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V pobomi susuaromouca epynu a8mMoMop@iamMIie 8apiaHMI6 HANIG2PYNU PEWimKy posbummie ckit-
yerHol mHoorcunu. Jlosedero, wo 2pyna asmomopghiamis eapianma Hanis2pPYnu pPo3duUMmMie cKinverHol
MHONCUHU 13OMOPHHA Y3A2AALHEHOMY GIHUEBOMY C0O6YMEKY, 6 AKOMY MEPULUTE MHONCHUK € TPAMUM
dobymrom eiruesur Jobymxis, AKi 3a0a10MbCA OAOKAMU, PIBHUT NoMyHcHocmetl, po3bummas, sxe no-

podotcye sapiarm, a dpyauti deaKomy HabOPY CUMEMPUNHUL 2PYT.
Karomosi caosa: mHanisepyna, 6apiaHm, peuimra, epyna asmomoppiamis .

In this paper we consider variants of the lattice of partitions of a finite set and study automorphism
groups of this variants. We obtain irreducible generating sets for of the lattice of partitions of a finite

set.

We prove that the automorphism group of the variant of the lattice of partitions of a finite set is
a natural generalization of the wreath product. The first multiplier of this generalized wreath product
1s the direct product of the wreaths products, such that depends on the type of the variant generating
partition and the second is defined by the certain set of symmetric groups.
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Introduction

For any semigroup S with the fixed element
a € S and arbitrary elements x,y € S we set
T,y = zay. The operation %, defined on S by this
equality is associative. This operation #, is called
sandwich operation and the semigroup (.5, *,) is
called variant of S or a sandwich semigroup.

Lyapin was one of the first researchers who
establish study of variants. In the monograph [1]
he studied variants of transformation semigroups.
Further various authors studied other types of
semigroups, for example, papers [2] [3] [4] [5],
chapter 13 in monograph [6] and references in this
chapter. The study of transformation semigroups
continues , for example, in [9].

We study variants of lattices which are consi-
dered as semigroups with respect to the operation
A. Here we set A as a greatest lower bound of two
elements.

© O. I. Tanmtomkin, O. O. Jlecarepuk, 2020

Let the partition of the set A on k
blocks be any family of nonempty disjoined sets
{A1,..., A} such that A = Ay U--- U Ap. We
call sets Aq,..., A blocks of the partition. The
orders of blocks is not significant. The set of all
partitions of the set A is denoted by by Part(A) =
|J Partg(A). If N = {1,2,...,n} then instead of
E>1
Part(N) we use the notation Part,,.

We call partition o granulation or subpartiti-
on of a partition 7 (denote o < 7) if each block of
the partition 7 is a union of blocks from partition
o (that is, each block of the partition o belongs to
some block of the partition 7). The relation < is a
partial order on the set Part(A) and the partially
ordered set (Part(A), <) is a complete lattice.

Each lattice can be considered as a semigroup
with respect to the operation A. Note, that A if and
only if a A b = a. Furthermore, a transformation
@ : L — L is an automorphism of a lattice L as a
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only if a A b = a. Furthermore, a transformation
¢ : L — L is an automorphism of a lattice L as a
partially ordered set (L, <) if and only if it is an
automorphism of L as a semigroup (L, A).

In this paper we study groups of automorphi-
sm of the semigroup (Part,,A) variants and
further we will denote this semigroup just by
Part,,.

Variants of the semigroup Part,,

Let Part, be a lower semilattice. For any
p € Part, by the A, we denote the lower cone
of the element p: A, = {7 € Part,|t A p = 7}.
The lower cone A, of the element p coincides wi-
th the interval [0, p]. Moreover if p is a partiti-
on of the set N on the blocks My,..., My wi-
th powers my, ..., my respectively, then [0, p] ~
Part,,, x---x Part,,,.

Lemma 1. FEach set of wariant (Party,x,)
generators contains a set Part, \ [0, p].

