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S(t) t 2 (0,T ) I(t)



t 2 (0,T ) R(t) t 2 (0,T )
8
><

>:

Ṡ(t) = �↵(t)S(t)I(t),
İ(t) = ↵(t)S(t)I(t)� �(t)I(t),

Ṙ(t) = �(t)I(t)

t 2 (0,T ),

↵(t) t 2 (0,T ) �(t) t 2 (0,T )

Ṡ(t) + İ(t) + Ṙ(t) = 0, t 2 (0,T ),

8
><

>:

Ṡ(t) = �↵(t)S(t)I(T )� µ(N � S(t)),

İ(t) = ↵(t)S(t)I(t)� �(t)I(t)� µ,

Ṙ(t) = �(t)I(t)� µR(t),

t 2 (0,T ),

µ

N

(
Ṡ(t) = �↵(t)S(t)I(T )� µ(N � S(t)) + �(t)I(t),

İ(t) = ↵(t)S(t)I(t)� �(t)I(t)� µ,
t 2 (0,T ),



8
><

>:

Ṡ(t) = �↵(t)S(t)I(T )� µ(N � S(t)) + �R(t),

İ(t) = ↵(t)S(t)I(t)� �(t)I(t)� µ,

Ṙ(t) = �(t)I(t)� µR(t)� �R(t),

t 2 (0,T ),

�

8
><

>:

Ṡ(t) = �↵(t)S(t)I(t)� µ1(t)S(t) + �(t),

İ(t) = ↵(t)S(t)I(t)� �(t)I(t)� µ2(t)I(t),

Ṙ(t) = �(t)I(t)� µ3(t)R(t),

t 2 (0,T ),

µ1(t) µ2(t)

µ3(t) t 2 (0,T ) �(t)

t 2 (0,T )



8
><

>:

Ṡ(t) = �↵(t)S(t)I(t)� µ1(t)S(t) + �(t), S(0) = S0

İ(t) = ↵(t)S(t)I(t)� �(t)I(t)� µ2(t)I(t),I(0) = I0

Ṙ(t) = �(t)I(t)� µ3(t)R(t), R(0) = R0,

t 2 (0,T ),

S0 > 0 I0 > 0 R0 > 0 �(t) �(t)

t 2 (0,T ) [0,T ]

Ṡ(t) = (�↵(t)I(t)� µ1(t))S(t) + �(t),t 2 (0,T ).

�(t) t 2 (0,T )

[0,T ]

Ṡ(t) = (�↵(t)I(t)�µ1(t))S(t)+�(t) > (�↵(t)I(t)�µ1(t))S(t),t 2 (0,T ).

S(t) > S0exp

⇢
�
Z T

0
(↵(⌧)I(⌧)� µ1(⌧))d⌧

�
> 0, t 2 (0,T ).

I(t)

t 2 (0,T )

İ(t) = (↵(t)S(t)� �(t)� µ2(t))I(t), t 2 (0,T ).

I(t) = I(0)exp

⇢Z T

0
(↵(⌧)S(⌧)� �(⌧)� µ2(t))d⌧

�
> 0, t 2 (0,T ).



R(t) t 2 (0,T )

R(t)

Ṙ(t) = �(t)I(t)� µ3(t)R(t), t 2 (0,T ),

�(t) t 2 (0,T )

[0,T ] I(t) > 0

t 2 (0,T )

Ṙ(t) = �(t)I(t)� µ3(t)R(t) > �µ3(t)R(t), t 2 (0,T ).

R(t) t 2 (0,T )

R(t) > R(0)exp

⇢
�
Z T

0
µ3(⌧)d⌧

�
> 0, t 2 (0,T ),

N = S(t) + I(t) +R(t), t 2 (0,T ).

S(t) =
I0k1(t)

exp
R t
0 k3(s)ds�I0

R t
0 exp

R t
⌧ k3(s)ds k1(⌧)↵(⌧)d⌧

+ k2(t), t 2 (0,T ),

I(t) =
I0

exp
R t
0 k3(s)ds�I0

R t
0 exp

R t
⌧ k3(s)ds k1(⌧)↵(⌧)d⌧

, t 2 (0,T ),

R(t) = N � I0(k1(t) + 1)

exp
R t
0 k3(s)ds�I0

R t
0 exp

R t
⌧ k3(s)ds k1(⌧)↵(⌧)d⌧

� k2(t), t 2 (0,T ),



k1(t) =
µ3(t)� µ2(t)

µ1(t)� µ3(t)
,t 2 (0,T ),

k2(t) =
�(t)� µ3(t)N

µ1(t)� µ3(t)
, t 2 (0,T ),

k3(t) = �(t) + µ2(t)� k2(t)↵(t), t 2 (0,T ).

