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Y yiti pobomi docaidsiceno 2aycciscory asmopezpecito 6ueaady Xpi1 = nt1Xn + Whpe1 3 ne-
00HOPIOHUMY 6 “ACTE YEHMPOBAHUMU HOPMAALHO PO3Nodiserumu npupocmamu Wy i xoediyienmamu
CMUCKY Q. OMPUMAHO BEPTHIO MENCY OAL MAMEMAMUYHOR0 CNOJIBANHA EKCTOHENUITHO20 MOMEHMY
NePuL020 NOSEPHEHHA AAHUI02Y 6 KoMnakm [—c; c] ma eeprnio meorcy cnodisanns ynkuii koediuicrmie

CMUCKY 610 8Ka3aH020 MOMEHMY.
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In this paper we study Gaussian autoregression model of the form X,1+1 = an+1Xn + Wyi1. It has
time-inhomogeneous centered normal increments W,, and control ratios c.,. We obtained upper bounds
for expectation of exponential return time to the compact [—c;c| and for expectation of the function of

compressing ratios and the mentioned moment.
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1 Introduction

Gaussian autoregression process is a base for
models with o wide range of practical use. Someti-
mes dynamic systems we study using this model
are not homogeneous in time. Instead of being
constant, some controls can fluctuate around the
known value. This makes it harder to establish the
bounds for the variables of interest, such as return
times.

In this paper we study Gaussian autoregressi-
on of the form Xp+1 = ant1Xn + Wiy1, where
(W) are centered and normally distributed. In our
case the controls fluctuate in the interval (0;1) wi-
th rare exceptions. We introduce computable upper
bounds for exponential return time to the compact
[—c; ] and provide three simple examples of its
use by applying numeric and random sequences as
(aun) controls or modifying (Wy,) with random vari-
ance.

2 Main result

Consider a  probability space (2, F,P) and
define on it a time-inhomogeneous Gaussian

autoregression process (Xp)n>o0, controlled by a
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sequence of compression ratios (o, = 0)pen :

Xnt1 = anp1Xp + Wi, (1)
N(0,02) are the independent
We denote their distribution
and density functions as ®, and ¢, respectively.
We also use the following notation: P}(A) is a
probability measure generated by (Xnix)k>0 and
E? is the corresponding expectation.

where W, ~
normal increments.

We aim to develop stability conditions for the
defined process. Our goal is to show that for certain
family of constants ¢ > 0 and for all x € R we
can bind the expectation EI [w;cl], where o =
inf{n > 1|X,, € C} is the first return time to the
set C' = [—c; c| and 1y, is dependent on «,,. Consi-
der the following theorem.

Theorem. Assume that the following condi-
tions hold:

1. Ezists o > 0 such that

(2)

o =supo,
neN

2. Exists € € (0;1) such that only a fini-
te number of (an)nen lies outside the half-open
interval (0;€].
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Define

o :Zkli[l(ak+1;6> ®)

Then for any constant ¢ > max{l, %} and for
all x € R and for alln > 0:

1—¢

oc

B [ysl] <1+ ol + (K— )ﬂc@s), )

where 5
o
K=—+1 5]
Vor )
Proof. We denote § = (1 —¢)/2. Then for all

an, € (0;¢€] holds o, + 6 < 1. Thus Vn

[ max{as +6,1} > 1 (6)
k=1

From (@ immediately follows that

> (H max{ay, + 9, 1}> (1—ap—0)" = oo (7)

n=1 \k=1

Next, we show that exists

G =supE} [W,[] <

n=0

(8)

Let us calculate the expectation in :

+oo

/O y®,(dy) =
1 +00 y2

= oo )y ver (o) =
1 +oo

270, /ﬁ a

1 oo
= N /0 exp (—t/o2) dt =
On

T Von

From the first condition of the theorem we obtain:

G =supEl} [W,ﬂ =

n=0

B On o

oo V2r V2w

Since and hold true, we can apply

Theorem 1 from [1] and get the desired boundary

for B [¢;2]: for any constant ¢ > max{1, K/d},
forallz e R, t >0 holds:

(10)

1—c¢

E7 [yrl] < 1+ 2] + (K - )Hc@:), (1)
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where C' = [—c;c] and K = %—i—l. O

We can go a bit further by setting a stricter
condition for (au,). Observe:

Corollary. Suppose 0 < & = sup{a,,} < 1.
Set ¢ = (#)_1, then for all x € R holds:

1—c¢

E" [470] < 1+ || + (K - )w) 12)

Proof. The setup of 1 obviously meets the condi-
tion of the Corollary 1 from [1):

n

Un = [Jax+08) <™. O

k=1

(13)

Let us now take a look on examples.

