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У статті досліджується задача визначення граничної функції в початково-крайовій задачі, 

що описується гіперболічним рівнянням другого порядку. За допомогою додаткової умови 

будується функціонал, а розглянута задача зводиться до задачі оптимального керування. 

Розраховано диференціал функції, доведено необхідну і достатню умову оптимальності. 

Ключові слова: гіперболічне рівняння, обернена задача, оптимальне керування, умова 

оптимальності. 

 

In the paper the problem of determination of the boundary function is studied in the initial 

boundary value problem described by the second order hyperbolic equation. With the help of the 

additional condition, the functional is constructed, and the problem under consideration is reduced 

to the optimal control problem. The differential of the function is calculated, a necessary and 

sufficient condition for optimality is proved. 

Keywords: Hyperbolic equation, inverse problem, optimal control, optimality condition. 
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I.  INTRODUCTION 
 

Recently, the study of the inverse problems 

for the partial derivative differential equations 

has become more intensive [4]. The reason for 

this is their strong application in in medicine, 

physics, geophysics, astronomy, biology and ect.  

With the implementation of the modern 

computer technologies, the application of 

inverse problems has led to a further expansion 

of its areas. Different types of inverse and ill-

posed problems have been considered in [2, 4, 

8]. It is known that there are many methods to 

solve such problems [1, 3, 4, 8]. One of these 

methods is to reduce the problem under 

consideration to the optimal control problem 

with the help of the inconsistency function 

cnstructed using additional condition or  

 

 

conditions and to study the new problem using 

the methods of optimal control theory [2,4,7]. 

This way of solution of the inverse problems is 

traditionally called a variational or optimization 

solution method. In [1, 4] some inverse 

problems in variational formulation have been 

investigated for the partial differential equations. 

In many cases this method was used to solve 

such problems for the parabolic type equations 

[11]. Hyperbolic type eqautions are the less 

studied by this method class of equations [10].  

Therefore in this work we investigate the 

problem of determination of the boundary 

function in the mixed problem for the second 

order hyperbolic type equation.  
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II. PROBLEM FORMULATION 

 

In the domain  TQ ,0 consider the 

following boundary value problem  
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Here   is a bounded domain from nR with 
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the function )(),( 1 QCtxa
ij

  satisfies in Q  the 

conditions:  
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In condition (3)  ts,  is an unknown function. 

To find this function we set the following 

additional condition  
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is a conormal derivative,   )(, 1

2 SLtsa 
 

is a 

given function. 

To solve the considered problem we reduce it 

to the following minimization problem [1],[4]: 

To find a function   )(, 21

2
SWVts

m
  that 

gives minimum to the functional  
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together with the solution of problem (1)-(3). 

Here the function  ;, txu  is a solution of 

problem (1)-(3) correcponding to the function 

 tx, . By closed convex set 
m

V  we denote the 

class of admissible controls [7]. Since 
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for 

each control mV  problem (1)-(3) has a 

unique solution from  QW 1

2  [9].    

As a solution of problem (1)-(3) we take the 

function );,( txu  QW 1

2  that satisfies the 

integral identity  
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and a.e. the conditions )()0,( 0 xxu   and 

),(2 tsu S  for   QW 1

2 ,   0, Tx .  

 

III. CALCULATION OF THE 

DIFFERENTIAL OF FUNCTIONAL (5) 

AND OPTIMALITY CONDITION 

 

Let us show that functional (5) is 

differentiable in mV . Take two admissible 

controls  
m

V,  and denote by );,( txu  
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and );,(  txu  corresponding solutions of 

problem (1)-(3). 

Let  );,();,(),(  txutxutxu  . It is 

clear that the function ),( txu   is a generalised 

solution of the boundary value problem 
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and a.e. the conditions 0)0,( xu  and 

),(2 tsu S   .  

Suppose that the function );,(  tx  is 

ageneralised solution from  QW 1

2
 to the adjoint 

problem [6]  

 

0),(
1,

2

2






























j

ij

n

ji
i

x
txa

xt


 , Qtx ),(  (11)    

                                 

     0),(,0),(  TxTx
t

  ,  x  ,         (12)  

 

    

0),,(
);,(

21 



 S

A
S tsa

tsu





        (13) 

 

By virtue of [9] we can state that boundary value 
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Now to show the differentiablity of the 

functional )(J  we calculate its increment  
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If take ),(),( txtx   in identity (10) and 
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get 
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is a remainder term. It is clear that first 
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Then the function )(J  is Frechet differentiable 
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IV. CONCLUSIONS 

 

Thus the following theorem is proved.  

Theorem. Let the above conditions on the data 

of problem (1)-(3), (5) are fulfilled. Then the 

necessary and sufficient condition the control 

mV0  to be optimal control in problem (1)-

(3), (5) is fulfilment of variational inequality 

(19). 
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