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or periodicity. Equation of such a form in the case
of finite number of coefficients was investigated in
the papers [1], [2]. In general case the equation
was investigated in the paper of M. Gorodnii and
O. Lahoda [3|. The main result was such a
theorem:

Theorem 1.1. Let function

g(z) = > Ayt (2)
k=1

be analytical in the disk K1 = {z€ C| |z| < d},
where d > 1 is fired. Then difference equation
(1) has bounded solution for any given bounded
sequences {y, : n>1} C B, {ay, : n<0} C B
if and only if for any z € C,|z| < 1, operator

f(z) =1-yg(2)

has continuous inverse operator (f(z))

3)

-1

In the paper conditions would be obtained,
which are sufficient for solution belong to another
class of sequences, which is wider than the class of
bounded sequences.

2 Slowly growing solutions

Definition 2.1. A sequence {y, : n>1} of
elements of Banach space B is called slowly
growing in B, if
Vr > 1:supr "||ys]| < +o0.
n>1

Let’s note that any bounded sequence is
slowly growing, but reverse one is not true.
We can see it from the example of sequence
{n7 : n> 1},Whereb€B,b#6, v > 0.

Let’s consider the problem of slow growth of
solution of equation (1). The main result of the
article is the following theorem:

Theorem 2.1. Let

o
> ARl < +oo
k=1

(4)

and function f(z) is analytical in the region
{z€ C| |z| < 1}. Then difference equation (1) has
slowly growing solution for any given bounded
sequence {ay, : n <0} C B and any given slowly
growing sequence {y, : n =1} C B if and only if
for any z€ C, |z| < 1, operator f(z) has conti-
nuous inverse operator (f(z))~1.

For the proof of the theorem let’s set several
lemmas.
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3 Auxiliary results

Lemma 3.1. Let difference equation (1) has
slowly growing solution for any given bounded
sequence {a, : n <0} C B and any given slowly
growing sequence {y, : n =1} C B. Then
Vze C, |z| <1 : Kerf(z)=0.

Proof. Assume from the contrary that
32€C, |z <13ueB, u#0 : f(z)u=0. Let’s
denote xg = zu, T_1 = 22U, ..., T_mi1 = 2",
vl Yn = 6,n > 1.

We will prove by the method of mathematical
induction that x, = z7"Ttu, n > 0.

We get base and step of induction as a
corollary of (1)-(3):

1= A1xg + Aox_1 +Azx_o+ ... =

= Ajzu+ As2Pu+ ... = g(2)u = f(2)u+u = u;
Tpy1 = Arxp + Aswg 1 + Agxp o + ... =

= Az F oy 4+ Aoz k20 4 Az k3 4+ =
=2"%g(2)u=2"Fu, k> 1.

So for r € (1,]2|71) we have

@] = |27 T Jul| = 400, n— .
It contradicts the condition of slow growth.
Lemma is proved.

Lemma 3.2. Let’s denote ¢ = 1,
Pn = Al‘Pn—l + A2@n—2 +...+ An‘PO: n = 1. (5)

Let difference equation (1) has slowly growi-
ng solution for any given bounded sequence
{an, : n <0} C B and any given slowly growing
sequence {yn, : n>1} C B. Then

[e o]

: eranonH < +o0.
k=0

Vr>1 (6)

Proof. Let g = b, 2p =0, n < =1, y, = b, n > 1,
where b — arbitrary element from B. We will prove
by the method of mathematical induction that

Ty = (Z(pk> b, n>0.
k=0

As a corollary of (1), (5) we get base and step of
induction:

(7)

n
o = pob, Ty = ZAkﬂfn—k +b=
k=1



Bicnux Kuiscvko20 HayuionaabH020 YyHigepcumemy Bulletin of Taras Shevchenko

iment Tapaca Ilesvwernra 2018, 1 National University of Kyiv
Cepia: Pizuro-mamemamusti HaYKY Series: Physics & Mathematics
n—1

Proof. Using usual speculations about operator,
- Z Ap(Tn—t-1+ Pn-r)b + Apb+ b= which is close to identity, we can obtain for any
k=1 20 € U and small enough § > 0

n—1
— (jgji4k¢n_k+x4n¢o> b= (F2) ™ = () 3 ((F )~ Fa)(f(z0)) )
k=0

k=1

n—1 n
— Z Or | b+ onb = Z or | b, n>1. for |z—zp| < 0. Then we get boundedness of functi-
=0 =0 on (f(2))7Y, |z—20| < 4, continuity of the function

and finally, that function is diffentiable in arbi-
trary point of region U, and so is analytical in the
region. Lemma is proved.

Using equality (7) and condition of slow
growth by uniform boundedness principle we have:
{13 r_oekl|r™™ : n>0} — bounded sequence
for any r > 1. Since for r > 1 Lemma 3.5. If operator-valued function f 1is

N _— analytical for |z| < 1, and for any |z| < 1 exists
> o= ek
k=0 k=0

n

|lon|lr™" = r "< (f(2))~' € L(B), then

FE)™ = e, 1 <1,
k=0

< "4 P >,

n n—1
Z Pk Z Pk
k=0 par where @i, k >0, are defined by formula (5).

