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Abstract

Using a probabilistic technique based on exponential change of measure, we
derive precise tail asymptotics of some perpetuities with distributions close to the
Dickman distribution.
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1 Introduction

Let (Mk, Qk)k≥1 be independent copies of an R2-valued random vector (M,Q) defined on
a common probability space (Ω,F ,P). Whenever the random series

Q1 +
∑
k≥1

M1 · . . . ·MkQk+1

converges almost surely (a.s.), its sum that, denoted by -,= is called perpetuity. The term
‘perpetuity’ is justified by the fact that such random series occur in the realm of insurance
and finance as sums of discounted payment streams. A theory of perpetuities, accumulated
up to 2016, is well documented in the monographs [7] and [23]. An incomplete list of more
recent publications includes [3, 10, 12, 24, 25, 28]. An interesting recent generalization of
perpetuities can be found in [31].

In Theorem 3.1(a) of [14] it is shown that if |Z| <∞ a.s., M and Q are independent,
P{M ∈ [0, 1]} = 1, the function ϵ 7→ ϵ−1P{M ∈ [1 − ϵ, 1]} is bounded away from 0 and
∞ for small positive ϵ and the constant b := sup{x : P{Q ≥ x} > 0} satisfies b ∈ (0,∞),
then

− logP{Z > t} ∼ b−1t log t, t→ ∞, (1)

that is, the right distribution tail of Z exhibits a Poisson-like decay.
We became curious whether a precise, rather than logarithmic, asymptotic can be

derived under comparable assumptions. The present paper answers this question in the
affirmative. Here are our
Standing assumptions:
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• M and Q are independent;

• M has a beta distribution with parameters α > 0 and 1, that is, P{M ∈ dx} =
αxα−1

1(0,1)(x)dx;

• E[log+ |Q|] <∞;

• b ∈ (0,∞).

Here, log+ y = log y if y ≥ 1 and = 0 if y ∈ (0, 1); 1A(x) = 1 if x ∈ A and = 0 if x /∈ A.
Whenever M has the beta distribution with parameters α and 1, we mark M , Z and some
other letters with the lower index α, that is, we write Mα and Zα in place of M and Z.
We call the corresponding perpetuity Zα a Dickman-like perpetuity. The reason is that
the variable Zα−1 arising in the case α = 1 and Q = 1 a.s. has the Dickman distribution,
whereas the term generalized Dickman distribution is sometimes used when α > 0 and
Q = 1. We refer to Theorem 4.7.7 on p. 90 and Section 4.7.8 on p. 93 of [37] or to a
more recent work [34] for various properties of the generalized Dickman distribution. An
even more recent survey pertaining to this distribution can be found in the introduction
of [15].

An extra bonus of our assumptions is a reasonably simple form of the moment gen-
erating function of Zα given in part (b) of the following proposition. We recall that the
distribution of a real-valued random variable X is called selfdecomposable if, for each
c ∈ (0, 1), z 7→ E[eizX ]/E[eiczX ], z ∈ R is the characteristic function of a proper probabil-
ity distribution. Each selfdecomposable distribution is infinitely divisible with the Lévy
measure ν given by ν(dx) = |x|−1k(x)dx, where k is a nonnegative function which does
not increase on (0,∞) and does not decrease on (−∞, 0), see Corollary 15.11 on p. 95 in
[35]. According to Example 27.8 on p. 177 in [35], each nondegenerate selfdecomposable
distribution on R is absolutely continuous with respect to Lebesgue measure.

Proposition 1.1. Let α > 0 and Zα be the Dickman-like perpetuity, that is, it corresponds
to (Mα, Q) satisfying the standing assumptions. Then
(a) Zα−Q1 =

∫
[0,∞)

e−ydA(y), where A is a compound Poisson process with the jumps Q2,

Q3, . . . and the jump times − logMα, 1, − log(Mα, 1Mα, 2), . . .; in particular, the distribution
of Zα − Q1 is selfdecomposable; its Lévy measure ν∗α is given by ν∗α(dx) = |x|−1kα(x)dx,
where kα(x) = αP{Q > x} for x ∈ (0,∞) and kα(x) = αP{Q ≤ x} for x ∈ (−∞, 0).
(b) E[esZα ] <∞ for all s ≥ 0 and

E[esZα ] = E[esQ] exp
(
α

∫ s

0

E[eyQ] − 1

y
dy

)
, s ≥ 0. (2)

(c) For t > 0,
α−1tqα(t) = P{Zα > t} − P{Zα −Q1 > t}, (3)

where qα denotes a density, continuous on (0,∞), of the distribution of Zα −Q1.
Furthermore,

α−1tqα(t) ∼ P{Zα > t}, t→ ∞. (4)
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Although parts (a) and (b) of this proposition are by no means new, we did not see
them in the literature in the present form. We briefly discuss the proof of Proposition 1.1
in Section 6.

For s ≥ 0, put g(s) := E[esQ] and then

ψα(s) := logE[es(Zα−Q1)] = α

∫ s

0

g(y) − 1

y
dy.

The latter equality is a consequence of (2). The function ψα is strictly convex on (0,∞),
hence ψ′

α is strictly increasing on (0,∞). Also, ψ′
α is continuous on (0,∞). We do

not assume that E[Q] is finite. As a consequence, lims→0+ ψ
′
α(s) may be equal to −∞.

On the other hand, for any ε > 0, lims→∞ eεsE[e−s(b−Q)] = ∞. Hence, s−1g(s) =
s−1ebsE[e−s(b−Q)] → ∞ as s → ∞. In particular, there exists s∗ ≥ 0 such that ψ′

α(s) > 0
for all s > s∗. For each t > ψ′

α(s∗), the equation ψ′
α(s) = t has then a unique positive

solution that we denote by sα(t). In particular,

α
g(sα(t)) − 1

sα(t)
= t.

Observe that limt→∞ sα(t) = +∞.
Put

pα(t) :=

∫
(−∞, b]

qα(t− y)dP{Q ≤ y}, t ∈ R.

Then pα is a density, continuous on (b,∞), of the distribution of Zα. We note in passing
that the distribution of Zα is not necessarily infinitely divisible, let alone selfdecomposable.

As usual, r1(t) ∼ r2(t) as t → ∞ will mean that limt→∞(r1(t)/r2(t)) = 1. Here is our
main result.