˙S(t) + ˙I(t) + ˙R(t) = 0, t 2 (0,T ).

˙R(t) = � ˙S(t)� ˙I(t), t 2 (0,T ).

R(t) = N � S(t)� I(t), t 2 (0,T ).

S(t) I(t) t 2 (0,T )

Ṡ(t) + İ(t) = ��(t)I(t)� µ1(t)S(t)� µ2(t)I(t) + �(t), t 2 (0,T ),

Ṙ(t) = µ1(t)S(t) + µ2(t)I(t)� �(t), t 2 (0,T ).

R(t) t 2 (0,T )

Ṙ(t) = �(t)I(t)� µ3(t)(N � S(t)� I(t)), t 2 (0,t).

(�(t) + µ2(t))I(t) + µ1(t)S(t)� �(t) =

= (�(t) + µ3(t))I(t) + µ3(t)S(t)� µ3(t)N, t 2 (0,T ).

S(t) t 2 (0,T )



S(t) =
(µ3(t)� µ2(t))I(t)� µ3(t)N + �(t)

µ1(t)� µ3(t)
= k1(t)I(t) + k2(t), t 2 (0,T ).

I(t) t 2 (0,T )

İ(t) = (↵(t)(k1(t)I(t) + k2(t))� �(t)� µ2(t))I(t), t 2 (0,t), I(0) = I0.

I
2(t)

t 2 (0,T )

1

I2(t)
İ(t) = k1(t)↵(t) + (k2(t)↵(t)� �(t)� µ2(t))

1

I(t)
, t 2 (0,T ).

z(t) = 1
I(t) t 2 (0,T )

ż(t) = k3(t)z(t)� k1(t)↵(t), t 2 (0,T ), z(0) =
1

I0
.

z(t) =
1

I0
exp

R t
0 k3(s)ds�

Z t

0
exp

R t
⌧ k3(s)ds k1(⌧)↵(⌧)d⌧, t 2 (0,T ).

I(t) =
I0

exp
R t
0 k3(s)ds�I0

R t
0 exp

R t
⌧ k3(s)ds k1(⌧)↵(⌧)d⌧

, t 2 (0,T ).

S(t) =
I0k1(t)

exp
R t
0 k3(s)ds�I0

R t
0 exp

R t
⌧ k3(s)ds k1(⌧)↵(⌧)d⌧

+ k2(t), t 2 (0,T ).

R(t) = N � I0(k1(t) + 1)

exp
R t
0 k3(s)ds�I0

R t
0 exp

R t
⌧ k3(s)ds k1(⌧)↵(⌧)d⌧

� k2(t), t 2 (0,T ).



↵(t) = ↵ �(t) = � �(t) = � µ1(t) = µ1 µ2(t) = µ2

µ3(t) = µ3 t 2 (0,T )

I(t) =
I0

exp
R t
0 k3ds�I0

R t
0 exp

R t
⌧ k3ds k1↵d⌧

=
I0

expk3t�↵k1I0
R t
0 exp

k3(t�⌧) d⌧
=

=
I0

expk3t�↵k1I0 expk3t
R t
0 exp

�k3⌧ d⌧
=

I0

expk3t+↵k1I0 expk3t
1
k3
exp�k3⌧ |t0

=

=
I0k3

k3 expk3t+↵k1I0 expk3t(exp�k3t�1)
=

I0k3

(k3 � ↵k1I0) expk3t+↵k1I0
, t 2 (0,T ),

k1 =
µ3 � µ2

µ1 � µ3
, k2 =

�� µ3N

µ1 � µ3
, k3 = �+ µ2 � k2↵.

S(t) =
I0k1k3

(k3 � ↵k1I0) expk3t+↵k1I0
+ k2, t 2 (0,T ),

R(t) = N � I0k3(k1(t) + 1)

(k3 � ↵k1I0) expk3t+↵k1I0
� k2, t 2 (0,T ).



8
>>>>>>>>>>><

>>>>>>>>>>>:

S(tk+1) = S(tk)� ↵(tk)S(tk)I(tk)� µ1(tk)S(tk)+

+�(tk), S(0) = S0 > 0,

I(tk+1) = I(tk) + ↵(tk)S(tk)I(tk)� �(tk)I(tk)�
�µ2(tk)I(tk), I(0) = I0 > 0,

R(tk+1) = R(tk) + �(tk)I(tk)�
�µ3(tk)R(tk), R(0) = R0 > 0,

M(tk+1) = M(tk) + µ2(tk)I(tk),M(0) = M0 > 0,

k = 1,m.

