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or periodicity. Equation of such a form in the case
of finite number of coefficients was investigated in
the papers [1], [2]. In general case the equation
was investigated in the paper of M. Gorodnii and
O. Lahoda [3]. The main result was such a
theorem:

Theorem 1.1. Let function

g(z) =

∞∑
k=1

Akz
k (2)

be analytical in the disk K1 = {z ∈ C | |z| < d},
where d > 1 is fixed. Then difference equation
(1) has bounded solution for any given bounded
sequences {yn : n > 1} ⊂ B, {αn : n 6 0} ⊂ B
if and only if for any z ∈ C, |z| 6 1, operator

f(z) = I − g(z) (3)

has continuous inverse operator (f(z))−1.

In the paper conditions would be obtained,
which are sufficient for solution belong to another
class of sequences, which is wider than the class of
bounded sequences.

2 Slowly growing solutions

Definition 2.1. A sequence {yn : n > 1} of
elements of Banach space B is called slowly
growing in B, if

∀r > 1 : sup
n>1

r−n||yn|| < +∞.

Let’s note that any bounded sequence is
slowly growing, but reverse one is not true.
We can see it from the example of sequence
{nγb : n > 1}, where b ∈ B, b ̸= 0⃗, γ > 0.

Let’s consider the problem of slow growth of
solution of equation (1). The main result of the
article is the following theorem:

Theorem 2.1. Let
∞∑
k=1

||Ak|| < +∞ (4)

and function f(z) is analytical in the region
{z ∈ C | |z| < 1} . Then difference equation (1) has
slowly growing solution for any given bounded
sequence {αn : n 6 0} ⊂ B and any given slowly
growing sequence {yn : n > 1} ⊂ B if and only if
for any z ∈ C, |z| < 1, operator f(z) has conti-
nuous inverse operator (f(z))−1.

For the proof of the theorem let’s set several
lemmas.

3 Auxiliary results

Lemma 3.1. Let difference equation (1) has
slowly growing solution for any given bounded
sequence {αn : n 6 0} ⊂ B and any given slowly
growing sequence {yn : n > 1} ⊂ B. Then

∀z ∈ C, |z| < 1 : Kerf(z) = 0⃗.

Proof. Assume from the contrary that
∃z ∈ C, |z| < 1 ∃u ∈ B, u ̸= 0⃗ : f(z)u = 0⃗. Let’s
denote x0 = zu, x−1 = z2u, ..., x−m+1 = zmu,
...; yn = 0⃗, n > 1.

We will prove by the method of mathematical
induction that xn = z−n+1u, n > 0.

We get base and step of induction as a
corollary of (1)-(3):

x1 = A1x0 +A2x−1 +A3x−2 + ... =
= A1zu+A2z

2u+ ... = g(z)u = f(z)u+ u = u;
xk+1 = A1xk +A2xk−1 +A3xk−2 + ... =
= A1z

−k+1u+A2z
−k+2u+A3z

−k+3u+ ... =
= z−kg(z)u = z−ku, k > 1.

So for r ∈ (1, |z|−1) we have
r−n||xn|| = |z|−n+1r−n||u|| → +∞, n → ∞.

It contradicts the condition of slow growth.
Lemma is proved.

Lemma 3.2. Let’s denote φ0 = I,

φn = A1φn−1 +A2φn−2 + ...+Anφ0, n > 1. (5)

Let difference equation (1) has slowly growi-
ng solution for any given bounded sequence
{αn : n 6 0} ⊂ B and any given slowly growing
sequence {yn : n > 1} ⊂ B. Then

∀r > 1 :

∞∑
k=0

r−n||φn|| < +∞. (6)

Proof. Let x0 = b, xn = 0⃗, n 6 −1, yn = b, n > 1,
where b – arbitrary element from B. We will prove
by the method of mathematical induction that

xn =

(
n∑

k=0

φk

)
b, n > 0. (7)

As a corollary of (1), (5) we get base and step of
induction:

x0 = φ0b, xn =

n∑
k=1

Akxn−k + b =
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=

n−1∑
k=1

Ak(xn−k−1 + φn−k)b+Anb+ b =

= xn−1 +

(
n−1∑
k=1

Akφn−k +Anφ0

)
b =

=

(
n−1∑
k=0

φk

)
b+ φnb =

(
n∑

k=0

φk

)
b, n > 1.

