DIBUKO-MATEMATUYHI HAYKMU. 2(81)/2025 ~ 87 ~

AVNOEPEHUIAJIbHI PIBHAHHA, MATEMATUYHA ®I3UKA TA MEXAHIKA

UDC 539.3
DOI: https://doi.org/10.17721/1812-5409.2025/2.11

Natalya VAYSFELD, DSc (Phys. & Math.), Senior Lecturer
ORCID ID: 0000-0001-8082-2503

e-mail: natalya.vaysfeld@kcl.ac.uk

King's College London, London, United Kingdom

Zinaida ZHURAVLOVA, PhD (Phys. & Math.), Assoc. Prof.
ORCID ID: 0000-0002-3271-8864

e-mail: z.zhuravlova@onu.edu.ua

Odesa l. I. Mechnikov National University, Odesa, Ukraine

AXISYMMETRIC POROELASTICITY PROBLEM FOR A MULTILAYERED CYLINDER

Poroelastic materials are the object of close attention of researchers due to their wide representation both in the natural environment
(geological formations, biological tissues) and in technical applications (engineering structures, filtration systems). Among them,
cylindrical structures are of particular importance, often characterised by radial layering and heterogeneity. The study of the stress-strain
state of such objects is of significant practical importance for calculating their strength, stability, and efficient operation. Despite the
considerable amount of scientific work, most of it is based on numerical modelling. At the same time, it is analytical methods that allow
us to gain a deeper understanding of physical laws, identify limit regimes, and verify numerical approaches.

In this paper, we consider an analytical solution of an axisymmetric problem for a finite-length poroelastic cylinder with a
radially layered structure. A load is applied to the cylindrical surface, which can be either a mechanical or a pressure load. The top
and bottom edges of the cylinder are in smooth contact and are impermeable. Perfect mechanical contact is maintained between
the layers. The application of the Fourier integral transform method allows us to reduce the original problem to a one-dimensional
vector boundary value problem, the general solution of which is found using the matrix differential calculation. The method of
recurrence relations is used to find the unknown constants of each layer of the cylinder. As a result, an exact solution was derived,
which allows us to study the distribution of normal stress and pore pressure depending on the applied load, geometric
characteristics, and physical and mechanical properties of the layers. The obtained results are important for the further
development of the analytical mechanics of poroelastic media

Keywords: axisymmetric problem, poroelasticity, multilayered cylinder, integral Fourier transform, matrix differential
calculation, recurrent correspondences.
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Introduction

Relevance of research. The investigation of the stress-strain state of layered finite poroelastic cylinders is an important
scientific and practical task due to the growing requirements for the reliability and efficiency of structures made of poroelastic
materials. Such cylindrical elements are widely used in engineering practice. The presence of a layered structure along the
radius allows for structural optimisation of the distribution of mechanical characteristics, which provides increased resistance
to external loads. Despite the existence of a significant number of studies on the mechanics of poroelastic bodies, the issue
of stress and strain distribution in finite layered poroelastic cylinders, taking into account boundary conditions and interlayer
interaction, remains insufficiently studied. The construction of mathematical models for such objects, as well as the analytical
solution of the corresponding boundary value problems, is important for the development of the theory of poroelasticity and
the practical application of its results in the design of advanced materials and structures.

The object of research is a poroelastic layered solid cylinder with ideal contact conditions between the layers under the
action of a load applied along a cylindrical surface.

The aim and objectives of the research are to construct an analytical solution of the poroelasticity problem for a multi-
layered solid cylinder with ideal contact conditions between the layers under the action of a load applied along a cylindrical
surface, as well as to construct and analyse graphs of the distribution of normal stress and fluid pressure

In recent years, many scientific papers have been published on numerical methods for finding solutions and studying
important characteristics of multilayer poroelastic cylinders (Eldeeb, Shabana, & Elsawaf, 2021; Bociu et al., 2021). Some
studies combine analytical and numerical approaches (Naccache et al., 2022; Gnadjro, d'Almeida, & Franklin, 2024; Grigo-
renko, Y., Grigorenko, O., & Rozhok, 2022). At the same time, only analytical methods allow us to study important qualitative
properties of solutions (Gohari, Zarastvand, & Talebitooti, 2020; Kubenko et al., 2023; Zhupanska, & Ulitko, 2005; Meleshko,
& Tokovyy, 2012). In this paper, we present an analytical approach that allows us to find an exact solution of the axisymmetric
poroelasticity problem for a multilayered solid cylinder.

