processes is widely presented in the scientific
literature. However, production processes control design under conditions of ensuring functional stability is open.

2. Statement of the problem and basic definitions. First of all, it should be noted that without automating the process
of production control, it is impossible to organize the serial production of quality products in the conditions of modern
enterprises. To solve similar problems at production enterprises, to ensure the stability of production processes due to real-
time control of key production parameters, we offer a mathematical model that one can integrate into automated enterprise
control system. In general, we understand a business process (technological process) as a sustainable, purposeful set of
interrelated actions that, with the help of certain technologies and in an optimal time, transforms inputs (resources) into outputs
(results). Results have value for internal and external consumers and ensure the growth of the financial and economic
indicators of the enterprise.

The production of products consists of stages. There are parameters and characteristics of raw materials, semi-completed
products, or ultimately completed products at each of the stage. We denote parameters on i—th stage x(i), i = 0,1, ... N (fig. 1).

o) )

Fig. 1. The structure of the technological production process

The number of indicators usually changes at each stages, so dimension of the vector x(i) depends on stage number
x(i) €R™, i=0,1,..N.
A vector
u(i) € R™
describes external influence on the production process (work effect, energy effect, chemical or other technological effects etc)
at i-th stage, i =0,1,...N — 1. Quality of the products and intermediate quantity at each stage depends on whether the
technology and value of the indicators are followed at each previous stage. We will assume that this requirement is fulfilled.
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Note that in real production conditions the course of the production process will ensure the repeatability and output
satisfying the determined requirements and standards with certain deviations (tolerances) € > 0 (fig. 2). Each production
process or product has individual tolerances. That is, all linear, chemical, mechanical, geometric or other characteristics of
the product must correspond to the reference sample without exceeding the thresholds of technological errors. In the opposite
case, with significant deviations, the manufacturer considers the product to be defective. As a result, it becomes necessary
to repeat the process. For this, additional resources should be allocated once again, changes should be made to the
production plans. This will increase the processing time of the entire order.

u(0) u(k)

x(0)

Fig. 2. Scheme of production process

We also denote by: A(i) a matrix of the production process. Dimension of the matrix is n;,; X n;, i =0,1,..., N — 1. The
components of the matrix A(i) show dependencies between product quality indicators on i + 1-th stage and indicators on
i-th stage; C(i) a matrix of dimension n;,.; xm;, i =0,1,...,N — 1 that determines the structure of influence u(i) on the
production process.

Mathematical model of the production technological process can be written as follows

x(i+1) =A@)x@) + cu(@), i=01,..,N—1. 1)

We represent (1) in the form

Ax = Cu. (2)

We see that all stages of the technological production process can be described by system of algebraic equations (2),

where

x = (x(0),x(1), ., x(M)" €R",  u= (u(0),u(1), .., u(N —1))" € R™,

c=(0 00 - 0 0C(1) 0 - 00 0C(2) - 0 000 C(N—-1))
is a matrix of dimension n X m,

A=(-A(0) E; 00 -0 0-—-4(1) E,;O0 0 0 0 —A(2)E; 0
i 00 0 —AN—-1Ey)

is a matrix of dimensionn X n. Heren = ny + ny + -+ ny, m = my + my + --- + my_4, Ey is a unit matrix of dimension n;, x ny,

k=1,2,..,N. The matrices A and C determine topology of the production process. The vector u describes technological

features of the production process.

T
Letx = (5(0),5(1) ...g(N)) be reference process. The reference process fully corresponds the set of parameters x(k),

k =0,1,...,N. The reference process describes the values of the parameters during ideal execution of the production process
at each stage. Let us define € > 0 as permissible deviations (tolerances) the systems state from the reference values.

Definition 1. Given matrices A, C and a vector u. If there is a solution x = x + e system (2) such that

llell <&
then we will call such a technological process functionally stable.

3. Conditions of functional stability of production processes. In this section we present functional stability conditions
of system (2) in definition 1 sense. Denote by A* generalized inverse matrix to matrix A, Z(AT) = E,, — AA* projector onto
matrix AT kernel (Ben-Israel, & Greville, 2003). The following theorem is true.

Theorem 1. Suppose that

u"Qu =0,
3)
where Q = CTZ(AT)C. If
lA*(Cu - Ax)l| < =.

(4)

then the technological process described by equation (2) is functionally stable.