Using equality (7) and condition of slow
growth by uniform boundedness principle we have:
{||
∑n

k=0 φk|| r−n : n > 0} – bounded sequence
for any r > 1. Since for r > 1

||φn||r−n =

∣∣∣∣∣
∣∣∣∣∣

n∑
k=0

φk −
n−1∑
k=0

φk

∣∣∣∣∣
∣∣∣∣∣ r−n 6

6
∣∣∣∣∣
∣∣∣∣∣

n∑
k=0

φk

∣∣∣∣∣
∣∣∣∣∣ r−n +

∣∣∣∣∣
∣∣∣∣∣
n−1∑
k=0

φk

∣∣∣∣∣
∣∣∣∣∣ r−n+1, n > 1,

– bounded sequence, so by Dirichlet theorem seri-
es
∑∞

k=0 r
−k
1 ||φk|| is convergent for r1 > r. As a

consequence of arbitrarity of r > 1 we get what
we need. Lemma is proved.

Lemma 3.3. If condition (6) is true for a
sequence (5) then for any z ∈ C, |z| < 1, and for
any y ∈ B equation f(z)x = y has a solution of
the form

x =

∞∑
k=0

φkz
ky. (8)

Proof. Indeed, if (6) is true, then series (8) is
convergent by norm, and

f(z)x = x − A1zx − A2z
2x − ... − Amzmx −

... =
∑∞

k=0 φkz
ky − A1

∑∞
k=0 φkz

k+1y − ...
−Am

∑∞
k=0 φkz

k+my − ....
As a consequence of (4) and (6) this series is

absolutely convergent and it is allowed to group
summands. Let’s group elements by powers of z:

f(z)x = φ0y + (φ1 −A1φ0)zy+

+(φ2 −A1φ1 −A2φ0)z
2y + ...+

+(φm−A1φm−1−A2φm−2−...−Amφ0)z
my+... =

= φ0y = y.

Lemma is proved.

Lemma 3.4. If operator-valued function
f is analytical in some open region U ⊂ C, and
for all z ∈ U bounded inverse operator (f(z))−1

exists, then function (f(z))−1 is analytical in the
region U.

Proof. Using usual speculations about operator,
which is close to identity, we can obtain for any
z0 ∈ U and small enough δ > 0

(f(z))−1 = (f(z0))
−1

∞∑
k=0

((f(z)−f(z0))(f(z0))
−1)k,

for |z−z0| < δ. Then we get boundedness of functi-
on (f(z))−1, |z−z0| < δ, continuity of the function
and finally, that function is diffentiable in arbi-
trary point of region U, and so is analytical in the
region. Lemma is proved.

Lemma 3.5. If operator-valued function f is
analytical for |z| < 1, and for any |z| < 1 exists
(f(z))−1 ∈ L(B), then

(f(z))−1 =

∞∑
k=0

φkz
k, |z| < 1,

where φk, k > 0, are defined by formula (5).

Proof. By lemma 3.4 there exists a sequence
of operators {Ck : k > 1} ⊂ L(B) such that
(f(z))−1 =

∑∞
k=0Ckz

k, |z| < 1.
For z ∈ C, |z| < 1 we have equality(

I −
∑∞

k=1Akz
k
) (∑∞

k=0Ckz
k
)
= I.

Series are absolutely convergent, so we can
multiply it by Cauchy and obtain equalities

C0 = I; Cn = A1Cn−1 + ...+AnC0, n > 1. (9)

By comparing formulas (5) and (9), we obtain
∀n > 0 : φn = Cn. Lemma is proved.

Lemma 3.6. Let condition (4) is satisfi-
ed, {αn : n 6 0} ⊂ B is bounded sequence,
{yn : n > 1} ⊂ B is slowly growing sequence.
Then the solution of a problem (1) can be obtained
by formula

xn = φnu0+φn−1u1+φn−2u2+ ...+φ0un, n > 0,
(10)

where u0 := α0, uk := yk+(Ak+1α−1+Ak+2α−2+
Ak+3α−3 + ...), k > 1, φk, k > 0, are defined by
formula (5).

Proof. Let’s use the method of mathematical
induction. For n = 0 we have x0 = α0. Let’s check
the step of induction, using (1) and (5):
xn =

∑∞
k=1Akxn−k + yn =

=
∑n

k=1Ak

(
φn−kα0 +

∑n−k
p=1 φn−k−pup

)
+

+
∑∞

k=n+1Akαn−k + yn =

=
∑n

k=1Akφn−kα0 +
∑n

p=1

∑n−p
k=1 Akφn−k−pup+

+un = φnα0 +
∑n−1

p=1 φn−pup + un, n > 1.
Lemma is proved.
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4 Proof of the main result

Proof. Necessity. Let difference equation (1) has
slowly growing solution for any given slowly growi-
ng sequence {yn : n > 1} ⊂ B, and any gi-
ven bounded sequence {αn : n 6 0} ⊂ B. Let
z ∈ C, |z| < 1 be fixed. Let’s assume from the
contrary that the operator f(z) has no bounded
inverse. Then by Banach theorem about inverse
operator one of two conditions is true:

a) ∃u ̸= 0⃗ : f(z)u = 0⃗;
b) ∃y ∈ B : equation f(z)u = y has no soluti-

on.
If, from the contrary, condition a) is true, we

use lemma 3.1 and have contradiction with condi-
tion of slow growth. So a) is false.