3 Examples

In this section we provide results of simulati-
ons to approve the Theorem statement. We
consider 3 examples. The code 1s available via
the link: hitps://github.com/gamble27/geometric-
recurrence-inhomogenous-gaussian-autoreqression

Example 1. Control by numeric
sequences. Consider first the simplest model,
where the control is maintained by clearly decreasi-
ng sequences of variances and compression ratios:

Xn+1 - an+1Xn + Wn+17

where Xog = —10, « = %H’ on = 27" From
our initial conditions we obtain e = 0 = %, hence
=167 > _1
c=167>4 (A +1)
We  generate  10% trajectories, whi-
ch  look like the one on image [I}
Markov chain trajectory, 50 steps
O-
-2 4
-4 4
(=4
x
61
8]
-10 T
0 10 20 30 40 50
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Markov chain trajectory up to the hitting of [-1.67;1.67]

1.00 125 150 175 2.00

n

0.60 0.‘25 0.;30 O.I75
Fig. 1: Single trajectory of the Markov chain
We would also like to take a look on distri-

bution of the first return time. See image ]

Distribution of the first return time to C

5000 -
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N observations
w
o
(=]
o
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o
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t
Fig. 2: Distribution of the first return time of the
chain to the compact [—1;1]
Lastly, we would like to vary Xg values and see
how the exponential moment of first return would
act and compare it to the Corollary. In this case

weget:wzg, K:\/%—W—i—l and

L (4N 11
Ep(5) <l+ll+ N To(z)
s

Demo of Corollary

61 —— exp moment
——— upper bound

Fig. 3: Demonstration of the Corollary
As we can see on the picture the upper
bound works correctly: the horizontal azis T is a
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chosen starting point Xo, while the vertical azis
y are functions of the argument Xo - erponential
moment of the first return time to C and its upper
bound.
Ezample 2. Control with random variance.
We take the next step and introduce some
randomness in the model controls. In equation
we set compress ratios again as a sequence: qu, =
L and 0, ~ U[{5,3,1}]. We take ¢ = % and

n+1
o = 5. Let us choose c:

10
c=16>24( —=+1
<\/27r )

Markov chain trajectory, 100 steps

—104

—154

n

Markov chain trajectory up to the hitting of [-16;16]

—10 4

—12 4

Xn

—14 4

—-16

-18 4

OjO 0j2 0j4 0j6 0r8 er
Fig. 4: Single trajectory of the Markov chain
In the simulation we vary the staring point Xo
from 0 to 25; sample trajectories can be found on
picture (@ Then the Corollary holds again for
¢=3%and K = S0 +1:

B (;)UO <1+ el + <\}% - 3) To(z) (14)

We can clearly see it on the picture :
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Demo of Corollary

254 — exp moment
—— upper bound

20 A

151

101

X

Fig. 5: Demonstration of inequality
Ezxzample 3. Control with random compressi-
on. In this example we consider the random
coefficient autoregressive process (RCA), defined
in example 2.1.7 [2]:

Xn+1 = an—f—an + Wn—i—la

where oy, ~ U[0.1;0.9], 0, =1+ 0.03%5. Thus
we have constants 0 = 1.03 and € = 0.9. It gives

Uus
2.06
c=17220( — +1
<v2w >

Again we generate 10* trajectories to explore the
behavior of given Markov chain.

Markov chain trajectory, 100 steps

2,51
0.0 1
-2.51

=5.01

c -7.51
B3
—10.0 1
—12.5 A

—15.01

—17.5 A

n

Markov chain trajectory up to the hitting of [-17;17]
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n

Fig. 6: Single trajectory of the Markov chain
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We can clearly see that the return time to the
set C = [—17;17] is exponentially bounded. To
show that more explicitly, we generate a pool of
trajectories, which start at Xg = —19 and consi-
der the return time distribution. Let us take a look
on the time of the first return to set C = [—17;17].
For this, we run 10 trajectory simulations and fi-
gure out the first return time to C.

Distribution of the first return time to C

10000 A
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6000 A

N observations

4000 -

2000 -

2 3 4

t

Fig. 7: Distribution of the first return time of the
chain to the compact [—1; 1]

On picture (El) we can see the distribution of the
return time to C. Now we vary the starting poi-
nt Xg in simulation and show that Corollary holds
on the picture : on the horizontal axis we can
see the starting point and on vertical - exponenti-
al moment and its upper bound, just as it holds

theoretically. In this example to obtain ¢ = % and

K= \2/-% + 1. Then the following holds:

20\ 7¢ 206 19
E'( — <1 —+ — | I 15
H(%) <1l (224 ) o) 49

Demo of Corollary

254 — exp moment
——— upper bound
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Fig. 8: Demonstration of inequality

4 Conclusion

In this paper we developed the upper bound for
time-inhomogeneous Gaussian autoregression in
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applied to simple models with known controls as

well as to their random variance and RCA extensi- 2. DOUC, R. et al.(2018) Markov Chains. Spri-
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except its value at 0.
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