Theorem 1.2. Under the standing assumptions, as t→ ∞,

pα(t) ∼ 1

α(2πb)1/2
t1/2sα(t) exp

(
− tsα(t) + α

∫ sα(t)

0

g(y) − 1

y
dy

)
and

P{Zα > t} ∼ 1

α(2πb)1/2
t1/2 exp

(
− tsα(t) + α

∫ sα(t)

0

g(y) − 1

y
dy

)
. (5)

Remark 1.3. Let X be a real-valued random variable with P{X > y} > 0 for all y > 0
and Ψ(s) := logE[esX ] <∞ for all s ≥ 0. Arguing as at the beginning of Section 5 it can
be shown that

P{X > t} = exp(−ts∗(t) + Ψ(s∗(t)))J(t) (6)

for an appropriate function J , where, for each t large enough, s∗(t) is the unique positive
solution to Ψ′(s) = t. Put I(t) := sups≥0 (st − Ψ(s)) for t > 0. The function I is the
Legendre transform of Ψ. Since I(t) = ts∗(t)−Ψ(s∗(t)) for large t, the first factor on the
right-hand side of (6) is actually equal to exp(−I(t)) for large t.

The main contribution of Theorem 1.2 is the following universal asymptotic behavior of
the second factor on the right-hand side of (6) when X = Zα: J(t) ∼ (sα(t))−1(2πbt)−1/2
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as t→ ∞. The first factor in (6) is the standard exponential large-deviation term. In the
present setting, it satisfies

e−I(t) ∼ α−1tsα(t) exp
(
− tsα(t) + α

∫ sα(t)

0

g(y) − 1

y
dy

)
, t→ ∞. (7)

Its form differs slightly from exp
(
− ts∗(t) + logE[es

∗(t)Zα ]
)

because sα(t) is defined in
terms of the moment generating function of Zα−Q1, whereas s∗(t) is defined in terms of
that of Zα. The factor α−1tsα(t) in (7) comes from

E[esZα ] = g(s)E[es(Zα−Q1)] and g(sα(t)) = 1 + α−1tsα(t) ∼ α−1tsα(t).

It is straightforward to verify that the two forms of the exponential large-deviation term
are asymptotically equivalent. Multiplying (7) by the above asymptotic formula for J(t),
we recover (5). More explicit asymptotic formulae for the right-hand side of (7) are given
in Section 3 for both general and particular distributions of Q.

2 A short survey of relevant works

The interest in Dickman and generalized Dickman distributions extends well beyond per-
petuity theory. Their importance originates in probabilistic number theory, where the
Dickman–de Bruijn function ϱ describes the asymptotic density of smooth integers. More
precisely, for every fixed u ≥ 1,

lim
x→∞

x−1#{n ≤ x : every prime divisor of n is at most x1/u} = ϱ(u).

Precise estimates for such smooth-number counts play a central role in computational
number theory, particularly in the analysis of integer-factorization algorithms, see [16]
and the references therein. The same function governs the limit behavior of the largest
prime factor of a uniformly chosen integer, the longest cycle of a random permutation,
and the largest degree of an irreducible factor of a random polynomial over a finite field.
These connections fit naturally within the general theory of logarithmic combinatorial
structures and are closely related to Poisson–Dirichlet distributions, see [2].

The probabilistic Dickman distribution itself also appears in the analysis of algorithms.
It arises, for instance, as a limit distribution for the number of comparisons performed
by the Quickselect algorithm [22]. More generally, Dickman approximation has become
a useful testing ground for Stein’s method and quantitative distributional approximation
[5], as well as for unusual domain-of-attraction phenomena [34]. At the process level, the
Dickman subordinator arises in renewal theory and marginally relevant disordered sys-
tems, including pinning and directed-polymer models [11], while stationary processes with
Dickman-type marginals and either short- or long-range dependence have recently been
constructed in [15]. Against this background, the present paper shows that the precise
tail asymptotics known for the classical Dickman law persist for a substantially broader
class of Dickman-like perpetuities, in which the deterministic additive term is replaced
by a bounded random variable Q. Moreover, this extension is obtained by a probabilistic
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exponential-change-of-measure argument rather than by the complex-analytic methods
traditionally used in the classical case.

We proceed by recalling classical results. Assume that Q = 1 a.s. According to
Proposition 1.1, the distribution of Zα − 1 admits a density qα that is continuous on
(0,∞). By using a complex-analytic approach based on the saddle-point method, it was
shown in formula (1.6) of [6] that1

q1(t) ∼ 1

(2πt)1/2
exp

(
−
∫ s1(t)

0

yey − ey + 1

y
dy

)
, t→ ∞,

where, for each t > 1, s1(t) is the unique positive solution to s−1(es − 1) = t. As a
consequence, the following asymptotic expansion with α = 1 was obtained in formula
(1.8) of [6]: as t→ ∞,

qα(t) = exp
(
− t

(
log t+ log log t− (1 + logα)

(
1 +

1

log t

)
+

log log t

log t
+O

(( log log t

log t

)2)))
.

(8)
To derive the preceding formula with α > 0 from the formula of de Bruijn, a clever
real-analytic argument was worked out in the proof of Lemma 4.7.9 on p. 84 in [37].

A streamlined (but still complex-analytic) argument given in the proof of Theorem 8
on p. 374 of [36] shows that

q1(t) =
1

(2πt)1/2
exp

(
−

∫ s1(t)

0

yey − ey + 1

y
dy

)(
1 +O

(1

t

))
, t→ ∞.

Recall for later needs that a positive measurable function h is called regularly varying
at 0 (at ∞) of index β ∈ R if limt→0+(h(λt)/h(t)) = λβ (limt→∞(h(λt)/h(t)) = λβ) for
each λ > 0. A function is called slowly varying at 0 (at ∞) if it is regularly varying at 0
(at ∞) of index 0.

As has already been stated in the introduction, the present work was inspired by
Theorem 3.1(a) in [14]. That paper gave impetus to further investigations of logarith-
mic asymptotics of superexponential distribution tails of perpetuities [20, 21, 29, 30] and
logarithmic asymptotics of superexponential distribution tails of fixed points of inhomo-
geneous smoothing transforms [1].

Specifically, suppose that M and Q are nonnegative and independent, and put

H(t) := −t logP{M > 1 − 1/t}, t > 1.

Assume that H is regularly varying at ∞ of index r > 1, and that b = sup{x : P{Q ≥
x} > 0} ∈ (0,∞). Then Theorem 3.2 in [30] states that

− logP{Z > t} ∼
( r

r − 1

)r−1

H
( t
b

)
, t→ ∞.

1Let γ denote the Euler-Mascheroni constant. Actually, de Bruijn worked with the function t 7→ eγq1(t)
which justifies the appearance of the factor eγ in his original formula.
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This result does not apply to the Dickman-like perpetuities Zα, since the corresponding
function H is regularly varying of index 1. However, if Q = b a.s. and H is ultimately
strictly convex and regularly varying of index 1, then Theorem 4.1 in [29] yields

− logP{Z > t} ∼ H
( t
b

)
, t→ ∞.

This result does apply to Zα, because in this case H(t) = −t log(1− (1− 1/t)α) for t > 1,
which is ultimately strictly convex and regularly varying at ∞ of index 1.

