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KINETOSTATIC ANALYSIS OF ASSUR DYADS

The core of computer-aided design systems for design and calculation of plane mechanisms is the modular mathematical methods
of studying the dynamics of the mechanisms. The most common approach is Multibody Dynamics, where a mechanism is divided into
links that are assumed to be rigid bodies. The number of links is equal to the number of analysis modules. Another approach takes into
consideration the structure of a mechanism, which can allow a reduction in the number of modules that need analysis. This approach
necessitates the development of a plane mechanism classification and a comprehensive set of mathematical methods for analyzing the
kinematics, kinetostatics, and dynamics of all possible structural elements. Of all the classification systems, Artobolevsky's one is the
most aligned with the stated needs. Class Il plane mechanisms according to the pointed classification have been fully covered by modular
kinematic analysis algorithms, but kinetostatic analysis remains limited to a graph-analytical approach. The paper presents a unified
analytical method of kinetostatic analysis of Assur dyads, which, along with class | mechanisms, constitute the structural elements of the
class Il mechanisms. The method is based on the vector equations of kinetostatics, solved using vector algebra tools. A full kinematic
analysis must be performed beforehand. Active forces, inertial forces and reactions in kinematic pairs are represented as vectors,
decomposed in the local bases rigidly attached to the dyad's links. The bases must be determined during the position analysis. The
presented method is appropriate to use in combination with kinematic analysis, which also relies on vector algebra methods. It can be
algorithmized and integrated into computer-aided design systems for class Il plane mechanisms.

Keywords: modular approach, kinetostatic analysis, class Il plane mechanisms, Assur dyads.
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Introduction

Modern computer-aided design systems for plane mechanisms are based on mathematical methods of mechanism
analysis, using a modular approach. The most common approach, multibody dynamics, involves decomposion of mechanisms
into links that adhere to the principles of rigid body dynamics or analytical mechanics (Nikravesh, 1988; Roberson &
Schwertassek, 1988). A classic example of this method is the library “Modelica. Mechanics. MultiBody” in the Modelica
programming language (Otter, EImqvist, & Mattsson, 2003). Another approach considers the structural properties of the
mechanism (Brat, & Lederer, 1973; Hansen, 1996; Simionescu, 2016). The advantage of the last one is the reduction in the
number of modules, which requires a well-developed classification of mechanisms and a complete set of mathematical
methods of kinematic, kinetostatic, and dynamic analyses of any possible structural element.

The objects of the research are Assur dyads that form the Il class of structural groups according to Artobolevsky’s
classification (Artobolevski, 1977). Assur dyads, together with class | mechanisms, form a set of structural elements of class
Il mechanisms in accordance with Artobolevsky’s classification. This is the only class of mechanisms with completely
algorithmized kinematic analysis. Projection approaches solving vector contour equations that describe the position of
structural groups are given in (Artobolevski, 1977; Kinytskyi, 2002). The method of coordinate planes can be found in
(Honchar, 2011). The vector solution of the Chace equation (Chace, 1963) enables the algorithmization of Assur dyads
kinematics using vector algebra tools (Khoroshev, Duchenko, & Kykot, 2023; 2024).

There is still no general analytical approach to kinetostatic analysis of class Il structural groups; grapho-analytical is the
only known one (Kinytskyi, 2002; Honchar, 2011). There are some separate investigations devoted to analytical methods of
kinetostatic analysis of specific plane mechanisms or kinematic chains. For instance, the paper (Durango, Calle, & Ruiz,
2010) presents an analytical method of kinetostatic analysis of the RRR-type dyad with consideration of frictional forces.
Additionally, see (Uicker, Pennock, & Shigley, 2016; Jomartov, & Tuleshov, 2018; Abhery, 2022).

The aim of the research is to develop a unified approach of kinetostatic analysis of Assur dyads, which can be implemented
in computer-aided design systems of class || mechanisms according to Artobolevsky.