0

BBBB@

S(tk+1)

I(tk+1)

R(tk+1)

M(tk+1)

1

CCCCA
=

0

BBBB@

�S(tk)I(tk) 0 0

S(tk)I(tk) �I(tk) �I(tk)

0 I(tk) 0

0 0 I(tk)

1

CCCCA
⇥

0

B@
↵(tk)

�(tk)

µ2(tk)

1

CA+

+

0

BBBB@

(1� µ1(tk))S(tk) + �(tk)

I(tk)

(1� µ3(tk))R(tk)

M(tk)

1

CCCCA
, k = 1,m+ 1,

0

BBBB@

S(0)

I(0)

R(0)

M(0)

1

CCCCA
.

µ1(tk) = µ3(tk) �(tk)

k 2 1,m ↵(tk),�(tk),µ2(tk) k 2 1,m

x(k + 1) = f(k,x(k))ak + g(k,x(k)), k = 1,m,

x1(k) = S(tk), x2(k) = I(tk), x3(k) = R(tk), x4(k) = M(tk), k = 1,m+ 1,



x(k) =

0

BBBB@

x1(k)

x2(k)

x3(k)

x4(k)

1

CCCCA
, x(1) =

0

BBBB@

S(0)

I(0)

R(0)

M(0)

1

CCCCA
, ak =

0

B@
↵(tk)

�(tk)

µ2(tk)

1

CA , k = 1,m,

f(k,x(k)) =

0

BBBB@

�S(tk)I(tk) 0 0

S(tk)I(tk) �I(tk) �I(tk)

0 I(tk) 0

0 0 I(tk)

1

CCCCA
, k = 1,m,

g(k,x(k)) =

0

BBBB@

(1� µ1(tk))S(tk) + �(tk)

I(tk)

(1� µ3(tk))R(tk)

M(tk)

1

CCCCA
, k = 1,m.

x(k) 2 R
4
k = 1,m+ 1

ak 2 R
3
k = 1,m

x(k + 1) = f(k,x(k))ak + g(k,x(k)) + ⌘k, k = 1,m,

f(k,x(k) k = 1,m 4 ⇥ 3 g(k,x(k)) 2 R
4

k = 1,m ⌘k k = 1,m

�+ak 2 Uk ✓ R
3
k = 1,m� 1 �+ak = ak+1 � ak k = 1,m� 1

⌘k 2 Vk ✓ R
3

k = 1,m

Ga = {a : (x(k + 1)� f(k,x(k))ak � g(k,x(k))) 2 Vk, k = 1,m,

�+aj = aj+1 � aj,j = 1,m� 1},

a = (a1, . . . , am)



ā = (ā1, . . . , ām) 2 Ga

a

Uj j = 1,m� 1 Vk k = 1,m

Ga

Ga =

(
a :

mX

k=1

q2k|x(k + 1)� f(k,x(k))ak � g(k,x(k))|2+

+
m�1X

k=1

q1k|ak+1 � ak|2 6 '
)
,

q1j j = 1,m� 1 q2k k = 1,m '

Ga

Ga = Ga1 ⇥ · · ·⇥Gam, ak 2 Gak ✓ R
3
, k = 1,m.

�(a) =
mX

k=1

q2k|y(k)� fkak|2 +
m�1X

k=1

q1k|ak+1 � ak|2,

y(k) = x(k + 1)� g(k,x(k)), fk = f(k,x(k)), k = 1,m.

â = (â1, . . . , âm)

â 2 Argmin
a2Ga

�(a) �(a)

u = (u1, . . . , um�1) uj = aj+1 � aj j = 1,m� 1

a1 2 Ga1 G1

G1 =

(
(u,a1) :

mX

k=1

q2k|y(k)� fkak|2 +
m�1X

k=1

q1k|uk|2 6 '
)
.

G1

G1 = U(1) ⇥ · · ·⇥ U(m�1) ⇥Ga1,

ui 2 U(i) ✓ R
3
, i = 1,m� 1.

�(a) â

(û, â1) 2 Arg min
(u,a1)2G1

I(u,a1)

I(u,a1) =
mX

k=1

q2k|y(k)� fkak|2 +
m�1X

k=1

q1k|uk|2.