Recall that, under the standing assumptions, the variable Zα − Q1 has an infinitely
divisible distribution. By Proposition 1.1, the supremum of the support of its Lévy
measure ν∗α is equal to b. Hence, by a general result given in Theorem 2(ii) of [33],

− logP{Zα −Q1 > t} ∼ b−1t log t, t→ ∞.

To close the section, still assuming that Mα has the beta distribution with parameters
α > 0 and 1, we discuss two other scenarios giving rise to tail behavior different from that
in Theorem 1.2.
Regularly varying tails. Assume that E[log+ |Q|] < ∞ and P{Q > t} ∼ t−βL(t)
as t → ∞ for some β > 0 and some L slowly varying at ∞. The variables Mα and Q
may be dependent. According to the Grincevičius-Grey theorem (Theorem 1 in [18] and
Theorem 1 in [17]),

P{Zα > t} ∼ 1

1 − E[Mβ
α ]
P{Q > t} ∼ α + β

β
t−βL(t), t→ ∞. (9)

Assume now that Mα and Q are independent. Then the latter limit relation can alterna-
tively be obtained using the fact that the distribution of Zα−Q1 is infinitely divisible with
the Lévy measure ν∗α given by ν∗α((x,∞)) = α

∫∞
x
y−1P{Q > y}dy for x > 0 (this follows

along the lines of the proof of Proposition 1.1; the assumption that Q is a.s. bounded
from above appearing in the proposition does not affect the conclusion regarding infinite
divisibility, nor the form of the Lévy measure). By a general result (for instance, Propo-
sition 0 on p. 469 in [13]) relating the tail of an infinitely divisible distribution to the tail
of its Lévy measure,

P{Zα −Q1 > t} ∼ ν∗α((t,∞)) = α

∫ ∞

t

y−1P{Q > y}dy ∼ α

β
t−βL(t), t→ ∞.

Since the variables Q1 and Zα − Q1 are independent, and their distribution tails are
regularly varying at ∞ of the same index, we arrive at (9).
Gamma-like tails. Assume that Mα and Q are independent, E[log+ |Q|] <∞ and

P{Q > t} = Ae−ct + r(t), t ≥ 0

for some A, c > 0 and a real-valued function r satisfying several technical conditions
specified in Theorem 2 of [8]. Then, by that theorem,

P{Zα > t} ∼ BtαAe−ct, t→ ∞
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for a finite constant B explicitly defined in [8].
To gain some intuition for this result, it may be helpful to keep in mind the known

fact that if Q has the exponential distribution with mean 1/c, then Zα has a gamma
distribution with parameters α+1 and c, that is, P{Zα ∈ dx} = cα+1

Γ(α+1)
xαe−cx 1(0,∞)(x)dx,

where Γ is the Euler gamma function. In particular,

P{Zα > t} ∼ cα

Γ(α + 1)
tαe−ct, t→ ∞.

Let (X(t))t≥0 be a subordinator, that is, a Lévy process with nondecreasing paths.

Another special class of perpetuities is defined by the integrals Ẑ :=
∫∞
0

e−X(u)du. It is

known that the distribution of Ẑ has a density that we denote by p̂. It follows from the
general theory of perpetuities (for instance, Theorems 2.1.7 and 2.1.8 in [23]) that E[esẐ ] <
∞ for some s > 0. In other words, the right distribution tail of Ẑ decays exponentially or
superexponentially fast. A precise asymptotic behavior of P{Ẑ > t} and p̂(t) as t → ∞
was derived in [19] under the assumption that lim sups→∞ s(− logE[e−sX(1)])′ < 1. The
proof is based on a similarity of a functional equation satisfied by t 7→ (− logP{Ẑ > t})′

and a functional equation satisfied by a certain functional of the Laplace exponent of X(1).
A similar complex-analytic saddle-point argument was used in [32] to obtain analogous
results, together with precise asymptotics for the derivatives of p̂.

3 Examples

First we discuss briefly the asymptotic behavior of sα and the exponent arising in Theorem
1.2 for general distributions of Q.
Example 1. Under the standing assumptions,

sα(t) ∼ b−1 log t and tsα(t) − α

∫ sα(t)

0

g(y) − 1

y
dy ∼ b−1t log t, t→ ∞. (10)

Example 2. In addition to the standing assumptions, assume that either P{b − Q ≤
x} ∼ xθℓ(x) as x → 0+ for some θ ≥ 0 and some ℓ slowly varying at 0 or P{Q = b} > 0
(in which case we put θ = 0 in formula (11) below). Then

sα(t) = b−1(log t+ (1 + θ) log log t) + o(log log t) and

tsα(t) − α

∫ sα(t)

0

g(y) − 1

y
dy = b−1t(log t+ (1 + θ) log log t) + o(t log log t), t→ ∞.

(11)

We shall prove formulae (10) and (11) at the end of Section 4.
Next, we provide asymptotic formulae for sα(t), pα(t) and P{Zα > t} as t → ∞ in

terms of elementary functions.
Example 3. Let p ∈ (0, 1], P{Q = b} = p and P{Q ≤ 0} = 1 − p. Then sα(t) is the
unique positive solution to αs−1(pebs + E[esQ 1{Q≤0}] − 1) = t.
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Lemma 3.1. Under the assumptions of Example 3, sα(t) admits a representation

sα(t) = b−1
(

log(δt) + log log(δt)

+
∑
n≥1

(−1)n+1

(log(δt))n

n∑
m=1

(−1)n+m
[

n

n−m+ 1

]
(log log(δt))m

m!

)
+O((t log t)−1), (12)

where the series converges for large t, δ := (αbp)−1, and (
[
i
j

]
)i,j≥1 are the unsigned Stirling

numbers of the first kind.

Proof. Put U(s) := s−1es for s > 0. For t > e, denote by ρ(t) the unique solution in
(1,∞) of the equation U(s) = t. Theorem 1 in [26] states that

ρ(t) = log t+ log log t+
∑
n≥1

(−1)n+1

(log t)n

n∑
m=1

(−1)n+m
[

n

n−m+ 1

]
(log log t)m

m!
,

where the series converges for all sufficiently large t.
Put hb(s) := E[esQ/b 1{Q≤0}] for s ≥ 0. For all sufficiently large t, let ρ̃(t) denote the

unique solution in (1,∞) of s−1(es − p−1(1 − hb(s))) = t. Such a solution exists and
is unique because the function on the left-hand side is continuous on [1,∞), ultimately
strictly increasing, and diverges to ∞. Then sα(t) = b−1ρ̃(t/(αbp)). We claim that

ρ̃(t) − ρ(t) = O((t log t)−1), t→ ∞, (13)

which, together with the preceding expansion of ρ, proves the lemma.
In view of hb(s) ∈ [0, 1], we conclude that

U(ρ̃(t)) = t+
p−1(1 − hb(ρ̃(t)))

ρ̃(t)
≥ t = U(ρ(t)).