1. General statements

Consider a plane kinematic chain with zero degree of freedom consisting of two links D, E, D,E and three kinematic

(rotational or translational) pairs D,,, E and D, (Fig. 1). The kinematic pairs allow relative movements of the connected links

in the plane of motion of the kinematic chain. Such a kinematic chain is called an Assur dyad and it is a class |l structural
group according to Artobolevsky's classification. Five types of dyads are distinguished (Artobolevski, 1977): RRR dyad — all
pairs are rotational; RRT dyad — two pairs are rotational, one outer pair is translational; RTR dyad — two pairs are rotational,
an inner one is translational; TRT dyad — two pairs are translational, one inner pair is rotational; RTT dyad — two pairs are
translational, an outer one is rotational.
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The numbers m and n are assigned to the links. Suppose that the considered kinematic chain is a part of a plane
mechanism, kinematic pairs D,, and D, are formed by the links of the group and external to the group links numbered k

and p. Distances between kinematic pairs are |D,E|=1, and |D,E|=1,. Points D, and D, are taken on links k and p. If

pairs D, and D, are translational, points D, and D, should be chosen on the guidelines of the relative movement of the

links connected in a kinematic pair. Assume [D,D, |=1, >0 and ‘DpDn

=1,>0.
The structural group is referred to a fixed rectangular coordinate system D x,y,z, with a right standard basis {iy; j,; k,}

in R® . Unit vectors i, and j, lie in the plane of the group. Consider local coordinate systems D, x,.y,.z.., D,x,y,Z,, DX Y.Z,
and D,x,y,Z, with  bases {i; Jm =Ky X, K, =Ko, {i; J, =k, xi; k, =k}, {i; Ji =k Xi Kk, =Ko},

{ip; i, =k, xi; Kk, =k0} connected with links m, n, k and p so, that unit vectors i, , i , i, and i, lieonlines D, E, D E,

m 1 s
k

diagrams of structural groups are presented in the planes of their motion.

The dyad is a statically determined mechanical system (Artobolevski, 1977), that is, it undergoes a kinetostatic analysis,
the purpose of which is to determine the unknown forces, taking into account the inertia forces of the links. We will focus on
the determination of unknown reactions in kinematic pairs.

m? n?

D,D, and D,D, correspondently. In Figure 1 unit vectors k, , k k, and k, are indicated implicitly, the force

Fn \Mn

d) TRT dyad

e) RTT dyad

Fig. 1. Force diagrams of Assur dyads
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Before compiling the equations of kinetostatics, it is assumed that a full kinematic analysis of the structural group was

conducted in any way, so the positions, absolute velocities and accelerations of all points of the dyad, unit vectors i i

m  “n?

absolute angular velocities ® e, of all links of the group are known.

m

®, and angular accelerations &

'm

Assume 7 is number of a link from the set {m,n} . The radius vector of the center of mass S, of the link vy, and its

absolute acceleration w, can be presented in a form

- ; ; _ 2 . 2 .
Fsy =Toy T Xsly T Ysydyy Wy = Wy _(mYXSY + SYySV)IY - (('onSY _SYXSY)jY ’ (1)

where xg,, ys, are given coordinates of S, in coordinate systems D x,y.z ; r, and w, are known radius vectors and

’
absolute accelerations of points D, .
Using equation (1), for resultant vector ®, and resultant moment Mf:’ of inertia forces of link y in basis {iy; iy ky} we write

q)v =-m, ((WDY i, - (Dixsv _stSY)iY + (WDY 'jv - (")iysv + SYXSY)jY) ’ M$ =-Jek,. )
Here m, and J, are the mass of link y and its moment of inertia relative to the axis, passing through the center of mass of

the link perpendicular to the plane of the structural group.
Assume that link y undergoes a known active load in the plane of the group, which is given by resultant force F, at the

center of mass S, of the link, and resultant moment M,. Since the resultant vectors of active forces and inertial forces are
known and applied to the same point, we will simplify the presentation by using symbols F, and M, to represent F, +®, and

M, + Mff . Itis obvious that F, L k, and M, | k, . The force diagrams presented in Figure 1 are made taking into account the

proposed simplification. Moments are marked with their algebraic values.
All kinematic pairs are assumed to be free of any kind of friction. If a kinematic pairs in point D, is rotational, then the

reactive forces arising from the external link can be written in the form of a uniform force R ; = (R, i, )i, +(R - J, )i, . applied
to point D, . Here 8=k for y=m and 6=p for y=n; {i,; j,;: k,} is an arbitrary from the described above bases; (RYS ~ia)
, (Rys-ja) are the components of reaction R; in this basis. In case of translational pair in point D, , reactive forces from the
external link can be presented in the form of a resultant vector R =(R,;-j;)j, and resultant moment M :(Mff6 -kﬁ)kﬁ,

where {iB; iy kB} is the basis, which is related to the guideline of the relative movement of the links in the kinematic pair.