— bounded sequence, so by Dirichlet theorem seri-  Proof. By lemma 3.4 there exists a sequence
—k .

es Y peo1 |lwwll is convergent for r1 > 7. As a  of operators {Cy : k>=1} C L(B) such that

consequence of arbitrarity of r > 1 we get what (f(z)' = ey Cr2®, |2| < 1.

we need. Lemma is proved. For z€C, |z < 1 we have equality
00 k 00 k) —
Lemma 3.3. If condition (6) is true for a (1= 22020 Anz") (2520 Chz®) = 1.

sequence (5) then for any z€ C, |z| < 1, and for Series are absolutely convergent, so we can
any y € B equation f(z)z =y has a solution of multiply it by Cauchy and obtain equalities

the form . Co=1; Cp=A1Cp1+ ...+ A4,Co, n>1. (9)
z = Z‘szky- (8) By comparing formulas (5) and (9), we obtain
k=0 Vn>=>0 : ¢, =Cy,. Lemma is proved.

Proof. Indeed, if (6) is true, then series (8) 1S T[,emma 3.6. Let condition (4) is satisfi-

convergent by norm, and ) . ed, {ap, : n <0} C B is bounded sequence,

f(z)x ZOOJU - A}i”U — Az xoo_ _kflmz L= Ay, : n>=1} C B is slowly growing sequence.

= OOZk:o fiz y = A2 520%kZ Y = o Then the solution of a problem (1) can be obtained
—Am D plo ek Y — e by formula

As a consequence of (4) and (6) this series is
absolutely convergent and it is allowed to group %n = @nlo+@n—1u1+@n—2u2+...+@oun, n =0,

summands. Let’s group elements by powers of z: (10)
where ug := o, ug = Y+ (Agr1a-1+App2a2+
f(2)x = oy + (p1 — A1po)2y+ Apisa_s+..),k =1, vk, k>0, are defined by

(o2 = Arpr — Azp0) 2y + .t formula (5).

Proof. Let’s use the method of mathematical

+ —A1om—1—Asppm—2—...— A My = ,

(o = Avpm—1= Azpm—2 mp0)2"y induction. For n = 0 we have x¢g = ayg. Let’s check
= Yoy =Y. the step of induction, using (1) and (5):

Lemma is proved. Tn =Y poy ApTn—k + Yn =

n n—k
Lemma 3.4. If operator-valued function Zfozl A <¢"‘ka0 + 2 S0""7‘;_1’up> +
f is analytical in some open region U C C, and 2 kmnt1 Ak + Yn =
for all z € U bounded inverse operator (f(2))™0 = 21 AkPn—ko +>21 4 > onet Apon_k—pup+
exists, then function (f(z))~1 is analytical in the +u, = @pag + Zz;ll On—plp + Up, n = 1.
region U. Lemma is proved.
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4 Proof of the main result

Proof. Necessity. Let difference equation (1) has
slowly growing solution for any given slowly growi-
ng sequence {y, : n>1} C B, and any gi-
ven bounded sequence {a, : n <0} C B. Let
z€ C,|z|] < 1 be fixed. Let’s assume from the
contrary that the operator f(z) has no bounded
inverse. Then by Banach theorem about inverse
operator one of two conditions is true:

a) u#0 : f(2)u=0;

b) Jy € B : equation f(z)u = y has no soluti-
on.

If, from the contrary, condition a) is true, we
use lemma 3.1 and have contradiction with condi-
tion of slow growth. So a) is false.

Condition b) is false also as a consequence of
lemmas 3.2, 3.3. Necessity is proved.

Sufficiency. Let for any z€ C, |z| < 1,
continuous inverse operator (f(z))~! exists. Let’s
fix slowly growing sequence {y, : n>1} C B
and bounded sequence {a,, : n <0} C B. Then
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solution of difference equation (1) could be got by
lemma 3.6 in the form (10).

As a consequence of
boundedness of sequence {ay, :
growth of {y, : n > 1}, sequence {z, :
is slowly growing.

Indeed, let’s fix r > 1. Then such constants
exist L, > 0, L, > 0, that
Vn =1 @ |lugl|| < Lyr™, ||Chl| < Ler™,
l[znll = [lonuo + pn—1u1 + ... + woun|| < LyLer™.

