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Jlocnioocyemucs numanns nabnuxcenns gynkyiti f e W' [O,l]ﬂ Alre (3,4) ancebpaiunumu norinomamu

Pp € HnﬂAl . [lobydosano konmpnpukiao, skuti nokasye, wo oasa f e Wr[O,l]ﬂ Al re (3,4) oyinka

[ FX)-pn(X) < cniz(alx(l— x))",x €[0,1] € nesipnoro.

Krniouosi cnosa: Habnuoicenns gpynxyii, npocmip Cobonesa, aneebpaiynuti noiiHoM, MOHOMOHHA
Gynryis, onykia gyuxyis.

We discuss whether on not it is possible to have interpolatory estimates in the approximation of a
function f e W'[0,1] by polynomials. The problem of positive approximation is to estimate the pointwise

degree of approximation of a function f e C"[0,11n A% where AYis the set of positive functions on [0,1].

Estimates of the form (1) for positive approximation are known ([1],[2]). The problem of monotone
approximation is that of estimating the degree of approximation of a monotone nondecreasing function by
monotone nondecreasing polynomials. Estimates of the form (1) for monotone approximation were proved in
[3].[4].[8]. In [3],[4] is consider red,r>2. In [8] is consider redJ,r>2. It was proved that for monotone

approximation estimates of the form (1) are fails for r > 2,r 0. The problem of convex approximation is that

of estimating the degree of approximation of a convex function by convex polynomials. The problem of
convex approximation is that of estimating the degree of approximation of a convex function by convex
polynomials. The problem of convex approximation is consider in ([5],[6]). In [5] is consider re0,r>2.1In

[6] is considerr e ,r > 2. It was proved that for convex approximation estimates of the form (1) are fails for
r>2,rel. In this paper the question of approximation of function f eWrﬂAl,re(3,4) by algebraic

polynomial pp el'[nﬂAl is consider. The main result of the work generalize the result of work [8] for
re(3,4).

Key Words: Approximation of function, Sobolev space, algebraic polynomial, monotone function, convex
function.
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Beryn.

Hexait W' rel kmac ¢yuxuiii f eC[0,1],
TakuX, 110 MalTh aOCOIIOTHO HemepepBHY (r—1)
MOXIAHY 1 ‘f(r)(x)‘ <1 maibke ckpizb Ha [0,1].
TensxoBcokuii [1] mist r=1 ta ['onenrays st r e
[2] mocwmnunau mpsMy TeopeMy Hikombcbkoro —
few'

MOKHA HAaOIM3UTH anreOpaidHUM MHOTOWICHOM pPp

TiMMmaHa HOBIBIIM, IO KOXHY (DYHKIIIFO

CTCIICHA < N Tak, 10

| £(X) = pn(X) | c(r)(—\lx(i_x))r,n >t

M)

e ¢ - aDCOJIFOTHA CTalia.

DeVore ta Yu [3] moemwm, mo mpu r =12 ormidka
(1) cnpaBemnmBa 1 TpU HAOIMKEHHI MOHOTOHHOI
(YHKI[IT MOHOTOHHUM MHOTOYJICHOM.

few', to
iCHye MOHOTOHHHUI MHOTOUWIEH Py, TaKHH, IO Mae
mictre (1).

A came, SKIIO MOHOTOHHA (QYHKITis

B poboti [4] moBemeHo, MmO TSI HATYPAIBHOTO
r>2,rel omiaka (1), B3arami Kaxydu, HEBipHa IS
MHOTOHHOT'O HaOMKEHSI.

Hna  omykmoro HaOMKeHHS TpH > 2,r el

noBeaeHo [5], mo ortinka (1) Takox € HEBIPHOIO.

Jlns rel]l BBememo kmac ¢ynxkmiii W'[0,1], Takux,
r-1 . r
mo Dy ~f abcomorHo HemepepsHa i ‘DO +f‘£l

Mmaiibxe ckpizb Ha [0,1] (TyT D(;;lf - JTIBOCTOPOHHS

npoboBa moximHa [7]).