Llosedenna. Let element 7 be decomposable in the
variant (Party,*,) then there exist u,v € Party,
such that 7 = p*, v = p A p Av. It follows that

(1)

hence 7 € [0, p]. Thus all elements from Part,, \
[0,p] are non decomposable, that is why these
elements belong to each generating system. O

TAP=UANPAVANPp=uNpANVv =T,

Note that if p = 1, then the variant (Part,,, *,)
coincides with the semigroup Part,,.

Proposition 1. If p # 1, then the unique irreduci-
ble generating set of the variant (Party,*,) is the
set Party, \ [0, p].

Hosedenna. By the Lemma 1 each generating
system of the variant (Part,,*,) must contain
Part,, \ [0, p]. Thus it is enough to show that the
set Part,, \ [0, p] is a generating set of the variant
(Party,, *,). To show this it is enough to prove that
each element from [0, p] is reducible into product
of elements from Part,, \ [0, p].

Let the partition p be of the next form
N = M U--- UM, k > 2 Obviously,
that p = 1 %, 1. Consider an arbitrary parti-
tion 7 < p. Let this partition have the
form N = (U™, M) U+ U (U My;), where
Ui, Mj; = M. Without loss of generality we set
my = 2. Let partitions p and v be obtained from 7
by "gluing"blocks My with Ms; and blocks My,
with My respectively. Then partitions g and v
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belong to the set Part, ~\ [0, p] and the equality
T = %, v holds. O

Lemma 2. An element T € Part,, is idempotent of
the semigroup (Party,, *,) if and only if T € [0, p].

Jlosedenns. Let 7 be an idempotent of the semi-
group (Part,,, *,). Then

7_:7_*p7-:7—/\p/\7’:’7'/\p7 thatls Tgp

Conversely, consider 7 < p. Thus 7 = 7 A p =
TApAT = T%,7. Hence 7 is an idempotent of the
semigroup (Part,,, *,). O

Automorphisms of variants of the semi-
group Part,,

Theorem 1. For each automorphism ¢ €
Aut(Part,,, *,) the lower cone [0,p] is an invari-
ant subset and the restriction of ¢ on [0, p] is an
automorphism of [0, p| as a partially ordered set.

Jlosedenna. Note, that ¢(p) < p. Thus by the
rules of partial order for the lattice we got that
o(p) =@(p N pAp)=p(pxpp)=p(p) = p(p) =
@(p) ApNp(p) =pAp(p). Hence p(p) < p.

Further we show that [0, p] is an invariant set
for p. If x < p, then x = xApAp = x*,p. Therefore
p(x) = p(axpp) = () *p0(p) = p() NpAp(p) =
p(z) Ap(p) < wlp) < p.

Ifrz<y<p, thenz=xApAy =xx*,y. Thus

p(z) = p(@)*p0(y) = p(@)ApAp(y) = p(z)Ap(y).

Hence ¢(x) < ¢(y) that is ¢ saves the partial order
on [0, pl.

Thus the restriction @[ @ [0,p] — [0, p] is
a homomorphism of partially ordered sets. Since
inverse mapping ¢! belongs to Aut(L, *,), then
¢lj0,p) is bijective, that is ¢l|g , is an automorphi-
sm of [0, p] as partially ordered set. O]

Corollary 1. For each automorphism ¢ €
Aut(Part,,, *,) holds equality ¢(p) = p.
Theorem 2. AutPart,, ~ S,.

For each
we consider the

Hosedenns. Crema  dosederitia.
permutation 7 € S,
mapping ¢, such that it maps the parti-
tion aj...ag|...|lar...a, to the partition
af ...ap|...|al...a;. Then the mapping ¢, is
an automorphism of the lattice Part,,.
Conversely, consider ¢ € AutPart,,. The
lower cone of the element p € Part,, is isomorphic
to the lattice Part, _ if and only if p have the form
a|lN ~ {a}. Thus ¢ maps the partition a|N \ {a}
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to the partition b|N ~ {b} of the same form.
By such property for the automorphism 1 we
naturally have the permutation m; € S, such
that my maps a to b. The automorphism wgogj
leaves still each partition a|N ~\ {a}. The partiti-
on 7 = a|b|N \ {a,b} is the only one which lays in
lower cones of both partitions © = a|N \ {a} and
v = b|N ~ {b} and have a lower cone isomorphic
to Part,_o. Since automorphism 1#4,07_%1 leaves sti-
1l both partitions p and v, then it leaves still the
partition 7.

