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In the paper the problem of determination of the boundary function is studied in the initial
boundary value problem described by the second order hyperbolic equation. With the help of the
additional condition, the functional is constructed, and the problem under consideration is reduced
to the optimal control problem. The differential of the function is calculated, a necessary and

sufficient condition for optimality is proved.
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Crartio npencrasus 1.¢.-M.H. Xycainos J[.1.

I. INTRODUCTION

Recently, the study of the inverse problems
for the partial derivative differential equations
has become more intensive [4]. The reason for
this is their strong application in in medicine,
physics, geophysics, astronomy, biology and ect.
With the implementation of the modern
computer technologies, the application of
inverse problems has led to a further expansion
of its areas. Different types of inverse and ill-
posed problems have been considered in [2, 4,
8]. It is known that there are many methods to
solve such problems [1, 3, 4, 8]. One of these
methods is to reduce the problem under
consideration to the optimal control problem
with the help of the inconsistency function
cnstructed using additional condition or
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conditions and to study the new problem using
the methods of optimal control theory [2,4,7].
This way of solution of the inverse problems is
traditionally called a variational or optimization
solution method. In [1, 4] some inverse
problems in variational formulation have been
investigated for the partial differential equations.
In many cases this method was used to solve
such problems for the parabolic type equations
[11]. Hyperbolic type eqautions are the less
studied by this method class of equations [10].

Therefore in this work we investigate the
problem of determination of the boundary
function in the mixed problem for the second
order hyperbolic type equation.
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Il. PROBLEM FORMULATION

In the domain Q=Qx(0,T)consider the
following boundary value problem

2
a—;+ Au = f(x,t), (x,t)eQ, (1)
ot
(x9)=po(x). 20— py(3), xer, @
U‘Sl =0, U‘Sz ZQ(S,t), (S,t)e 82 , 3)
Pols: =0, %o 52=‘9|t:o'

Here Q is a bounded domain from R"with
smooth boundary I'; S=I'x(0,T) is a lateral

surface of the cylinder Q; S=S'US?,
S'NS?=, mesS' >0,i=12.,
S'=T"x(0, T), S?=I?x(0, T), T =I*tur?
"nr’=g; @, W, (Q), o, €L, (Q),
feL,(Q),

the function a, (x,t) eC’ (Q) satisfies in Q the
conditions:

A=- 3

i, j=1 9% OX

J

(a” (x,t)—

ajj (x,t)= aji (x,1),

n

2 aj(x, )i za- ng a >0, a=const.
i,j=1

In condition (3) 9(s,t) is an unknown function.

To find this function we set the following
additional condition

ou
6VA

r =a(s,t), (s,t)eS. (4)

Here
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n

= Y ajjlx, t)a—ucos(v Xi )

i,j=1 aXj

ou

aVA

is a conormal derivative, a(s,t)eL,(S") is a
given function.

To solve the considered problem we reduce it
to the following minimization problem [1],[4]:

To find a function 9(s,t)eV, cW)(S?) that
gives minimum to the functional

|

together with the solution of problem (1)-(3).
Here the function u(x,t;9) is a solution of
problem (1)-(3) correcponding to the function
9(x,t). By closed convex set V_ we denote the
class of admissible controls [7]. Since

uec(o TEwi (), (0. T} L) for

ou(s,t;9)
AN

J(Q):%j

Sl

- a(s,t)} dsdt ()

a—ueC
ot
each control &€V, problem (1)-(3) has a

unique solution from W,(Q) [9].

As a solution of problem (1)-(3) we take the
function u(x,t;9) eW,(Q) that satisfies the
integral identity

i§

Q
and a.e. the conditions u(x,0)=¢,(x) and
uls2 = &(s,t) for Ve W, (Q), n(x,T)=0.

ou dn

ou on
= 8t+z IJ(xt) \ ox dxdt —

i,j=1 J

(6)
- fcﬂl(X)ﬂ(x,O)dx = j frdxdt
o Q

I11. CALCULATION OF THE
DIFFERENTIAL OF FUNCTIONAL (5)
AND OPTIMALITY CONDITION

Let us show that functional (5) s
differentiable in V, . Take two admissible

controls 4,3+ 8% €V, and denote by u(x,t;9)



Bicuux Kuiscokozo nayionanvhozo ynieepcumemy 2022, 1 Bulletin of Taras Shevchenko
imeni Tapaca Ileguenka National University of Kyiv
Cepis Qizuxo-mamemamuyni HayKu Series Physics & Mathematics

and u(x,t;9+69) corresponding solutions of As a generalised solution to adjoint problem
problem (1)-(3). (11)-(13) we understand the function

Let SU(xt)=u(xt;9+89)—-uxt;9. It is w(xtHeW,(Q) that for vgeW;(Q),
clear that the function du(x,t) is a generalised g(x,0)=0, g|q: =0 satisfies the integral
solution of the boundary value problem identity

Fokts VR ool
o .%ax(”(x’t)aTJZO' (xDeQ. (0 -V D38 0002 s+

j 5 ot ot 53 j X; (14)
v

+ dsdt=0

AU(x,0) =0, %:O, xeQ, (8) g[aVAg

and a.e. the conditions y(x, T) =0 and
Al , =389(s,1), (s,t)eS?. (9)
: : ou(s,t; 9)

As a generalised solution of boundary value V/‘Sl :T—a(s,t).