Bynemo mnosnauatm uepe3 II,- MHOXHHY BCIX

anrebpaldHUX TONIHOMIB CTermeHs <n 1 depe3 Al
MHOXHHY MOHOTOHHHX BHHU3 Ha [0,1] dyHKuiii.

OCHOBHUM pe3yIbTATOM € TEOPEMA, SIKA y3arajbHIOE
pesynpTaT pobotu [8] Ha wmacu W I'[O,l]r] Al 3
re(3,4),reL .

OcHOBHI 03HAYEHHS TA AONOMIKHi TBepIKeHHS.

CnovaTKy HaragaeMo OCHOBHI O3HA4€HHs Ta (aKTH,
SIKI BUKOPHUCTOBYIOTBCSI B POOOTI.

Osnauenna 1. Hexail ¢(x) € L1(a,b) . [nrerpanu
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def
(1800 = —— [ _dt x>0 @
[(a) S (=t
def b
(& 9)(%) S e o ?)

[(a) . (x—t)@

Ie «>0Ha3uBalOThCs IHTErpajamMd  JIpoOOBOTO

MOPSAKY « .

[Mepmmii Ha3WBalOTH JIIBOCTOPOHHIM, a JpPYTHH
npaBoctoponHiM. Illo  crocyethcst  ApoOOBOIO
IudepeHIliloBaH s, TO HOro CIiJg BBECTH, SK

orepaiiiro 00epHeHy ApoOOBOMY IHTErpyBaHHIO [7].

Osnauenns 2. Jlna ¢ysknii f(Xx), mo 3agaHa Ha

BifIpi3Ky [a,b] KOKeH 13 BHpa3iB

(1)

ooy 1 d
(D )Y = o j o @
a __ 1 dr f@®
O D0 = o dx')[(x—t)a ©)
HA3MBAETHCS TIpoOOBOIO TTOX1JHOIO

opsAIKY &, 0 < & <1 BIAMOBITHO JIIBOCTOPOHHKLOIO Ta
MPaBOCTOPOHHBOIO.

[lepeiimemo 10 1poOOBHUX MOXIMHUX MOPAIKIB o >1
a =[a]+{a},
ne [a]-mina wactmHa uwwmcna o 1 {a}-mpobosa

YJaCTHHa 9dJjia o .

SIKmo « - 1ije 9ucio, TO Mif APoOOBOIO MTOXiITHOIO

nmopsiaka  « OymeMo  po3ymiTm  3BU4YaiHE
nmudepeHITiOBaHHS:
d\* d\*
(04 o
Da+ Z(&j ,Db_ Z(—&j ,a=l,2,3... (6)

SKmo X « -He Iie, TO MpPaBHJIBHO BBECTH 3a
thopmynamu:

1 [gJ”I f(t)
C(n-a)ldx) J (x_pan+

a

DZ, f = dt,n=[a]+1 (7)

ac (D" (d) f(t) ~
DY f _—F(n—a)(dx) j—(t—x)a_m’l dt,n=[a]+1 (8)

X

Hacrynna Tteopema pae gocTaTHi YMOBH JUIS
ICHyBaHHSI POOOBUX TOXiTHUX OY/Ib-SKOTO MOPSAKY
a,a>0 [7].

Teopema 1. Hexai o>0 Ta ¢ynkuia f(x) mae

aOCOJIIOTHO  HEMNEpPEepBHY  MOXiAHY  MOPSAKY
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nn=[a]+1. Toxi DS, f icHye Maiixke CKpi3b i MOXKE
OyTu mpecTaBieHa y BUTIISL

n-1 (k)
a ¢ _ f(a)
Da+f"zr(1+k I

9
(M) @) ®)

r(n a)J.(X t)a n+1

OCHOBHUM PEe3y/IbTaTOM € TeOPeMa, SIKa y3arajibHIOE
pesymsratr pobotn [8] ma kmacu W'[0,1]
r e(3,4),r ell.

pu

OcHoBHMI pe3yabTar.