Since U is strictly increasing on (1,∞), we have ρ̃(t) ≥ ρ(t) for all sufficiently large t.
Using ρ(t) ∼ log t as t→ ∞, we infer

0 ≤ p−1(1 − hb(ρ̃(t)))

ρ̃(t)
≤ 1

pρ(t)
= O

( 1

log t

)
, t→ ∞,

whence
U(ρ̃(t)) − U(ρ(t)) = O((log t)−1), t→ ∞.

Moreover, U ′ is strictly increasing, because U ′′(s) = s−3es((s− 1)2 + 1) > 0 for s > 0. By
the mean value theorem for differentiable functions,

U(ρ̃(t)) − U(ρ(t)) ≥ U ′(ρ(t))(ρ̃(t) − ρ(t)).

Finally,

U ′(ρ(t)) =
eρ(t)

ρ(t)

(
1 − 1

ρ(t)

)
= t

(
1 − 1

ρ(t)

)
∼ t, t→ ∞,

and (13) follows.
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In principle, formula (12) can be used to obtain an asymptotic expansion of sα(t) up
to the term O((log log t/ log t)k) for any k ∈ N. As an example, we give the expansion for
k = 5 (below log log(δt) always means (log log(δt))):

sα(t) = b−1
(

log(δt) + log log(δt) +
log log(δt)

log(δt)
+

log log(δt)(2 − log log(δt))

2(log(δt))2

+
log log(δt)(6 − 9 log log(δt) + 2(log log(δt))2)

6(log(δt))3

+
log log(δt)(12 − 36 log log(δt) + 22(log log(δt))2 − 3(log log(δt))3)

12(log(δt))4
+O

(( log log t

log t

)5))
.

Further, for any k ∈ N,

ψα(s) = α

∫ s

0

g(y) − 1

y
dy

= α
(
p

∫ s

1

eby

y
dy −

∫ s

1

1 − E[eyQ 1{Q≤0}]

y
dy +

∫ 1

0

g(y) − 1

y
dy

)
= αp

∫ s

1

eby

y
dy +O(log s) = αpebs

k∑
i=1

(i− 1)!

(bs)i
+O

( ebs

sk+1

)
, s→ ∞,

where the last equality is obtained by repeated integration by parts. By the choice of sα,

αp
ebsα(t)

(sα(t))i
=

t

(sα(t))i−1
+ α

1 − E[esα(t)Q 1{Q≤0}]

(sα(t))i
=

t

(sα(t))i−1
+ o(1)

as t→ ∞, whence

ψα(sα(t)) = t
k∑
i=1

(i− 1)!

bi(sα(t))i−1
+O

( t

(sα(t))k

)
, t→ ∞.

Invoking Theorem 1.2 we conclude that, for any k ∈ N,

pα(t) = exp
(
− t

(
sα(t) −

k∑
i=1

(i− 1)!

bi(sα(t))i−1
+O

( 1

(sα(t))k

)))
, t→ ∞

and that P{Zα > t} admits the same asymptotic expansion. The right-hand side can be
expressed in terms of elementary functions. However, this task becomes formidable as k
grows. For instance, for k = 4,

pα(t) = exp
(
− b−1t

(
log(δt) + log log(δt) − 1 +

log log(δt) − 1

log(δt)

− (log log(δt) − 2)2

2(log(δt))2
+

2(log log(δt))3 − 15(log log(δt))2 + 36 log log(δt) − 36

6(log(δt))3

+O
(( log log t

log t

)4)))
, t→ ∞.
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Let b = p = 1, so that δ = α−1. Then the expansion on the right-hand side, truncated
with remainder O((log log t/ log t)2), coincides with the expansion in formula (8), as it
must.
Example 4. Assume that Q = b − η, where η is a random variable having the gamma
distribution with positive parameters θ and 1/λ. Then E[esQ] = ebs(1 + λs)−θ for s ≥ 0.
In this case, sα satisfies

sα(t) = b−1
(

log(t/α) + log(sα(t) + α/t) + θ log(1 + λsα(t))
)
.

Iterating this once we obtain

sα(t) = b−1
(

log(t/α)+(1+θ) log log(t/α)+θ log λ+(1+θ) log(1/b)+(1+θ)2
log log(t/α)

log(t/α)

+
(θb
λ

+ (1 + θ)θ log λ+ (1 + θ)2 log(1/b)
) 1

log(t/α)

)
+O

(( log log t

log t

)2)
, t→ ∞.

As in Example 3,

ψα(s) = α

∫ s

0

g(y) − 1

y
dy = α

∫ s

1

eby

y(1 + λy)θ
dy +O(log s)

= αebs
( 1

bs

1

(1 + λs)θ
+

1

(bs)2
1

(1 + λs)θ
+
θλ

b2s

1

(1 + λs)θ+1

)
+O

( ebs

sθ+3

)
as s→ ∞. Further, as t→ ∞,

α
ebsα(t)

sα(t)(1 + λsα(t))θ
= t+ o(1), α

ebsα(t)

sα(t)(1 + λsα(t))θ+1
=

t

λsα(t)
+O

( t

(sα(t))2

)
and

α
ebsα(t)

(sα(t))2(1 + λsα(t))θ
=

t

sα(t)
+ o(1),

whence

ψα(sα(t)) = b−1t
(

1 +
1 + θ

bsα(t)

)
+O

( t

(sα(t))2

)
= b−1t

(
1 +

1 + θ

log(t/α)

)
+O

(t log log t

(log t)2

)
.

Summarizing,

pα(t) = exp
(
− b−1t

(
log(t/α) + (1 + θ) log log(t/α) + θ log λ+ (1 + θ) log(1/b) − 1

+ (1 + θ)2
log log(t/α)

log(t/α)
+
(θb
λ

+ (1 + θ)θ log λ+ (1 + θ)2 log(1/b) − 1 − θ
) 1

log(t/α)

+O
(( log log t

log t

)2)))
, t→ ∞,

and P{Zα > t} admits the same asymptotic expansion.
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4 Auxiliary results

We start by formulating a part of Lemma 7.1 in [9].

Lemma 4.1. Let V : R → [0,∞) be a right-continuous and nondecreasing function
vanishing on (−∞, 0). Assume that

∫
[0,∞)

e−s
∗xdV (x) <∞ for some s∗ > 0. Then

lim
s→∞

∫
[0,∞)

e−sxxdV (x)∫
[0,∞)

e−sxdV (x)
= x0 := inf{x > 0 : V (x) > 0}.

For k ∈ N∪{0}, h(k) will denote the kth order derivative of h with the usual convention
that h(0) = h. We shall need the following corollary to Lemma 4.1.