A

problem (7)-(9) we understand the function

A(x,t) eW, (Q) that satisfies for ) o
Now to show the differentiablity of the

V7 eW;(Q) n(xT)=0, g =0 the functional J(9) we calculate its increment
integral identity
AJ(P)=I(F+693)-I(9) =

n 2
_[ o 877+ > a, (x t)aé‘u on dxdt + =1J au(s,t;19+519)_a(S 9l -
ot ot A ax, — ,
Q J (10) A
2
_[—au(s,t,g) —a(s,t)} }dsdt =
AN
and a.e. the conditions du(x,0)=0 and _ EJ‘ ou(s,t:9) +88u(s.1) e 2 i
dulgz =89(s, 1). 22 oV, ’
Suppose that the function yw =w(x,t;9) is (.t 9) 2
ageneralised solution from W;'(Q) to the adjoint —{T—a(si)} }det =
problem [6] A
. ; ; _ Fu(s’t;‘g)—a(s,t)}a(m(s’t;'g) dsdt +
L 1 14 14
o Z_g[ N t)g‘”}o L (%) eQ (11) : A ~
% j +1J~ oau(s,t;9) dsdt
2% oV, ’
w(x,T)=0,p,(x,T)=0, xeQ, (12) (et N
A9 = | {M - a(s,t)}Ldsdt +
ou(s,t; 9 1 v 1%
l//‘sl =%_a(s,t), ‘//‘52 =0 (13) S A 2 A
A :
= (—65‘*(5’“‘9)) dsdt (15)
2 Va

By virtue of [9] we can state that boundary value
problem (11)-(13) has a unique generalised

solution for each fixed eWZl(Sz).
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If take 7(x,t)=w(Xt)in identity (10) and Let

g(x,t)=adu(x,t) in (14) and subtract them we
get

[ 2 s9dsdt -
§20Va

(16)
oduau(s,t;9)

Sl@vAL AN

— a(s,t)}dsdt =0

Considering the last one in (15) we obtain

A= OV sgdsdt + R, (17)
s? Va
where
2
R = EJ’ oA(s, 1 9) dsdt
2 AN

is a remainder term. It is clear that first
summand of right side in formula (17) is
differential of functional (5)

OV s9dsdt
5

Va

)= |

and gradient of functional (5) is

oy
J'(9) =
(&) P

Va

S2

Chucokx BUKOPUCTAHHUX JIZKEPEJI

1. Alifanov O.M. Extremal methods for
solving ill-posed problems / O.M. Alifanov,
E.A. Artyukhin, S.V. Rumyantsev. — M.: Nauka,
1988.

2. Vasilev F.P. Methods for solving extremal
problems / F.P. Vasilev. — M.: Nauka, 1981.

3.Glasko V.B. Inverse problems of
mathematical physics / V.B. Glasko. - M.:
Moscow State University, 1984.

4. Kabanikhin S.I. Inverse and ill-posed
problems/ S.I. Kabanikhin. — Novosibirsk, 2009.

5. Kolmogorov A.N. Elements of the theory
of functions and functional analysis/ A.N.
Kolmogorov, S.V. Fomin. — M.:Nauka, 1981.

6. Ladyzhenskaya O.A. Boundary value
problems of  mathematical  physics /
O.A Ladyzhenskaya. - Moscow: Nauka, 1973.

59

2

odu
oV

2
W3 (S%)

<c|og

(18)

Then the function J(9) is Frechet differentiable
in V,. If the function 4 (s,t)eV_ gives
minimum to functional (5), then AJ(4,) >0 [5].
From relations (17) and (18) we get

L, (s")

j V(S sadsdt > 0

52 Va

Iw(g(s,t) —G,(s,t))dsdt >0, (19)

52 A

vV&eV,,.

IV. CONCLUSIONS

Thus the following theorem is proved.
Theorem. Let the above conditions on the data
of problem (1)-(3), (5) are fulfilled. Then the
necessary and sufficient condition the control
9, €V, to be optimal control in problem (1)-

(3), (5) is fulfilment of variational inequality
(19).
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