Teopema 2. Hexait re(3,4). Tomi s KOXHOTO N
icuye gynkuis F =F, eWr[O,l]ﬂ A Taka, 110 s
KOXKHOT'O TIOJIHOMA Ppy el‘[nﬂAl 1 g Oyab-sikoi

(0;1) odysxmii v, 10
limy(x)=0 copaBemuBa ojHa 3
x—1

JIOJATHOI  Ha TaKoi,
limy((x)=0 1
x—0

TAaKHUX BIACTUBOCTEH:

WlF(X)_ pn(x)| _

(11)
x=0 o' (x)y(x)

abo
W'F(X)_ Pn (X)| _
x=1 o (x)p(X)

ne o(x) = Jx(l— X) .

Hoseoennsn. Hexaii r e (3,4). PosrinsHeMo QpyHKIIiO:

(12)

1
—=+4

b (x+7)-2 (1+x)b +

(b—x)*
41

b4 1+4
+T(1_X)b , xe[0,b]
f(x)= 1
4 b4 —=+4
b (x+7)—7(1+x) b4
4 1

+bT(1—x)b , xe(®]1]

3 sBHoro Burisay ¢yskoii f(x) Ta 1 moximHuXx,

MOXHA OTPUMATH HEPIBHOCTI:
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f(1)<§b4 f(0)_1643 >0,

£10)~b*+ 163 50, f/(b) ~ b* + b3 50
12 4
4 b
@ ~b* 10 ~=->0,
2 b2 1
f'(b) ~ ——e L <0, f"(1) ~— 52 b <,
f7(0) ~ —%b <0,f"(0)~2e 150,
1
”(1)~ 2 b0

TToMiTHMO TaKOX, IO
f® o) >0, f®(b1) <0 1o
wvxe[o,b): f®(x)>0,vxe b]: f®(x) <o0.

3  OCTaHHIX  HEPIBHOCTEH  3pO3ymiio, IO
vxe[0,4]: f'(x) >0 i pyukmis f 3pocrae nHa [0,1] Ta
vx e[0,1]: f(x)>0.

Hami, icaye

X €(0,b): f"(x)=0,vxe[0,%]: f"(x)=>0 Ta

vxe[x,1: f"(x) <0.

Taxox icHye Xg €[x1,b]: f"(Xg) =minygoq) f"(X).

3 saBHoro Buriany f’(X) OTpuMaeMo OIIHKY
vx e[0,b]:

2 2 2
T L PO

2 4 2

b2
acame, f"(xg) 2 -5

Jami posrisiHemo dyHKIiI0 F(X) = x*f (x).
HoBenemo, mo F eW r [0,2] AL

Posrnsinemo F'(X) = 4x3f (x)+ x* "(X).

vxe[0,f(x)=0 i f'(x)=0, TO
vx €[0,1]: F'(x) >0. Takum unHOoM F e AL,

Tak sx

Tenep nosenemo, mo F eW'[0,1].
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3a Teopemoro 2.3 B pobori [7] Maemo:

md (k)
FE =S O ker
D0+F(X)"I§)r(1+k—r)x
J. (m)(t)
r(m—r)  (x-t)
_23: FR© | f FO0
F(1+k r) F(4 r) (x - 3

Maibke ckpi3b Ha [0,1].
Tak ax F&)(0)=0 npu k=0,1,2,3 10

F) ® 4

r
D0+F( r(4- r)I(X t)r 3

Maiixe ckpisb Ha [0,1].

OueBuHO, o 3¢ >0,c el Taka, 110
wxe[0,1: F® ) |<c.
Toni

DL, F(X) = — -
| Dg, F(| r(4—r)£(x_t)r—3

oo c
CT(@4-r)4-r  (4-NT@4-1)

TakuM duHOM, D(; F(X) icHye maiixe CKpi3b Ha

[0,1].

OueBHUIHO, IO

) FO |,
D6+ F(x)= r3- r)'[(x t)r 3

Oyze abCONFOTHO HElepepBHOI0.
Takum anHOM, F eW" [O,l]ﬂ Al

Hexaii icHye MHOTOWIEH 0, IKUIl MOHOTOHHO
3pocrae Ha [0,1] i st sikoro ymosa (11) He
BHKOHYETBCSI.

Tomi, s neskoi ctagoi B Maemo:

| F(x)—qn (X) [< Be" (X)w(x) <Bx"/2,0<x<b.