Corollary 4.2. Suppose b = sup{x : P{Q ≥ x} > 0} ∈ (0,∞). Then, for k = 1, 2, 3,

lim
s→∞

g(k)(s)

g(s)
= bk.

Proof. Put f(s) := E[e−s(b−Q)] for s ≥ 0. Fix any k ∈ N. Using Lemma 4.1 with
V (x) =

∫
[0, x]

yk−1dP{b − Q ≤ y} for x ≥ 0 and noting that then necessarily x0 = 0 we

conclude that

− f (k)(s)

f (k−1)(s)
=

∫
[0,∞)

e−sxxkdP{b−Q ≤ x}∫
[0,∞)

e−sxxk−1dP{b−Q ≤ x}
→ 0, s→ ∞. (14)

Observe that g(s) = ebsf(s) and thereupon

g′(s)

g(s)
= b+

f ′(s)

f(s)
,

g′′(s)

g(s)
= b2 + 2b

f ′(s)

f(s)
+
f ′′(s)

f(s)
and

g(3)(s)

g(s)
= b3 + 3b2

f ′(s)

f(s)
+ 3b

f ′′(s)

f(s)
+
f (3)(s)

f(s)
. (15)

Now the claim of the corollary follows upon invoking formula (14) with k = 1, 2, 3.

For s ≥ 0, put φα(s) := logE[esZα ] and note that φα(s) = log g(s) + ψα(s).

Lemma 4.3. Under the standing assumptions, for k = 1, 2, 3,

φ(k)
α (s) ∼ αbk−1 g(s)

s
, s→ ∞.

Proof. Observe that

φ′
α(s) =

g′(s)

g(s)
+ ψ′

α(s) =
g′(s)

g(s)
+ α

g(s) − 1

s
.

By Corollary 4.2, lims→∞(g′(s)/g(s)) = b, whence

φ′
α(s) ∼ ψ′

α(s) ∼ α
g(s)

s
, s→ ∞. (16)

11



Further,

φ′′
α(s) =

g′′(s)

g(s)
−
(g′(s)
g(s)

)2

+
αg′(s) − ψ′

α(s)

s
.

By Corollary 4.2, as s→ ∞, the sum of the first two terms on the right-hand side vanishes,
whereas g′(s) ∼ bg(s). This together with (16) proves

φ′′
α(s) ∼ ψ′′

α(s) ∼ αb
g(s)

s
, s→ ∞.

Finally,

φ(3)
α (s) =

g(3)(s)

g(s)
− 3

g′′(s)g′(s)

(g(s))2
+ 2

(g′(s)
g(s)

)3

+
αg′′(s) − 2ψ′′

α(s)

s
,

and, by the same reasoning as before, φ
(3)
α (s) ∼ ψ

(3)
α (s) ∼ αb2g(s)/s as s→ ∞.

To close the section, we prove formulae (10) and (11) from Section 3.
Proof of (10) and (11). We start by proving (10). To this end, we use representation
g(s) = ebsf(s) and assume that the standing assumptions are in force. By the definition
of sα,

ebsα(t)f(sα(t)) = 1 + α−1tsα(t)

or equivalently

sα(t) = b−1 log(t/α) + b−1(log(sα(t) + α/t) − log f(sα(t))). (17)

Then the relation sα(t) ∼ b−1 log t as t→ ∞ holds provided we can show that

lim
s→∞

s−1 log f(s) = 0.

The latter is trivial if P{Q = b} > 0 because then lims→∞ f(s) = P{Q = b} > 0. If
P{Q = b} = 0, then the desired limit relation is secured by L’Hôpital’s rule and (14) with
k = 1.

Now we show that

lim
t→∞

α
∫ sα(t)
0

y−1(g(y) − 1)dy

t
= b−1. (18)

The second part of (10) is then an immediate consequence of this limit relation and the
first part of (10). Since the function y 7→ y−1(g(y) − 1) is differentiable on (0,∞), so is
sα. Differentiating g(sα(t)) = 1 + α−1tsα(t) we obtain

g′(sα(t))s′α(t) = α−1(sα(t) + ts′α(t))

or equivalently
g′(sα(t))

g(sα(t))
=

sα(t) + ts′α(t)

αg(sα(t))s′α(t)
.

By Corollary 4.2 with k = 1, the left-hand side converges to b as t → ∞. This in
combination with

g(sα(t)) ∼ α−1tsα(t), t→ ∞ (19)

12



yields
lim
t→∞

ts′α(t) = b−1

and thereupon (18). Indeed,(
α

∫ sα(t)

0

g(y) − 1

y
dy

)′
= α

g(sα(t)) − 1

sα(t)
s′α(t) = ts′α(t), (20)

and (18) follows by an application of L’Hôpital’s rule in combination with (20) and the
preceding centered formula.

Next, we treat (11). If x 7→ P{b−Q ≤ x} is regularly varying at 0 of index θ, then, by
Theorem 1.7.1’ on p. 38 in [4], f is regularly varying at ∞ of index −θ. Then (17) entails

sα(t) = b−1(log(t/α) + (1 + θ) log(sα(t))) + o(log(sα(t))), t→ ∞,

and the first part of (11) follows. If P{Q = b} > 0, then, by the reasoning used to prove
the first part of (10), the latter representation holds with θ = 0, thereby ensuring the first
part of (11). The second part of (11) follows from (18) and the first part of (11).

5 Proof of Theorem 1.2

We shall prove the asymptotic formula for pα(t). The asymptotic relation P{Zα > t} ∼
pα(t)/sα(t) as t → ∞ then follows by L’Hôpital’s rule upon noting that, according to
(20), (

tsα(t) − α

∫ sα(t)

0

g(y) − 1

y
dy

)′
= sα(t).

For each s > 0, define a new probability measure P(s) by

E(s)[f(Zα)] =
E[esZαf(Zα)]

E[esZα ]
, (21)

where E(s) denotes expectation with respect to P(s). The equality is assumed to hold for
each bounded Borel function f : R → R. Actually, by a standard argument, the equality
holds true for any Borel function f : R → R which is not necessarily bounded, whenever
the left- or right-hand side of (21) is well defined, possibly infinite. An application of
formula (21) with f(x) = x yields

E(s)[Zα] =
E[esZαZα]

E[esZα ]
= φ′

α(s), s > 0.

Recall that the P-distribution of Zα is absolutely continuous with a density that we
denoted by pα. For each s > 0, the P(s)-distribution of Zα is also absolutely continuous.
Denote its density by p

(s)
α . Then

p(s)α (t) =
estpα(t)

E[esZα ]
, t ∈ R, s > 0

13



or equivalently
pα(t) = e−stE[esZα ]p(s)α (t), t ∈ R, s > 0. (22)

Formula (22) with s = sα(t) reads

pα(t) = e−tsα(t)+φα(sα(t))p(sα(t))α (t).