Similarly it can be proved that @Z)(pﬂ}
still each partition of the form
ailaz|...|agN ~ {a1,az,...,ar} with only uni-
que one-element block. Hence wgo,jwl leaves still all
partitions. Thus ¢ = ¢r,. O

leaves

A vpartition 7 has a type (l1,l2,...,1l,) if it
contains [; blocks of cardinality 1, Iy blocks of
cardinality 2, [,, blocks of cardinality n. Obviously,
that Iy + 2l + - - - +nl, = n.

Theorem 3. Let 7 be a partition of type
(l1,19,...,l,). Then automorphism group of the
interval [0,7] is isomorphic to the direct product
G1xGax---xGy, of wreaths products Gy, = S, 1Sk

Jlosedenma. Cxema dosedenns. The interval [0, 7]
is isomorphic to the direct product of lattices of
partitions

Part; x --- x Part; x Partg x -+ x Partg x -+ X

l1 12
Part,, x --- x Part,, .

ln

We will show that isomorphism ¢ of the
interval [0, 7] permute the same type multipliers
of this product (in the wreath product for gi-
ven k it corresponds to the multiplier Sj,) and
in each multiplier ¢ acts the automorphism of the
corresponding lattice (in the wreath product it gi-
ves a multiplier Sy).

Obviously, that each element from G x Go %
-+ x Gy, is an automorphism of the interval [0, 7].
In the proof of the fact that there is no other
automorphisms not obvious only the part related
to the permutation of multipliers. It can be proven
in the next way: we pick k such that it is the bi-
ggest number for which I # 0 and one of multi-
pliers Party. The identity of this multiplier is an
element of rank k with the lower cone isomorphic
to Partg. Thus the identity is mapped to the
element with the same properties and so cone of
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the identity goes forward... Hence a given multi-
plier Part; is mapped to some element of the form
Party, thus automorphism permute multipliers of
the form Party. Also the part Part; x --- x Party

~~

Uk

1s an invariant.
Further we move to the smaller numbers k£ and
use the same scheme of proof.
O

Corollary 2. Automorphism of the interval [0, T]
save the type of the partition.

Let A be a disjoined union A = A1 U- - -UAj of
the sets A1, ..., Ay of powers my, ..., m respecti-
vely. By n,(mj,...,my) we denote the number of
partitions of the set A on r blocks, such that each
block contains not more than one element from
each of sets Ay, ..., Ag.

By [z]x we denote falling factorial number k,
such that [z]y =x(z —1)---(x — k +1).

Proposition 2. Two next equalities are met.
1, axwom =r;
a) nr(m) = { 0, 6 tHwur sunadkar.

mi41

S Miy1) = Zo (m?—l)nr—l—j—mi '
]:
L) 4§ —myl;.

b) ny(mq,..
. (ml, .

Jlosedenns. a) Obvious, because all blocks in this
case are one-element (singletons) blocks.

b) We group all partitions of the set Ay U
-++ U A; U Aj41 in classes by the number of si-
ngletons which belong to the set A;11. If there is
7 elements with this property, then they can be
picked in (mgﬂ) ways. Other m;11 — j elements
we join to the blocks of the partition of the set
Ay U---UA; onr+ j—m; blocks. This partition
can be obtained in ny4j_m,(ma,...,m;) ways. Si-
nce different elements must be joined to different
blocks it can be done in [r + j — my]; ways. O

Denote the number >

r<mi+---+my

ny(ma,...,mg)
by t(ml,. . .,mk).