Similar considerations and notations are performed for the representation of reactive forces in the internal pair in point E .
Assume R__, and in case it is needed M? | are the vectors describing reactive forces in point E, acting on link m from the

side of link n . Unknown reactions will be determined if the relations for calculation of the vectors or their components in any
known basis are obtained.
2. The kinetostatic analysis of RRR dyad

Given: D, and E are rotational pairs, /,>0, {i,;j, k,}, F,, M, (ye {m,n}).Find: R, , R, and R, .

mk ?

The force diagram is presented in Figure 1(a). Consider resolution of vectors R, and R, in given bases {i,; j,,; k,,}] and

{i,; J,; k,} . The moment equation for link v with respect to point E can be expressed in the form

ZMEV = (_/ij)XRYS +((XSV _/Y)iY +ySvjv)><FY +M,=0. @)

After elementary transformations, we obtain
Ry i, =1 {(Xs, =1,) (F,-J,) Vs, (F, -1, ) + (M, -k, )} . (4)

wody Ty sy Ty )\y T dy sy\Uly 'y Y M)
Equilibrium equation
> Fpm =R, +F,+F +R,=0 (5)
for the whole structural group can be rewritten as

(Rmk Im)lm +{(Rmk 'jm)jm +Fm +Fn +(Rnp jn)jn} +(Rnp ’in)in =0. (6)

Inthe case i, -j, # 0, scalar multiplication of the last equation by either vector j,, or vector j, leads to
. . PN . . . . . .
Rmk An = _(Im jn) {(Rmk Jm)(jm 'jn)+Fm Jn +Fn I +Rnp jn} ’
. . . -1 . . . . . .
R, i, = (i, 0n) {(Rop Jn) (i “0m) +F, - drn +Fr i + R i) -
Expressions (4) and (7) allow the calculation of all non-zero components of reactions R, and R, in bases {i,; Jo Ko )
and {i,; j, k

R,,, intheinner pair in point E

n

()

n

} respectively. From equilibrium equation for link m , we obtain the expression for determination of reaction
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Rmn = _(Rmk +Fm) - (8)
3. The kinetostatic analysis of TRT dyad
Given: D, and D, are translational pairs, E is a rotational pair, 1,20, {i,; j; k,}, F,, M, (ye{m,n},if I, =0, then

i, =i), {i; Qo k) {iy ik} . Find: R, , MZ,, R, M% and R,,
The force diagram is presented in Figure 1(d). Since kinematic pairs in D are translational, then R || j; . Equilibrium

equation (5) for the whole structural group can be expressed as

(Roy-Ji) i +{F, +F,} +(R,, )i, =0. ©)
If i, -j, # 0, then, after scalar multiplication of equation (9) by either vector i, or vector i, we obtain
i i) . N . .
R’"k'jk:_(jk'lp) {F A, +F, /JJ’ Rnp'jp:_(jp'lk) {Fm"k+Fn"k}' (10)

Reactions R, are therefore determined. To obtain relations for reactive moments MYRS moment equation for link y with

respect to point E can be written. Finally, we get
ME =1, (iyxRYS)+(( xsy) ySny)XF -M,. (11)

Reaction R, , as in the previous case, can be calculated using formula (8).

4. The kinetostatic analysis of RRT dyad

Given: D, and E are rotational pairs, D, is a translational pair, /, >0, [ >0, {iY; i ky}, F,. M, (ye{mn}),

{i,; jo k). If 1, =0,then i, =i,.Find: R, R, and R,

The force diagram is presented in Figure 1(b). The component R

mk ’
» I, can be calculated by formula (4). Equilibrium
equation (5) for the whole structural group is presented as
(Rmk lk)jk +{Fm +Fn +(Rnp 'jn)jn}+(Rnp n)l =0 (12)
and, after scalar multiplication by either vector i, or j,, for i,-i, # 0, it transforms into
Rmk 'jk :_(jk 'jn);‘{Fm 'jn +Fn 'jn +Rnp jn} ’
R, i, = (i, i) {(R,,§,) (Jn i)+ F, iy +F, i}
Thus the relations for components of reactions R,, and R, in bases {i,; j,; k] and {i; j,; k,} are founded. Vectors

(13)

R,, and Mf, are calculated using formulas (8) and (11) respectively.

mn

5. The kinetostatic analysis of RTR dyad
Given: D, and D, are rotational pairs, E is a translational pair, /, 20, />0, {iy; i, kYJ . F,, M, (ye {m, n}) Ifl, =0,

R

The force diagram is presented in Figure 1(c). Assume that points D, and D, do not coincide and introduce new basis

then i, equalsto i, . Find: R, , R, R, and M7 .