Invoking eφα(s) = g(s)eψα(s) for s > 0 and (19) we infer

e−tsα(t)+φα(sα(t)) ∼ 1

α
tsα(t) exp

(
− tsα(t) + α

∫ sα(t)

0

g(y) − 1

y
dy

)
, t→ ∞.

Thus, it remains to prove that

p(sα(t))α (t) ∼ 1

(2πbt)1/2
, t→ ∞. (23)

Under P(sα(t)), put Z
(sα(t))
α := Zα − E(sα(t))[Zα] = Zα − φ′

α(sα(t)). We first show

that the P(sα(t))-distributions of the variables t−1/2Z
(sα(t))
α converge weakly as t → ∞ to

the centered normal distribution with variance b. By the Lévy continuity theorem for
characteristic functions this will imply that

lim
t→∞

E(sα(t))
[
eiut

−1/2Z
(sα(t))
α

]
= e−bu

2/2, u ∈ R. (24)

To prove the weak convergence, it is enough to check that, for each u ∈ R,

lim
t→∞

E(sα(t))
[
eut

−1/2Z
(sα(t))
α

]
= ebu

2/2. (25)

Proof of (25). Using formula (21) with f(x) = eut
−1/2x we infer

E(sα(t))
[
eut

−1/2Z
(sα(t))
α

]
=

E[e(sα(t)+ut
−1/2)Zα ]

E[esα(t)Zα ]
e−ut

−1/2φ′
α(sα(t))

= exp
(
φα(sα(t) + ut−1/2) − φα(sα(t)) − ut−1/2φ′

α(sα(t))
)
.

By the mean value theorem for twice differentiable functions, there exists ϑ1 = ϑ1(t, u) ∈
(0, 1) such that

E(sα(t))
[
eut

−1/2Z
(sα(t))
α

]
= exp

(
u2
φ′′
α(sα(t))

2t

)
exp

(
u2
φ′′
α(sα(t) + ϑ1ut

−1/2) − φ′′
α(sα(t))

2t

)
.

Lemma 4.3 in combination with formula (19) ensures that

φ′′
α(sα(t)) ∼ αbg(sα(t))/sα(t) ∼ bt, t→ ∞.

Thus, (25) follows if we can prove that

lim
t→∞

φ′′
α(sα(t) + ϑ1ut

−1/2) − φ′′
α(sα(t))

t
= 0. (26)
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To this end, note that, by the mean value theorem for differentiable functions, there exists
ϑ2 = ϑ2(t, u) ∈ (0, 1) such that, for u ̸= 0,

φ′′
α(sα(t) + ϑ1ut

−1/2) − φ′′
α(sα(t)) = ϑ1ut

−1/2φ(3)
α (sα(t) + ϑ2ut

−1/2)

∼ αb2ϑ1ut
−1/2g(sα(t))/sα(t) ∼ b2ϑ1ut

1/2, t→ ∞.

Here, the first asymptotic relation follows from Lemma 4.3 and Corollary 4.2. Indeed,
the latter, together with the mean value theorem for differentiable functions applied to
log g, ensures that limt→∞(g(sα(t) + ϑ2ut

−1/2)/g(sα(t))) = 1. The second asymptotic
relation is justified by (19). For u = 0, the difference on the left-hand side vanishes
identically. Hence, in either case, the difference is o(t). The proof of (26) is complete and
so is that of (25).

The density p
(s)
α is not necessarily bounded or continuous on R. Therefore, its charac-

teristic function u 7→ E(s)[eiuZα ] is not necessarily absolutely integrable on R. For instance,
if Q = 1 a.s., then, according to Theorem 4.7.7(b) in [37],

p(s)α (t) = κ
est(t− 1)α−1

E[esZα ]
, t ∈ (1, 2)

for an explicitly known constant κ > 0. Thus, if α ∈ (0, 1), the function p
(s)
α is unbounded

at the point 1. Since we are going to use the Fourier inversion formula, the density p
(s)
α

has to be smoothed in a standard way described below.
Put λ(u) := (1−|u|)1[−1, 1](u) for u ∈ R. The function λ so defined is the characteristic

function of the probability distribution with density v defined by v(x) := (1−cos x)/(πx2)
for x ∈ R. For each c > 0, put vc(x) := cv(cx) for x ∈ R. The corresponding characteristic
function is then λc(u) := λ(u/c) for u ∈ R. Invoking∫

R
eiux

∫
R
p(s)α (x− y)vc(y)dydx = E(s)[eiuZα ]λc(u)

for u ∈ R and s > 0 the Fourier inversion gives (replacing s with sα(t))∫
R
p(sα(t))α (x− y)vc(y)dy =

1

2π

∫ c

−c
e−iuxE(sα(t))[eiuZα ]λc(u)du, x ∈ R.

We intend to use this formula with x = xt := t± (log t)−1−ε for some ε > 0. Observe that

t = ψ′
α(sα(t)) = φ′

α(sα(t)) − g′(sα(t))

g(sα(t))
= E(sα(t))[Zα] − b+ rα(t)

for some rα vanishing at ∞. The last equality is justified by Corollary 4.2. Hence,
xt = E(sα(t))[Zα] − b+ rα(t) ± (log t)−1−ε. Making the change of variables u = wt−1/2, we
obtain

t1/2
∫
R
p(sα(t))α (xt − y)vc(y)dy

=
1

2π

∫ ct1/2

−ct1/2
e−it−1/2w(−b+rα(t)±(log t)−1−ε)E(sα(t))

[
eit

−1/2wZ
(sα(t))
α

]
λc(t

−1/2w)dw.
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Put ct := t1/2(log t)2+3ε with the same ε as in the definition of xt. We shall prove below
that

lim
t→∞

∫ ctt1/2

−ctt1/2
e−it−1/2w(−b+rα(t)±(log t)−1−ε)E(sα(t))

[
eit

−1/2wZ
(sα(t))
α

]
λct(t

−1/2w)dw = (2π/b)1/2.

(27)
We claim that this entails (23). Indeed, according to (27),

t1/2
∫
R
p(sα(t))α (xt − y)vct(y)dy = t1/2

∫
R
p(sα(t))α (xt − y/ct)v(y)dy → (2πb)−1/2, t→ ∞.

Recall that the distribution of Zα−Q1 is nondegenerate and selfdecomposable. According
to Theorem 1 in [38], each nondegenerate selfdecomposable distribution is unimodal. This
implies that there exists x∗ ≥ 0 such that qα is nonincreasing on (x∗,∞). We note in
passing that differentiating (3) in the case α ∈ (0, 1] we conclude that qα is nonincreasing
on (0,∞). In view of pα(x) =

∫
(−∞, b]

qα(x − y)dP{Q ≤ y} we conclude that pα is

nonincreasing on (x∗ + b,∞). Write, with at := t1/2(log t)1+2ε, where ε is the same as
above,∫
R
p(sα(t))α (xt−y/ct)v(y)dy =

∫ at

−at
p(sα(t))α (xt−y/ct)v(y)dy+

∫
|y|>at

p(sα(t))α (xt−y/ct)v(y)dy.