Proof. The matrix Z(AT) is a projector, hence Z2(AT) = Z(AT), ZT(AT) = Z(AT) (Ben-Israel, Greville, 2003). From (3) it
follows that

uTQu =uTCTZ(AT)Cu = u"CcTZT(AT)Z(AT)Cu = 0.
It means that ||Z(AT)Cu||? = 0 and Z(AT)Cu = 0. Substituting Z(AT) = E,, — AA™ in the last formula. we obtain
(C—-AATQ)u=0.
As a consequence, AA*Cu = Cu. Therefore
AA*Cu — Ax = Cu — Ax.
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From A = AA*A we have
AA*Cu — Ax = AA*Cu — AAYAx = AA*(Cu — Ax).
Further
AA*(Cu — Ax) = Cu — Ax.
This means that Cu — Ax € Im A. There is e € R™ such that

Ae = Cu — Ax. (5)
From (5) we get
A(e + g) = Cu.
The vector e + x is a solution of (2). Since (5) holds and e € Im A, we obtain
e € {A*(Cu—Ax) + v}, (6)

where v € Ker (A) so that Av = 0. The vector

e =A"(Cu— Ax)
has the smallest norm on the set (6) at v = 0. Since (4) holds, we obtain ||e|| < &, x = x + e. Therefore the technological
process is functionally stable.

The inverse theorem to the theorem 1 is also true.

Theorem 2. If the technological process is functionally stable, then

u"Qu =0,
alongside with
l4*(Cu - Ax)|| < =.

Proof. From definition 1 it follows that system (2) has a solution x = x + e, where |le|| <&, Ax = Cu. Consequently

A(g +e) = Cuand
Ae = Cu — Ax. (7)

From matrix image definition we obtain Cu — Ax € ImA. Therefore, based on the fact that AA* is a projector onto ImA

(Yanai, Takeuchi, & Takane, 2011), we have
AA*(Cu — Ax) = Cu — Ax.
Moreover
AATCu — AA*Ax = Cu — Ax.
But AA*A = A so that AA*Cu = Cu. From here (E — AA*)Cu = 0. Therefore Z(AT)Cu = 0 and ||Z(AT)Cul|> = 0. Hence
ulcTzT(ANZ(AT)CTu =0
and u"Qu = 0. From (7) we have
e€{A*(Cu—Ax)+Z(Av, wveR™}
Taking into account
l4* (Cu— Ax)ll <,
we obtain that one can found e at v = 0 such that |e|| < «.
]

4. Adjustment of the production process to reference process. Assume that no solution of system (2) meets the
conditions of functional stability. This means we cannot implement the process. In this case we stop the technological process
to analyze the reasons that lead to functional instability. At the same time we solve the problem

I(e) = ||Ae — Cu — Ax|| = min,. (8)

The set

e€f{A*(Cu—Ax)+Z(A)v, veR™W)}
gives the solution of this minimization problem (8), where the vector
e =A"(Cu—Ax)

has the smallest norm. The solution of the problem (8) describes the limit of deviations from the reference value. If the
deviations increase, then the process must be stopped, because the products do not meet the specified standards. In practice,
this means that if the deviations from the reference value satisfy (4), then the production process ensures the production of
products according to the standard. If condition (4) is not fulfilled, but there exists a solution to problem (8), then in this case
the system works in conditions close to the loss of functional stability. This means that the process ensures the production of
products of inadequate quality, with defects. If problem (8) has no solutions, then the process should be stopped. To restart
the system, it is necessary to return to the initial position at the level of functional tasks of the subsystems of production
planning APS, MES, PLM-systems of the information automated control system and apply the algorithms of planning
adjustment and restart the production plan.

Let the vector x describes reference indicators. The next important problem is as follows: is it possible to organize the
production process in such a way as to comply with the reference indicators x due to the selection of the vector u? If we
answer such a question, then we can offer a method that makes it possible to fulfill technological requirements at all stages
of the production process. The following theorems give positive answer to the question.

Theorem 3. Let matrices A and C determine the structure of the production process, and a vector x defines reference
values of parameters x. Then reference values x will be implemented in the production process if and only if

xTPx =0, 9)
where P = ATZ(CT)A, Z(CT) = E,, — CC*.

Proof. One can implement the reference values x if and only if (2) holds for some vector u. This condition is equivalent

Ax € Im C. (10)
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where Im( is the image of the matrix C. Let denote by Y(C) = CC™* orthogonal projector onto ImC. Then condition (10) is
equivalent to equality

Y(C)Ax = Ax. (11)
It means CC*Ax = Ax and
(E-CCHx=0. (12)
Taking into account Z(CT) = E — CC™* we obtain Z(CT)Ax = 0. Therefore ||Z(CT)Ax||? = 0, where
xTATZT(CT)Z(CT)Ax = xTATZ(CT)Ax = 0. (13)

It means that (3) holds.
On the other hand from (13) we get (12) and (11). Hence Ax € ImC. It means that there is u € R™ such that Ax = Cu.
]
Consider the problem of adjusting the production process to reference indicators. It consists of minimizing the quality
criterion