1. Statement of the problem

The finite solid poroelastic cylinder 0 <r < 1,0<z < h,— < ¢ <m, which consists of N layers a;,_; <r <a;i=
=1,N,ay, = 0,ay = 1 is considered. The ideal contact conditions are fulfilled between the layers (Cheng, 2016)

ullr:al—o = ul+1|r=al+01Wl|r=al—0 = Wl+1|r=al+0' pllr:al—() = pl+1|r=al+0' 0—1£|T=al—0 = 0-11'+1|r=al+0r

L — Ll+1 b1 _ D1+ _
Trzlr:al—o =Tz |r=al+0' kl;|r=a1—0 = ki1 or |r=al+0'l =1,N—-1,

where y,(r, z), w;(r, z) are dimensionless displacements of I-th layer of solid skeleton regarding axes r, z respectively, p;(r, z)
is dimensionless pore pressure of ith layer, ol(r, z), 1., (r, z) are dimensionaless normal and tangential stress of /-th layer
correspondingly. At the cylindrical surface r = 1 the loading is applied ¢¥|,=1 = —L(2) — ayP(2), t™|;=1 = T(2), Pnly=1 =
P(z), where L(z),T(z),P(z) are known functions, «; is Biot's coefficient of /-th layer. The edges z = 0,z = h are under slide

contact conditions, and they are impermeable w;|,—q; = 0,7k |,=0n = 0,%|Z=0’h = 0. The displacements and pore pressure
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should satisfy the system of equations (Verruijt, 2010). The stress-deformable state of the multilayered cylinder with indicated
boundary and transmission conditions should be found.
2. The solving of the boundary value problem
The original problem is reduced to the one-dimensional boundary value problem with the help of finite sin-, cos- Fourier
transform regarding variable z (Vaysfeld, & Zhuravlova, 2023). The derived one-dimensional problem in transform domain is
written in a vector form
(L3 (r) = 0,011 <7 < ay, Agyn g (1) + Bpyin g (1) = G, Viglr=ar-0 == Vis1,8lr=arvor (Sup¥ip + Tup¥ip)lr=aio
= (Si+1pVl41p + Tiv1,8Y1+1,8) lr=ar+0
where differential operator
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vectors j, 3(r) = (um(r),wl,ﬁ(r),pl,ﬁ(r)) . gp = ( (anPp — Lﬁ),Tﬁ,Pﬁ) , matrices

K
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Ki—la; k-1
k; = 3 — 4y, is Muskhelishvili's constant, y; is Poisson ratio, Sp;, K; — are dimensionless values of storativity of the pore space
Sy, and permeability coefficient k; of -th layer respectively.

The apparatus of matrix differential calculation (Gantmacher, 1959) is applied for the find of general solution of the
boundary value problem (1). According to it, the corresponding matrix differential equation L,Y; 3(r) = 0 is considered. The
following correspondences take place (Popov, & Protserov, 2016) L,Q;(r,¢) = —Q;(r, )M, (£),i = 1,2, where

Q1(r,€) = (J1(§r) 000 /5 (§7) 000 Jo(§7) ), Q2(r,§) = (N1(§7) 00 0 Ny (§7) 00 0 Np (7)),