Proposition 3. Let the partition p € Part,, have
a form

N=AU---UA,UB1U---UB,,
and the partition T € [0, p| have the form

N=CiU- UCpytetm, UB1U-U By,
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., A, by the transition from
., my smaller blocks.

where each block Ay, ..
p to T is granulated on my, ..
Then the set

M; ={pePart, |uANp=r1}

contains

ST ne(ma,. . myp)S(g, k) (r+1)F

r<mi—+---+my k=1

R, =

elements, where S(q, k) is a Stirling number of the
second kind.

Hosedenns. The partition pu A p contains a block
B; if and only if B; belong to one of the blocks
of the partition p. There is the same for blocks of
C;. Furthermore, if different blocks C;, and C},
belong to the same block of the partition p, then
they belong to the different blocks of the partition
73

Thus partition u belongs to the set M, if and
only if it can be obtained by the next rules. Fi-
rstly, by unifying blocks C1, ..., Cpyyopm, we
get r blocks of the partition u, such that non of
two different blocks Cj, and C}, which belong to
the one block of the partition p do not belong to
the same block of the partition p. It can be done
in n,(m1,...,mp) ways. Secondly, by the unifying
blocks By, ..., B, we get k more blocks. It can
be done in S(q, k) ways. Each of these k blocks we
do not change or join to one of r blocks, such that
we get on the first step. It can be done in (r + 1)*

ways.
Finally, we count the sum by all possible r and
k this gives us a power of the set M. O

For the formulation of the main result about
the automorphism group of the variant (L(V'), *4)
we need the next construction.

Let (G, M) be a permutation group, Oy, ...,
Oy are orbits of this group and (Hj, Ny), ...,
(Hy, Ni) are permutation groups. The permutati-
on group, such that elements of this group are sets
(g5 fi,-.., fx) where g is an elements G and for
each ¢ 1 < ¢ < k, f; is a function from O; to
H; is called generalized wreath product. The group
G (Hi,..., Hy) acts on the set Ule(Oi x N;) by
the rule

(m’n)(%fl:--wfk) — (mgjnfi(m))’ if m e N;.

Theorem 4. Let (Part,, A\) be a partition semi-
group of the n-element set, p # 1 a partiti-
on of the type (l1,la,...,l,) from Part,, O,
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..., Oy are orbits of automorphism group of the
interval [0, p], 7; a representative of the orbit O;
(i=1,2,...,v). Then automorphism group of the
variant (Party,*,) isomorphic to the generalized
wreath product S = ((Sy, 1.S1) x -+ x (S, 1.8n)) 2
(Sr.,~1,SR,,~1,- -+ SR, 1), where numbers R,
are defined by the Proposition 3 and by S, we
denote a symmetric group of the power m.

Zosedenns. The set Part, is a disjoined union
of sets 7 € [0, p]. Further, consider elements p €
Part,, as an ordered pairs of the form (u A p, p).

Note that the set M, consists of the partition
7, such that belongs to the interval [0, p] and the
"tail" M, \ {7} of partitions, such that lay out of
this interval.

By the theorem 1 the restriction of the
automorphism ¢ € Aut(Party,*,) on [0,p] ia
an automorphism of [0, p]. Additionally, by the
theorem 3 automorphism group G of the interval
[0, p] ia isomorphic to the direct product G x G x
-++ x Gy, of the wreaths products Gy, = Sy, 1 Sk.

Consider ¢ € Aut(Party,*,) and u € M,
thus 4 A p = 7. Then

o(1) =p(uAp)=p(uApAp)=p(un*p) =
= (1) *p p(p) = (1) *p p = (1) A p,

L exi-

hence ¢(i1) € My (). Since a mapping ¢~
sts, it follows that ¢ induces a bijection M,
on M. Partitions 7 and ¢(7) belongs to the
interval [0, p|, then ¢ induces a bijection of the
"tail"M; \ {7} on the "tail"M ) \ {o(7)}. Tt
proves that Aut(Part,,*,) C S.

Conversely, consider ¢ = (g; f1,..., fs) € S.
By the definition of S, follows that restriction of
¥ on [0, p] is an automorphism of [0, p]. Further it
can be directly checked that the mapping

(wA i) = ((wA ), (D) p e 0

is an automorphism (Part,,*,). It proves the
converse statement. O
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