{iy: Jy =k, xiy k; =k, } with unit vector i, =|D,D,|” (1,4, ~/,i,) lying on the guideline D, D, . Here |D,D,| = \JI% +12~21,1, (i, i,) -
The moment equation for the whole dyad with respect to point D,, is

> My =|0nD, i ¥R, + (10,0, i + Xsiiy + Vsndn ) XF, + M, +

(14)
+(xSmim +ySmjm)XFm +Mm = 0 .

After elementary transformations, for component R, - j, it is obtained

R dy = _(Fn 'jB)_‘DmDn B Z {XSY(FY 'jY)_ySv(Fv 'iv)+(Mv 'kB)} : (15)
y=m,n
Equilibrium equation for link n can be presented in the form
(Rop -1y )i +{(Ry 3y s +Fo} = (R )i = O (16)
which for i, -i,, # 0 implies
. s\t S\ s .
R, iy =~(i; 1) {(Rnp'lﬁ)(lﬁ i) +F, "m} ,

(17)

. L . .
Ry Jo = (i Js) {(Rop-Jy) +F, Jy} -
Relations for components of vectors R, and R, in basis {i,; j,;k,} and {B, i ku} are therefore found. Applying

equilibrium and moment equation with respect to D, for link m , force R, and moment M7 are determined as
Rmk :_(Rmn+Fm)’ (18)
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M7, = _Im (Rmn 'jm)km _(XSmim +ys’"jm)><F’" _Mm'

mn

6. The kinetostatic analysis of RTT dyad

Given: D, and E are translational pairs, D, is rotational pair, /, 20, />0, {iy; iy ky} , F,,

M, (ve{mn}).If I =0,
R,. R,, and M} .

np? mn

then i, equalsto i, . Find: R, , MY

mk ? mk ?

The force diagram is presented in Figure 1(e). Equilibrium equation for link m can be written as

(Rmk'jk)jk+Fm+(Rmn'jm)jm=O’ (19)
and, after scalar multiplication by either vector i, or i, , for j, -i, # 0 leads to
. == 1 . - . N .
(Rmkljk)z_(Jk'lm) (lelm)’ (Rmn']m)z_(jm'lk) (Fm'lk)' (20)
Forces R,,, and R, can therefore be calculated. From equilibrium equation (5) for the whole structural group we find
Rnp:_(Rmk+Fm+Fn)' (21)

Using the moment equations with respect to point E for link n and then for link m , for moments M?_and Mf, we obtain
Mzn = _Mﬁm = _lnin ><Rnp +((XSn _In)in +.ySnjn)><Fn +Mn )
Mgk = /mim ><Rmk _((XSm _lm)im +ySmjm)><Fm _Mm _Mﬁn .
Discussion and conclusions
A unified approach to the kinetostatic analysis of Assur dyads is presented, which allows to conduct the kinetostatic
analysis of any class Il plane mechanism according to Artobolevsky's classification. The method is based on the solution of
the vector equations of kinetostatics by vector algebra tools. Representations of active forces, inertial forces, and reactions
in kinematic pairs are introduced in the form of decompositions in the local bases. These are rigidly attached to the dyad's
links determined within the position analysis. The suggested method is appropriate to apply in combination with positional
and kinematic analysis of Assur dyads, which are also based on vector algebra methods (Khoroshev, Duchenko, & Kykot,

2023; 2024). The obtained calculation schemes are convenient for algorithmization and can be an integral part of computer-
aided design systems for class Il plane mechanisms according to Artobolevsky's classification.