â

x(k) k = 1,m+ 1

j j = 1,m� 1 âj+1

âj x(j) x(j + 1)

a1 = 0 â1 = 0

I(u,â1) = I(u)

�(a) â

âk+1 = âk + Fk(y(k)� fkâk), â1 = 0, k = 1,m� 1,

Fk = Pkf
⇤
k (fkpkf

⇤
k + (q2k)

�1
E)�1

, k = 1,m� 1,

Pk+1 = (E � Fkfk)Pk(E � Fkfk)
⇤ + (q1k)

�1
E+

+(q2k)
�1
FkF

⇤
k ,P1 = 0, k = 1,m� 2,

⇤

�k = max
ak2Gak

kâk � akk = �1/2max(HkA
�1
H

⇤
k)( � �(â))1/2, k = 1,m,

�max(A) A Hk

Hka = ak, k = 1,m;

A = {Aij}mi,j=1

Ak,k�1 = �q1,k�1, Ak,k = q1,k�1 + q1,k + q2kf
⇤
kfk, k = 2,m� 1,

Ak,k+1 = �q1k, k = 2,m� 1, A11 = q11 + q21f
⇤
1f1, A12 = �q11,

Am,m�1 = �qm,m�1, Am,m = qm,m�1 + q2mf
⇤
mfm.



µ1(t) = µ3(t) = µ = const

�(t) = � = const t 2 (0,T )

µ

µ =
365⇥ .

�

� =
⇥

365⇥ .

µ ⇡ 0,000029;� ⇡ 2520,026.



↵(tk) k = 1,92

↵̂(tk) k = 1,92

8
>>>>>>>>>>><

>>>>>>>>>>>:

S(tk+1) = S(tk)� ↵(tk)S(tk)I(tk)� 2,915S(tk)+

+2520,026, S(0) = S0 > 0,

I(tk+1) = I(tk) + ↵(tk)S(tk)I(tk)� �(tk)I(tk)�
�µ2(tk)I(tk), I(0) = I0 > 0,

R(tk+1) = R(tk) + �(tk)I(tk)�
�0,000029R(tk), R(0) = R0 > 0,

M(tk+1) = M(tk) + µ2(tk)I(tk),M(0) = M0 > 0,

k = 1,92. ,

t1 = tm+1 = �t = tk+1 � tk =

k = 1,92

↵(tk) �(tk) µ2(tk) k = 1,92

'1 = 1.1783e+06 S(tk) I(tk) R(tk)

M(tk) k = 1,92 1%

'2 = 2.3566e + 06 S(tk) I(tk)

R(tk) M(tk) k = 1,92 2%



�(tk) k = 1,92

�̂(tk) k = 1,92

µ2(tk) k = 1,92

µ̂2(tk) k = 1,92

↵̂(t1) = 0 �̂(t1) = 0 µ̂2(t1) = 0



'1 = 1.1783e+ 06

'2 = 2.3566e+ 06







xj

wkj

wkj

bk



mX

j=1

wkj · xj,

yk = '(uk + bk),

x1 x2 xm wk1 wk2 wkm

uk bk ' yk

vk = uk + bk.

yk



'(v)

'(v) =

8
<

:
0

1

yk =

8
<

:
0 vk

1 vk

vk

vk =
mX

j=0

wkj · xj + bk,



'(v) =

8
>>><

>>>:

0 ,

v ,

1 ,

'(v) =
1

1 + e�av
,

↵



'(v) =

8
>>><

>>>:

�1

0

1

'(v) = tanh(v).

tanh(v)

tanh(v)

tanh(v)



'(v) = kv 1 1

'(v) =

8
<

:
kv

0
1

'(v) = 1
1+e�av

'(v) = eav�e�av

eav+e�av

'(v) = e
�av 1

'(v) = sin(v)

'(v) = v
a+|v|

'(v) =

8
>>><

>>>:

�1

v

1

'(v) =

8
>>><

>>>:

0

v

1

'(v) =

8
<

:
0

1

'(v) = |v| 1

'(v) =

8
<

:
1

�1

'(v) = v
2 1





↵



x · F (x) F (x)



'(v) = max(0, v) 1 1
'(v) = max(0,0.1 ⇤ v) 1 1
'(v) = max(v,a ⇤ v) 1 1
'(v) = eviPm

i=1 e
vi 1 1

'(v) = sigmoid(v) · v 1 1
'(v) = 0.5v(1 + tanh(

q
2
⇡(v + 0.045x3))) 1 1

'(�,v) =

8
<

:
�a(ex � 1),

�v,
1 1



















































tanh

tanh

tanh



tanh

tanh







↵ � µ2
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