Using v(x) ≤ 2/(πx2) for x ̸= 0 we conclude that

t1/2
∫
|y|>at

p(sα(t))α (xt − y/ct)v(y)dy ≤ (2t1/2/(πa2t ))

∫
R
p(sα(t))α (xt − y/ct)dy

= 2t1/2ct/(πa
2
t ) → 0, t→ ∞.

Further,∫ at

−at
p(sα(t))α (t+ (log t)−1−ε − y/ct)v(y)dy

=

∫ at

−at

esα(t)(t+(log t)−1−ε−y/ct)

E[esα(t)Zα ]
pα(t+ (log t)−1−ε − y/ct)v(y)dy

≤ esα(t)(t+2(log t)−1−ε)

E[esα(t)Zα ]
pα(t)

∫ at

−at
v(y)dy ∼ esα(t)t

E[esα(t)Zα ]
pα(t) = p(sα(t))α (t), t→ ∞.

We have used at/ct = (log t)−1−ε and monotonicity of pα for large arguments for the
inequality. The asymptotic relation sα(t) ∼ b−1 log t as t→ ∞ (see (10)) entails
limt→∞ sα(t)(log t)−1−ε = 0. This together with the fact that v is a density justifies the

asymptotic equivalence. This proves lim inft→∞ t1/2p
(sα(t))
α (t) ≥ (2πb)−1/2. The proof of

the converse inequality for the upper limit runs similarly:∫ at

−at
p(sα(t))α (t− (log t)−1−ε − y/ct)v(y)dy ≥ esα(t)(t−2(log t)−1−ε)

E[esα(t)Zα ]
pα(t)

∫ at

−at
v(y)dy

∼ p(sα(t))α (t), t→ ∞.
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Proof of (27). Observe that
∫
R e−bw

2/2dw = (2π/b)1/2. Hence, it suffices to prove that,
for all A > 0,

lim
t→∞

∫ A

−A

∣∣∣e−it−1/2w(−b+rα(t)±(log t)−1−ε)E(sα(t))
[
eit

−1/2wZ
(sα(t))
α

]
λct(t

−1/2w) − e−bw
2/2

∣∣∣dw = 0,

(28)

lim
A→∞

lim sup
t→∞

∫
A<|w|≤ctt1/2

∣∣E(sα(t))[eit
−1/2wZα ]

∣∣dw = 0 (29)

and that limA→∞
∫
|w|>A e−bw

2/2dw = 0. The latter limit relation holds trivially.

We start by proving (28). The function identically equal to 1 on R is the charac-
teristic function of the distribution degenerate at 0. The characteristic functions w 7→
e−it−1/2w(−b+rα(t)±(log t)−1−ε)λct(t

−1/2w) converge to 1 as t→ ∞. Using this in combination
with (24) and recalling that the convergence of characteristic functions is locally uniform
we arrive at (28).

As a preparation for a proof of (29), write

∣∣E(s)[eiuZα ]
∣∣ =

∣∣∣E[e(s+iu)Q1 ]

E[esQ1 ]

∣∣∣∣∣∣E[e(s+iu)(Zα−Q1)]

E[es(Zα−Q1)]

∣∣∣ ≤ ∣∣∣E[e(s+iu)(Zα−Q1)]

E[es(Zα−Q1)]

∣∣∣
=

∣∣∣ exp
(
α

∫ 1

0

g((s+ iu)x) − g(sx)

x
dx

)∣∣∣ = exp
(
− α

∫ 1

0

E[esxQ(1 − cos(uxQ))]

x
dx

)
≤ exp

(
− E

[
α

∫ Q+

0

esy(1 − cos(uy))

y
dy

])
. (30)

We shall use the inequality 1 − cos x = 2(sin(x/2))2 ≥ 2x2/π2 for x ∈ [−π, π]. Let
|u| ≤ π/b. Since Q ≤ b a.s., y ∈ [0, Q+] entails uy ∈ [−π, π] and 1 − cos(uy) ≥ 2u2y2/π2.
As a consequence,

∣∣E(s)[eiuZα ]
∣∣ ≤ exp

(
− 2π−2αu2E

[ ∫ Q+

0

esyydy
])

= exp
(
− 2α

π2

E
[
sQ+esQ

+ − esQ
+

+ 1
]

s2
u2
)
.

For a constant B > 0, ∫ ∞

A

e−Bu
2

du ≤ (2AB)−1e−BA
2

.

As a consequence, with τα(t) := (sα(t))−2E
[
sα(t)Q+esα(t)Q

+ − esα(t)Q
+

+ 1
]
,∫

A<|w|≤πb−1t1/2

∣∣E(sα(t))[eit
−1/2wZα ]

∣∣dw ≤
∫
|w|>A

exp
(
− 2α

π2

τα(t)

t
w2

)
dw

≤ π2t

4Aατα(t)
exp

(
− 2α

π2

τα(t)

t
A2

)
.

We claim that

lim
t→∞

τα(t)

t
=
b

α
(31)
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which secures

lim
A→∞

lim sup
t→∞

∫
A<|w|≤πb−1t1/2

∣∣E(sα(t))[eit
−1/2wZα ]

∣∣dw = 0.

To prove (31), we first observe that

g(s) = E[esQ
+

] − P{Q < 0} + E[esQ 1{Q<0}], (32)

whence g(s) ∼ E[esQ
+

] as s→ ∞. This together with (19) ensures that

E[esα(t)Q
+

]

(sα(t))2
∼ g(sα(t))

(sα(t))2
∼ t

αsα(t)
= o(t), t→ ∞.

Differentiating (32) we also conclude that g′(s) ∼ E[Q+esQ
+

] as s → ∞. Using (19) in
combination with g′(s) ∼ bg(s) as s→ ∞ (see Corollary 4.2) we infer

E[Q+esα(t)Q
+

]

sα(t)
∼ g′(sα(t))

sα(t)
∼ b

α
t, t→ ∞,

thereby completing the proof of (31).
It remains to show that

lim
t→∞

∫
πb−1t1/2≤|w|≤ctt1/2

∣∣E(sα(t))[eit
−1/2wZα ]

∣∣dw = 0. (33)

It can be checked with the help of either repeated integration by parts or complex inte-
gration that, for a > 0 and c ∈ R,∫ 1

0

eax cos(cx)dx =
ea − 1

a

a(a cos c+ c sin c)

a2 + c2
+
a cos c+ c sin c− a

a2 + c2
,

whence

Ja, c :=

∫ 1

0

eax(1 − cos(cx))dx =
ea − 1

a

(
1 − a(a cos c+ c sin c)

a2 + c2

)
− a cos c+ c sin c− a

a2 + c2
.