Theorem is proved.

condition  (4),
n < 0} and slow
n > 1}

Let’s note that if the theorem conditions
are true and sequence {y, : n > 1} is bounded,
solution {x,, : n > 1} could be unbounded. The
example isy, =b, n > 0; a_, = 0, n>1, ap =
b, where b € B, b # 0. Indeed, in the case equation

Tn4l = Tp + Yn, n 20,
has solution x,, = (n+ 1)b, n > 0.
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Jlocnioocyemoves 3a0aua cmabinizayii KoaueHux npoyecie y keposawill 0eomacosii cucmemi. Cucmema
CKNA0AEMbCA 3 080X M, Nepule 3 HUX MONHCE PYXAMUCh Y3008MHC 20PU3OHMANILHOI OCI nid 0I€10 308HIUHbOI
cunu, opyee mino 3Haxo0umuvcs Ha Ni0gici 00 NepPuLo2o i MOdIce GUKOHYSAMU KOAUGHI PYXU K MASMHUK. Y
P032150Y8aHIll 080OMACOGI CUCEMT KEPYIOUUM (DAKMOPOM BUCIYNAE 3068HIWHA CUILA, WO Oi€ Ha nepule miio
cucmemu. Bemanosnena goopma onmumanvhoeo kepy8anus 308HIUHBLOI CUNLOK OISl RPUNUHEHHS KOIUBAHD §
cmabinizayii pyxy posensdy8anoi 060MAcCO80i cucmemu 3a HAUKOPOMUIUL YAc NPu PO320HL 31 CMAHY CHOKOIO
00 nesHoi 000amHoi WEUOKICHII.

Knrouosi cnosa: 0somacosa cucmema, KOauGHuUL npoyec, ONMUMi3ayis, Kepyeants, cmaoinizayis.

Stabilization problem of oscillation processes for two-mass controlling system is considered. The system
consists of two bodies, the first one can move along the horizontal axis under the influence of an external
force, the second body is on the suspension to the first and can perform vibrational movements as a
pendulum. In the considered two-mass system, the controlling factor is an external force influencing on the
first body of the system. The aim of controlling the external force is to vanish oscillating processes in the
system in the shortest time and transfer the system during this time from the state of rest to uniform motion
with a given speed without oscillations. The form of optimal control of external force for vanishing of
oscillations and stabilization of the considered two-mass system in the shortest time when overclocking from
rest state to the motion with certain positive speed is established. Program optimal control of external force
with one switching point is constructed.

Key Words: two-mass system, oscillating process, optimization, controlling, stabilization.
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1. Beryn KonmuBanusi B3a€MOIIFOUMX CHUCTEM 3 30Cepe-
JDKEHHMH Ta PO3MOAUICHUMH TapaMeTpaMu €
MpeAMETOM YHCEIbHUX JIOCHi/DKEHb. 30KpeMa,
pO3MIIAamics TPYKHI KOJWBaHHS CTPHXKHIB 3
MmiZBilIeHUM BaHTaxkeM [3, 4]. Barato mocimimkeHb
MPHUCBSYCHO 3aJlayaM PO PI3HOMAHITHI JAWHAMIYHI
racuTeli MPyXKHUX KOJIWBaHb [S].

VY wmifi po0OTI MPOIOBKYIOTHCS JAOCITIHKCHHS
KOJIMBHUX TIpolleciB posmovari y [6, 7]. Posrms-
JAEThCs 3aja4ya Mpo MIHIMI3AIII0 KOJIHMBaHb, SKi
BUHUKAIOTh Y CHCTEMI, IO CKJIAZAETHCS 3 JBOX Till,
TepIIe TiI0 MOXKE PYyXaTUCh Y3JI0BXK TOPH30HTAIBHOT
OoCi Tix Ji€l0 30BHINIHBOI CHJIM, JPyre TUIO
3HAXOMUTHhCS Ha MIABICI [0 MEPHIOro 1 MOXKe
BHKOHYBATH KOJIMBHI PyXH BHACIIZIOK PYXY HEPIIOrO
tima. [lpu 1bOMYy KepyrOUUM MapameTpoM y il
CHCTEMI BHUCTYIA€ 30BHIIIHS CHJIA, IO CHPUYHHSE
PYX IEpIIOTro Tina.

BuBYeHHST KOJIMBHHX TPOIECIB €  JyXKe
BXJIMBUM 1 Ma€ CYTT€BE 3HAUCHHS IS
HAMpI3HOMAHITHIIAX  PO3AUIIB  TPUPOJIO3HABCTBA
TakMX SK MexaHika, (¢i3uka, TEXHIKM Ta IH.
BiOpamiiini mpomecn y cmnopydax 1 MalldHaXx,
CICKTPOMArHiTHI KOJMBaHHA B paJiOTEXHIIl Ta
ONTHII, aBTOKOJIHMBAHHS B CHUCTEMaX peryJiOBaHHS
Ta CHIJKYIOYHX CHCTEMax, 3ByKOBI Ta yJIbTPa3ByKOBI
KOJIUBaHHS — BCl IIi SBHUINA OMHCYIOTHCS CXOKHM
MaTeMaTHYHUMM MoJensMHu. Po3poOii maTemaTuy-
HOrO amapary Juis ONHCYy TakuX  MoJelnei
npucBsideHa HHU3Ka poOit. Halipo3moBcromkeHi-
IIMMH, SK TPaBWIO, IISIMHU MPOIIECiB KepyBaHHS €
abo TaciHHS KOINMBHHUX IpoleciB, abo miaTpuMKa
ABTOKOJIMBHOTO PEXHUMY IMPOTITrOM, IO HaiMeHIIe,
JIOBTOTO Tiepiony vacy [1, 2].
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