3BiACH BUILIUBAE, 110
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dn(0)=F(0)=0 i gn(0)=F'(0)=0.

Tak six gy, 3pocrae Ha [0,1]1 g,(0) =0, ToO
vx€[0,1]:gn(x) =0. Toni MHOrOUWIEH ¢, Mae
BUIIIAL, O (X) = x2 ~hn1(x), ze hnl MHOTI'OYJICH

CTENeHd <y, m <n.
PosrngneMo MHOro4jieH

In (¥) =an () + F'(Q)x+ £(0) .
HoBenemo, 1o ymoBa

TMGELCTI (13)
x—0 ¢ (%)

HC BUKOHYETbHCH.

Posknagemo ¢yukmito f(x) 3a popmyinoro Teiiiopa:

f(x) = f(0)+ f(o) f;(lo)xz f,;(lo)x3+o(x3), x <[0;b]

Tomi

i 100 -aa (0] _
Xx—0 #" (%)

. f(0)+f'(0)x+@x2 f"'G(O)x3+o( )—qn(x) )

x—0 r
x2

o 0 2(0) x2 4+ 0 x3+0( )—qn(x)
Xx—0 r

X2
— | £'(0)  "(0) j 2-1/2

= lim| —%+——>x+0(x)=h, (X) |X =0

Ho[ 2 6 ()=, 09

Taxk sixk ymoBa (13) He BUKOHY€EThCS, TO
n(0) = £(0),dr (0) = £'(0).
3a HepiBHiCTIO MapKoBa MaeMo:

< +b* = £/(0) | 6 (0) [< 207 [ Gn I

3a noOyznoBoro MHOrowieHa Gy (X) 6adumo, 1o BiH
3pOCTae.

Toni Il G, I=G(1).
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Tax, sk |l Gy, = §(1), To Maemo Maewmo, mo
1
3 3 _= 3
2 < onl4, )= g > (14) 8% — 4642 b — g (- L —p* - 18p4
18 36n 12 12
— b> 175
3 iHmoro 60Ky, — 8% —4p?2 b = Gn (D L1 N
12 12
1
4 3 2 3 2 3 _=
f(1)£45b _45b%-b-36n° _ b” 45bn“36 _ 3b_=qn(1)_2ilb4+4b42 b
36n%-4  36n® 4 12 12
451 _n23g 3
~ b3 46802 ~ b3 45-36 Tomi,  o4eBMAHO,  WIO G () ~c-b”, ne
36n° 4 36n” 4-468 czi,c:const.
b3 459 b3 405 b1 12
=— = ST (15)
36n2 468 3pn2 468 3pn 3  ocraHHiX  MIpKyBaHb  BHUIUIMBAE, IO
3
3 mepiBHOcTeit (14) Ta (15) maemo, mo f(1) =G (1) , an@® =G, - f'(0)-f(0) ~ c-b® —2—2 = cl-b3,
a came f(I) <o (D). me ¢ >0, ¢ =const.

Hani posrisiHemo: Gy (1) =g @)+ f'(0)+ f(0).
ITpunyctumo, mo g,(0) = f(@).
Tomi (1) = f@)+ f'(0)+ f(0).

3 0CTaHHLOI'0 MAEMO, 11O

f()=d, - '(0)-f(0)

Mu 110 gp®>0, ©6o B

MPOTHJIGKHOMY BHIAJKy TBEPKEHHS TPO Te, IO
f (@ +=qn (1) oueBngHO.

IIPUITYCKAEMO,

Axne 3 iamoro 6oky, f(1) ~ 8b*.
Takum YUHOM MaeMO CYIIEpPEYHICTD 3
IPUITYIIEHHAM, q, (1) = f (D).

Aorxe )= fQ)=F(@).

Teopema ngoBezeHa.

BucHoBkn.

JloBeneHo HeraTUBHUM pe3ybTaT A MOHOTOHHOI'O
HaOMmKeHHs (YHKIIA MHOTOWIEHAMH, SKHH €
y3arajabHEHHSIM HETaTHUBHOI'O pe3ynbTaTy
JIoBemeHoro B pobori [8].
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