Let Θ be an angle such that cos Θ = a(a2 + c2)−1/2. Then

Ja, c =
ea − 1

a

(
1 − a cos(Θ − c)

(a2 + c2)1/2

)
− cos(Θ − c) − cos Θ

(a2 + c2)1/2

≥ ea − 1

a

(
1 − a

(a2 + c2)1/2

)
− 2

(a2 + c2)1/2
.

Recalling the inequality obtained in the second line of (30) we write, for |u| ≥ π/b,∫ 1

0

E[esxQ(1 − cos(uxQ))]

x
dx ≥ E

[
1{Q+≥b/2} JsQ+, uQ+

]
≥ E

[
1{Q+≥b/2}

(esQ
+ − 1

sQ+

(
1 − s

(s2 + u2)1/2

)
− 2

Q+(s2 + u2)1/2

)]
≥ E

[
1{Q+≥b/2}

(esQ
+ − 1

sQ+

(
1 − s

(s2 + (π/b)2)1/2

)
− 2

Q+(s2 + (π/b)2)1/2

)]
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Using

1 − s

(s2 + (π/b)2)1/2
=

(π/b)2

(s2 + (π/b)2)1/2((s2 + (π/b)2)1/2 + s)
≥ (π/b)2

2(s2 + (π/b)2)

we obtain∫ 1

0

E[esxQ(1 − cos(uxQ))]

x
dx

≥ E
[
1{Q+≥b/2}

(esQ
+ − 1

sQ+

π2

2b2(s2 + (π/b)2)
− 2

Q+(s2 + (π/b)2)1/2

)]
≥ π2

2b3s(s2 + (π/b)2)
E
[
(esQ

+ − 1)1{Q+≥b/2}
]
− 4

b(s2 + (π/b)2)1/2
.

Fix any d ∈ (b/2, b). By Markov’s inequality, E[esQ
+

] ≥ edsP{Q > d}. Thus,

E[esQ
+
1{Q+<b/2}]

E[esQ+ ]
≤ e−(d−b/2)s

P{Q > d}
→ 0, s→ ∞

and thereupon
E[(esQ

+ − 1)1{Q+≥b/2}] ∼ E[esQ
+

], s→ ∞.

Recall that
E[esα(t)Q

+

] ∼ α−1tsα(t), t→ ∞
and that, according to (10), sα(t) ∼ b−1 log t as t→ ∞. With this at hand,∫ 1

0

E[esα(t)xQ(1 − cos(uxQ))]

x
dx ≥

( π2

2αb
+ o(1)

) t

(log t)2
−O((log t)−1), t→ ∞

uniformly in |u| ≥ π/b. Hence,∫
πb−1t1/2≤|w|≤ctt1/2

∣∣E(sα(t))[eit
−1/2wZα ]

∣∣dw
≤

∫
πb−1t1/2≤|w|≤ctt1/2

exp
(
− α

∫ 1

0

E[esα(t)xQ(1 − cos(t−1/2wxQ))]

x
dx

)
dw

≤ 2ctt
1/2 exp(−C1t(log t)−2) → 0, t→ ∞

for an appropriate constant C1 > 0. This completes the proof of both (33) and Theorem
1.2.

Remark 5.1. Here, we discuss an alternative proof of the asymptotic formula for
P{Zα > t}.

By the same reasoning as used in the proof of Theorem 1.2 it can be shown that

qα(t) ∼ 1

(2πbt)1/2
exp

(
− tsα(t) + α

∫ sα(t)

0

g(y) − 1

y
dy

)
, t→ ∞.

The asymptotic formula for P{Zα > t} then follows from the latter limit relation and (4).
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6 Comments on the proof of Proposition 1.1

(a,b) Fix any s > 0. By Theorem 3 in [8], the assumptions P{Mα ∈ (0, 1)} = 1 and
E[esQ] <∞ entail E[esZα ] <∞ and thereupon E[es(Zα−Q1)] <∞.

Put Sk := − log(Mα, 1 · . . . ·Mα, k) for k ≥ 1. Then (Sk)k≥1 is the standard random walk
with increments having the exponential distribution of mean 1/α. Furthermore, S1, S2, . . .
are the successive jump times of the compound Poisson process A(t) :=

∑
k≥1Qk+1 1{Sk≤t}

for t ≥ 0. The representation

Zα −Q1 =
∑
k≥1

Mα, 1 · . . . ·Mα, kQk+1 =

∫
[0,∞)

e−ydA(y)

is then obvious. As follows from [27], all the claims of parts (a,b) of the proposition are
consequences of this representation. To be more precise, see formula (2.2b) on p. 250 for
the Lévy measure, Section 3 for selfdecomposability and formula (4.4) on p. 255 for a
counterpart of

logE[es(Zα−Q1)] = α

∫ s

0

E[eyQ] − 1

y
dy, s ≥ 0

in terms of characteristic functions (the passage to the moment generating function is
straightforward).
(c) We first note that the right-hand side of (3) is nonnegative. This follows from the
equality Zα−Q1 = Mα, 1Z

′
α, where Z ′

α := Q2 +Mα, 2Q3 +Mα, 2Mα, 3Q4 + . . . has the same
distribution as Zα and is independent of Mα, 1. Using the latter equality we further infer,
for t > 0,

P{Zα −Q1 > t} = P{Mα, 1Z
′
α > t} = α

∫ 1

0

P{Zα > t/y}yα−1dy

= αtα
∫ ∞

t

v−α−1P{Zα > v}dv.

Since the function v 7→ v−α−1P{Zα > v} is continuous on (0,∞), differentiating the latter
equality we obtain

α−1tqα(t) = P{Zα > t} − αtα
∫ ∞

t

v−α−1P{Zα > v}dv = P{Zα > t} − P{Zα −Q1 > t}.

Thus, (3) does indeed hold.
Fix any c > 1. To prove (4), we first observe that the relation

lim
t→∞

logP{Zα > ct}
logP{Zα > t}

= c

which holds according to (1) entails

lim
t→∞

P{Zα > ct}
P{Zα > t}

= 0.
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Using

0 ≤ P{Zα −Q1 > t}
P{Zα > t}

=
αtα

∫ ct
t
v−α−1P{Zα > v}dv + αtα

∫∞
ct
v−α−1P{Zα > v}dv

P{Zα > t}

≤ 1 − c−α + c−α
P{Zα > ct}
P{Zα > t}

and letting t→ ∞ and then c→ 1+ we conclude that

lim
t→∞

P{Zα −Q1 > t}
P{Zα > t}

= 0.

With this at hand, (4) follows from (3).
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