Io(uw) = [lx —x]| (14)
under conditions Ax = Cu, u € R™. Let us consider the modified problem
I(w) = [|A(x — 0)|| - min,, (19)

where Ax = Cu, u € R™. There following statement is true.
Theorem 4. Any vector
u € {C*Ax + Z(C)w:w € R™}, (16)
gives solution to (15), particularly
u, = CtAx
has the smallest Euclidean norm. The optimal value of the quality criterion (15) is equal to
I(w,) = 1Z(CT)Ax||,
where Z(C) = E,, — C*C, Z(CT) = E, — CC™.
If conditions (9) of theorem 3 holds, then (16) defines the set of values of u according to the reference values x.
Proof. Substitute Ax = Cu in (15) and we obtain the following problem
I(u) = ||Cu — Ax|| - min, u € R™.
An arbitrary vector u from
{cC*Ax+Z(C)w, w€eR™}

solves such a problem, at the same time the vector u, = C*Ax has the smallest Euclidean norm among the specified

vectors. The optimal value of the functional (15) is equal to
I(w.) = [|Cu. — Ax|| = |(CC* — Ep)Ax|| = |Z(CT)Ax]I.

From theorem 3 it follows that if (9) holds, then control (16) solves minimization problems (14).

]

Theorems 3 and 4 determine the constructive conditions of functional resilience of production processes. These
statements show the ability of the system to restore its functional state in order to perform technological production tasks
under the conditions of compliance with the necessary predetermined product parameters.

Discussion and conclusions

The paper deals with the problem of functional stability of production processes of modern manufacturing enterprises. The
authors highlight for the first time the properties of the functional stability of production processes in two aspects: as the
system's ability to maintain its functional state under conditions of change and as the system's ability to restore its functional
state after the effects of external and internal destabilizing factors.

The authors offer mathematical model of the production technological process as a discrete control system with change
of state dimension. The paper proves necessary and sufficient conditions of functional stability, solves the control design
problem that implements the functionally stable production process. Theorems are constructive. They offer methods of control
to complex technological processes of manufacturing enterprises that can be implemented in information systems.
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KniBcbKkui HauioHanbHWiA yHiBepcuTeT iMeni Tapaca LLleueHka, Kuis, YkpaiHa

®YHKLIOHANBHA CTIMKICTb BUPOBHUYMNX NMPOLIECIB SIK 3AOAYA KEPYBAHHS
AOUCKPETHMMM CUCTEMAMM 31 3MIHOKO PO3MIPHOCTI BEKTOPA CTAHY

3anponoHoeaHo nidxid do mamemMamu4yHo20 Modesir08aHHSI MEXHOJI02iYHUX Npoyecie npomucsiosux nidnpuemcme Onsl op2aHizauyii eupo6-
Huymea eionoeidHo Ao ecmaHoesieHux cmaHdapmie 3 dompuMaHHs NpuliHsmHux donyckie i sumo2. Aemopu enepue po3ansidaroms enacmueicms
¢yHKyioHanbHOi cmilikocmi eupob6HU4UX Npoyecie y 08ox acrekmax: sk eflacmueicms cucmemu 36epizamu ceill pyHKYioHanbHUli cmaH 8 ymoeax
3MiH i Ik enacmueicms cucmemu eidOHoenreamu ceili hyHKyioHanbHUl cmaH nicss ensuey 308HiWHIX | eHympiwHix gpakmopie (Functional Stability,
Functional Resilience). HaesedeHo Mamemamu4Hy Modesnib 8UPO6HUYUX npoyecie y suasnsidi NiHilIHUX OUCKPeMHUX cucmeM KepyeaHHs1 3a yMo8u, W0
8eKmop cmaHy 3MiHIO€ po3MipHicmb. Ls1 ymoea noka3ye, uyo napamempu, siki xapaKkmepu3syrombs cmaH cucmemMu, MO)Xymb 3MiHIO8aMUucCs1 Ha Pi3HUX
emanax eaupob6HU4UX npoyecie yHac1idok mexHoso2i4HuUx ocobnusocmeli. e npueodums do 3MiHU po3mipHocmi eekmopa cmaHy. Aemopu daromb
03Ha4eHHs1 (hyHKYioHanbHOI cmilikocmi npoyecy, o6rpyHmoeyroms meopemu rnpo ymoeu hyHKYyioHanbHoi cmilikocmi ma po3e‘a3yroms 3adayy KOH-
cmpyroeaHHs 8i0nogiOHO20 KepyeaHHS1 3 8UKOPUCMaHHAM eslacmusocmeli y3azasibHeHUX 06epHeHUX Mampuuyb

Knwo4yoBi cnoBa: duckpemHi cucmemu, pyHKyioHanbHa cmilikicmb, MamemMamuy4Ha Modesib, MexXHO102i4HUll Npoyec, KOHCMPYrO8aHHS
KepyeaHHs1, ncee3oo6epmaHHsi.

ABTOpM 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CNoHcopu He Bpanu yyacTi B po3pobneHHi AoCniaxXeHHs; y 36opi, aHanisi umn
iHTepnpeTauii AaHWX; y HanMcaHHi pykonucy; B pilleHHi Nnpo ny6nikauito pesynbTartis.
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