J1(&r),Jo(ér) are Bessel functions, N; (ér), No(fr) are Neumann functions, M; ;z(£) is known matrix. The solution of the matrix
equation is found by the formula Y 5 ;(r) = Py _cﬁc Q;(r, E)M[[}(f)df,j = 1,2, where closed contour C covers all singularity
points of the integrand. The genral solution of the vector boundary value problem (1) has the form y, ;(r) = ]q,ﬁ(r)fl, where
Vip() = (apa(1=1,(Yp1(1), Yp2(), 2 S LS N G = (e, c12,€13) 51 = 1, (Co1 € 3 i s Cus) 2 S LS
SN, Hp() = (Yip(r) SupYip() + Tzﬁ}’lﬁ(T) ).
The transmission conditions in (1) can be written in the following matrix form H; ﬁ(az)Cz Hj 4 B(al)Cl+1vl =1,N — 1, from which,

according to (Popov, 2013) the constants of each layer Cl are recurrendly expressed through the constants of the first layer C;l
€, =Ry, = Hig(ai-)H-15(a;-1) . Hzﬁ(a1)H1ﬁ(a1)C1:l =2,N. (2)

L1
Substituting (2) in the boundary condition in (1), we derive ¢, = [(ABYN'ﬁ(l) + BgYy s (r)(l)) Ryp Cl] Jg - The case when

B = 0 is solved analogically.

3. The results of the numerical analysis

The derived exact solution of the original problem allows to conduct the numerical investigation of normal stress and pore
pressure change inside the cylinder. This analysis was carried out for the applied concentrated mechanical loading

L(z) = (z——) T(z) =0,P(z) =0 (6(2) is Dirac delta function). Geometrical sizes of the cylinder were chosen as:

a,; = 0.5m,h = 1 m. The two-layered cylinder with the materials Ohio sandstone for the inner layer and Boise sandstone for
the outer layer (Cheng, 2016) was studied.

At Fig. 1, the normal stress and pore pressure are symmetrical, which is explained by the same boundary conditions at
the edges z = 0,z = h and the fact that the load is applied in the middle of the cylinder. The normal stress is negative, and no
tensile stress is observed. The maximum is reached at the point of load application. The highest values are seen closer to
the loaded face r = 1. The pore pressure is nonzero, which is due to fluid leakage on the cylindrical surface, which also affects
the compression of the cylinder.
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Fig. 1. Normal stress and pore pressure inside the cylinder
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As can be seen at Fig. 2, an increase in the thickness of the inner layer of the cylinder increases the pore pressure inside
this layer. This is due to the fact that the inner layer of the cylinder (Ohio sandstone) has a higher permeability coefficient.
Changing the height of the cylinder also has a significant effect on the pore pressure. Thus, the highest pore pressure values
are observed for a longer cylinder. This can be explained by the fact that the outer surface area through which the fluid can
flow increases.

p(r,h/2) p(r,h/2)
0.40
——— - — a=1/4 =~ — h=12
t.~— .
0.35 S~ a=12 | 0351 S h=1
o —- a;=3/4 N, —-= h=2
0.301 < 0.30-
N
0.25- \ 0.25
\‘
020 \ 020
\
0.15 X 0.15-
0.101 \ 0.10-
\.
0.05- \ 0.05-
——\
0.00- ETe— 0.00
0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 04 0.6 0.8 1.0

r r

Fig. 2. The change of pore pressure regarding the change of thickness of the inner layer (left) and the change
of the cylinder's height (right)

Discussion and conclusions

In the present study, an exact analytical solution of the axisymmetric problem for a finite multilayered poroelastic cylinder
was obtained using the methods of integral transforms, matrix differential calculation, and recurrence relations. The numerical
analysis revealed the nature of changes in normal stress and pore pressure depending on geometric parameters.

The highest absolute values of normal stress and pore pressure were recorded at the point of concentrated mechanical
loading's application, which indicates a localised increase in the interaction between the solid matrix and the pore medium. It
is established that an increase in the thickness of the inner layer causes an increase in the pore pressure in this area, while
an increase in the height of the cylinder generally contributes to an increase in pore pressure along its entire length.