(22)

Authors' contribution: Kostiantyn Khoroshev — conceptualization, formal analysis, methodology, writing — original draft; Kyryl Duchenko —
formal analysis, writing — original draft; Serhii Kykot — formal analysis.
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KIHETOCTATUYHUIA AHANI3 AIAL ACCYPA

510pomM KomM'fomepHUX cucmeM asmoMamu308aHO20 MPOEKMYy8aHHsI ma Po3paxyHKy M/IOCKUX MexaHi3mie € MameMamuyHi Memodu MoQysIbHO20
Xxapakmepy OocioKeHHs1 OuHaMiKu MexaHismie. Halnowupeniwul nioxio — OuHamika 6a2amoOKOMIMOHEHMHUX MeXaHiYHUX cucmeM, y SIKOMy MexaHi3m
po36uearomb Ha JlaHKU, WO siesisiiomb coboro abcomomHo meepdi mina. Kinbkicmb naHok AopieHroe Kinbkocmi Mmodynie aHanisy. IHwul nidxio ypaxoeye
CMpYyKmMypy MexaHi3My, W0 MoXke Cripusimu 3MeHWeHHHo Kinbkocmi Moadyuiie, siki nompe6ytoms aHanisy. OGHak 05t mako20 nidxody HeobxiGHuUll po3eumok
cucmemu knacudpikauii MexaHiamie i MoeHo20 Habopy Mamemamu4yHux memodie KiHeMamu4yHO20, KiHemocmamu4yHo20 ma GUHaMiYHO20 aHasli3y ecix
MOX/IU8UX CMpPYKMypHUX esiemeHmie. Halipo3euHeHiworo e yboMy ceHci € knacugbikayis 3a ApmoboneecbkuM. CyKynHicmb NIOCKUX MexaHi3mie, wo
gopmyroms Halinpocmiwuii Il knac 3a Apmo6onescbKkum, nogHicmio 3abesneyeHa anzopummizoeaHuMu nidxodamu ModysIbHO20 KiIHeMamu4yHO20 aHasli3y.
Li mvemodu aHanimuyHi ma nionsizartomes anzopummizayii. KiHemocmamuyHuli aHaniz dnsi ybo2o0 knacy doci npedcmaesneHuli MinbKu 2pagho-aHanimuyHUM
nidxodom. Y nporoHosaHili po6omi nodaHo yHighikosaHuli aHanimuyHuli Memood KiHemocmamu4Ho20 aHanidy diad Accypa, wjo pasom 3 mMexaHiamamu |
Knacy ¢hopMmyromb MHOXUHY CMpPYKMYypHUX eflemMeHmie mexaHismie Il knacy 3a Apmo6onesecbkum. B ocHogy mMemody rnoknadeHO 8eKMOPHI PieHSIHHSI
KiHemocmamuku, ujo po3e ‘a3ytombcsi 3a 0MoMOo2010 MalmeMamu4YHo20 anapamy €eKImMopHOi aneebpu. YeedeHo npedcmassieHHs1 aKmueHUX cuJ, cus iHepuyii
ma peakuili y KiHeMamu4HUX napax y euasnsidie eekmopie, Wio po3kadeHi 3a eiGoOMUMU 3 aHai3y NMOMOXKeHb JIOKaSIbHUMU 6a3ucamu, XOPCMKO 38 'i3aHuUMu
3.J1aHKaMu cmpyKmypHux 2pyn. 3arnporoHosaHul nioxio pekoMeHOyeMO suKopucmosysamu 8 NnoedHaHHI 3 KiHeMamuyYHUM aHasli30M, W0 makox 6asyemscsi
Ha iHcmpymMeHmapii eekmopHoi anzebpu, a makox eiH Mo)xe 6ymu anzopummizoeaHuli i ymeoproeamu Hegid'eMHy YacmuHy cucmem aemomamu308aHo20
npoekmyeaHHs NocKux mexaHismie Il knacy 3a Apmo6osieecbKuMm.

Knw4yoBi cnoBa: mModynbHuli nidxid, kiHemocmamuka, niocki MmexaHiamu, diadu Accypa.
ABTOpM 3a8BNSAIOTb NPO BiACYTHICTb KOHAMIKTY iHTepeciB. CnoHcopy He Gpanu y4acTi B po3po6neHHi AoCcnimKeHHs; y 36opi, aHanisi un
iHTepnpeTaLii AaHVX; y HaNUCaHHi PyKOMuCy; B pilLeHHi Mpo nybrikaLilo pe3ynbTaris.
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