Condition b) is false also as a consequence of
lemmas 3.2, 3.3. Necessity is proved.

Sufficiency. Let for any z ∈ C, |z| < 1,
continuous inverse operator (f(z))−1 exists. Let’s
fix slowly growing sequence {yn : n > 1} ⊂ B
and bounded sequence {αn : n 6 0} ⊂ B. Then

solution of difference equation (1) could be got by
lemma 3.6 in the form (10).

As a consequence of condition (4),
boundedness of sequence {αn : n 6 0} and slow
growth of {yn : n > 1} , sequence {xn : n > 1}
is slowly growing.

Indeed, let’s fix r > 1. Then such constants
exist Lu > 0, Lc > 0, that
∀n > 1 : ||un|| 6 Lur

n, ||Cn|| 6 Lcr
n,

||xn|| = ||φnu0 + φn−1u1 + ...+ φ0un|| 6 LuLcr
n.

Theorem is proved.

Let’s note that if the theorem conditions
are true and sequence {yn : n > 1} is bounded,
solution {xn : n > 1} could be unbounded. The
example is yn = b, n > 0; α−n = 0⃗, n > 1, α0 =
b, where b ∈ B, b ̸= 0⃗. Indeed, in the case equation

xn+1 = xn + yn, n > 0,

has solution xn = (n+ 1)b, n > 0.
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Досліджується задача стабілізації коливних процесів у керованій двомасовій системі. Система 
складається з двох тіл, перше з них може рухатись уздовж горизонтальної осі під дією зовнішньої 
сили, друге тіло знаходиться на підвісі до першого і може виконувати коливні рухи як маятник. У 
розглядуваній двомасовій системі керуючим фактором виступає зовнішня сила, що діє на перше тіло 
системи. Встановлена форма оптимального керування зовнішньою силою для припинення коливань і 
стабілізації руху розглядуваної двомасової системи за найкоротший час при розгоні зі стану спокою 
до певної додатної швидклсті. 
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Stabilization problem of oscillation processes for two-mass controlling system is considered. The system 
consists of two bodies, the first one can move along the horizontal axis under the influence of an external 
force, the second body is on the suspension to the first and can perform vibrational movements as a 
pendulum. In the considered two-mass system, the controlling factor is an external force influencing on the 
first body of the system. The aim of controlling the external force is to vanish oscillating processes in the 
system in the shortest time and transfer the system during this time from the state of rest to uniform motion 
with a given speed without oscillations. The form of optimal control of external force for vanishing of 
oscillations and stabilization of the considered two-mass system in the shortest time when overclocking from 
rest state to the motion with certain positive speed is established. Program optimal control of external force 
with one switching point is constructed. 
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1. Вступ

Вивчення коливних процесів є дуже 
важливим і має суттєве значення для 
найрізноманітніших розділів природознавства 
таких як механіка, фізика, техніки та ін. 
Вібраційні процеси у спорудах і машинах, 
електромагнітні коливання в радіотехніці та 
оптиці, автоколивання в системах регулювання 
та слідкуючих системах, звукові та ультразвукові 
коливання – всі ці явища описуються схожим 
математичними моделями. Розробці математич-
ного апарату для опису таких моделей 
присвячена низка робіт. Найрозповсюджені-
шими, як правило, цілями процесів керування є 
або гасіння коливних процесів, або підтримка 
автоколивного режиму протягом, що найменше, 
довгого періоду часу [1, 2]. 

Коливання взаємодіючих систем з зосере-
дженими та розподіленими параметрами є 
предметом чисельних досліджень. Зокрема, 
розглядалися пружні коливання стрижнів з 
підвішеним вантажем [3, 4]. Багато досліджень 
присвячено задачам про різноманітні динамічні 
гасителі пружних коливань [5]. 

У цій роботі продовжуються дослідження 
коливних процесів розпочаті у [6, 7]. Розгля-
дається задача про мінімізацію коливань, які 
виникають у системі, що складається з двох тіл, 
перше тіло може рухатись уздовж горизонтальної 
осі під дією зовнішньої сили, друге тіло 
знаходиться на підвісі до першого і може 
виконувати коливні рухи внаслідок руху першого 
тіла. При цьому керуючим параметром у цій 
системі виступає зовнішня сила, що спричиняє 
рух першого тіла. 

© Ю.В. Ловейкін, А.В. Сукретна 2018 

30