The proposed methodology demonstrates high versatility and can be adapted to analyse cylindrical structures with more
complex conditions of interlayer communication, which opens up prospects for its further application in engineering practice
and biomechanics.
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Opecbkui HauioHanbHUM yHiBepcuTeT imeHi l. |. MeyHukoBa, Ogeca, YkpaiHa

OCECUMETPUYHA 3A0AYA NMOPOMPYXHOCTI ANA LUAPYBATOIO LIMNIHAPY

IMoponpyxHi Mamepianu € 06'ekmomM nunbHOi yeaz2u docidHuUkKie 3aedsiku WUpPOKili npedcmaessieHocmi sk y npupodHomy cepedosulyi (2eoso-
2iyHi gpopmauyii, 6ionoziyHi mKkaHUHU), mak i 8 mexHiYHUX 3acmocyeaHHsIX (iHxeHepHi KOHCMpPYKuii, pinbmpauitiHi cucmemu). Ceped Hux ocobueoi
e8azu Habyearomb UuniHOpUYHi cmpyKkmypu, w0 Hepioko xapakmepu3yrombcsi padianbHO wapyeamicmio ma HeoOHopidHicmio. BueyeHHs1 Hanpy-
JKeHo-OeghopmMieHO20 cmaHy makux o6’ ie mae cy np IYHe 3HaYeHHs1 Osi Po3paxyHKy IXHbOI MiyHocmi, cmilikocmi i e¢pekmueHo20
yHKyioHyeaHHs1. He3eaxaro4yu Ha 3Ha4yHull o6csie HayKkoeux npayb, 6inbwicme 3 HUX 6a3yembcsl Ha YuceslbHOMY ModestoeaHHi. BodHo4yac came
aHanimuy4Hi Memodu daromb 3MO2y ompumamu 2aubwe po3yMiHHA hi3u4YHUX 3aKOHOMipHOCMel, eusseuUMU 2paHUYHi peXXuMu ma 3abesneyumu
nepeeipky 4ucenbHux nioxodie.

Y nponoHoeaHili po6omi po3anssiHymo aHanimu4yHe po3e‘'a3aHHS ocecuMempuYHoi 3adayi 07151 CKiH4eHHO20 3a 008XKUHOH MOPOMNPYXHO20 YuJli-
HOpa 3 padianbHo-wapyeamoro cmpykmyporo. [jo yuniHOpuYyHoOi noeepxHi NpuknadeHo HagaHMa)KeHHs, WO Moe 6ymu sik MexaHiYyHUM, mak i Haea-
Hma)xeHHsIM mucky. BepxHili i HWkHIiU mopui yuniHOpy nepebysaromb 6 ymMoeax 251a0Ko20 KOHMakmy ma € HenpoHukHumu. Mix wapamu
BUKOHYIOMbLCS1 yMO8U ideasibHO20 MexaHiYHO20 KOHmMakmy. 3acmocyeaHHsi Memody iHmezpanibHO20 nepemeopeHHs Pyp'e Hadae Moxxiueicms 3ee-
cmu euxidHy 3adayy do oGHo8UMIpHOI 8eKMOPHOI Kpaiioeoi 3adayi, 3a2anbHuUli PO38's30K sIKOI ompumaHo 3a AonoMo20t0 arnapamy Mampu4HoO20
dughepeHyianibHO20 YucneHHs. [ns1 3Haxo0xeHHs1 HegidoMuUX cmaJsiux KOXXHO20 wapy YuiHopy euKkopucmaHo Memood peKypeHMmMHuUXx crnieeiGHoWeHb.
Y nidcymky ompumaHo moyHuli po3e'a30k, wjo dae 3moay docnidumu po3noodin HopmasbHUX HarnpyXeHb i MUCKy piOUHU 3anexHo 8id npuknadeHo2o
HasaHMaXXeHHsl, 2e0MempUYHUX XxapaKmepucmuk i ¢pi3uko-mexaHi4HuUx enacmueocmeli wapie. Odep)xaHi pe3ynbmamu € eaxueumu Oss1 nodasb-
wo20 po38UMKy aHanimu4Hol MexaHiku MoponpyxHux cepedosuuy.

Knio4yoBi cnoBa: ocecumempuyHa 3ada4va, MoponpyxHicms, wapyeamull yuniHop, inmezpanbHe nepemeopeHHs1 Pyp'e, MampuyHe
dughepeHyiasibHe YUCIIEHHS, PeKypeHmi crie8iOHOWeHHs.
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