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ON GROUPS IN WHICH IRREDUCIBLE SYSTEMS OF ELEMENTS FORM A MATROID

The concept of a matroid is highly versatile, offering a robust framework that captures the essence of independence in a variety of
mathematical contexts. At its core, a matroid is defined by a set along with a collection of subsets (called "independent sets") that satisfy
certain axioms mimicking the properties of linear independence in vector spaces. More precisely, matroid is defined as a pair (X,l), where
X is a non-empty finite set, and | is a non-empty set of subsets of X that satisfies the hereditary axiom and the augmentation axiom. Such
abstraction allows matroids to be applied not only in areas directly related to linear algebra but also in fields where the intuitive concept
of independence or connectivity needs a formal mathematical representation. The applications of matroids in geometry, topology,
combinatorial optimization, network theory, and coding theory highlight the deep interconnections between discrete mathematics and
more classical fields of study, showcasing the utility and versatility of matroids as a fundamental mathematical tool.

The following methods were used to investigate the groups in which irreducible systems of elements form a matroid: the axiomatic
approach, and algebraic techniques from commutative algebra and algebraic geometry, as well as combinatorial optimization and the
algorithmic approach.

The paper investigates for which groups (primarily finite) G, the pair (G’l) will be a matroid. The obtained criteria of matroidality for
finite and infinite abelian groups, finite nilpotent, finite symmetric, finite dihedral groups, as well as certain classes of finite matrix groups,
are presented. Additionally, the non-matroidality of a wide range of finite groups has been proven, including Hamiltonian groups, groups
of diagonal matrices, general and special linear groups, groups of upper triangular matrices with determinant 1, among others.

Matroids play a crucial role in algebraic research by generalizing the notion of linear independence beyond vector spaces to more
abstract systems, allowing algebraic structures to be studied in a broader and more versatile context.
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AMS 2020 classification: 62H30, 34C60.

Introduction

The concept of a matroid generalizes the notion of the family of all linearly independent subsets of a vector space. This
notion was first introduced by G. Whitney in 1935. Later, matroids found numerous applications in geometry, topology,
combinatorial optimization, network theory, and coding theory (Neel, 2009).

Let us recall (Aigner, 1996; Wilson, 2010) that a matroid is defined as a pair M = (X, 7), where X is a non-empty finite set,
and 7 is a non-empty set of subsets of the set X, satisfying the following two conditions:

(M1) Hereditary Axiom: IfY e Jand Z € Y, then Z € J;

(M2) Augmentation Axiom: If Y,Z € 7 and |Z| > |Y|, then there exists an element z € Z\ Y such that Y u {z} € J.

The set X is called the ground set of the matroid M = (X, 7), and the members of the family 7 are called the independent
sets of the matroid.

From axiom (M2), it follows that all maximal independent sets of a matroid have the same cardinality. Maximal independent
sets of a matroid are called bases, and their cardinality is called the rank of the matroid.

Let G be a group, and let G denote the set G \ {e}. A subset M € G, which is an independent system of generators for the
subgroup < M > < G, is called independent. We denote the family of all independent subsets M < G, augmented by the empty
set, by the symbol 7.

1. Main results

The paper investigates for which groups (primarily finite) G, the pair (G,7) will be a matroid.

A group G for which the pair (G, 7) is a matroid is called matroidal.

It is worth noting that for any group G, the pair (G, 7) always satisfies the hereditary axiom (M1). Therefore, it is sufficient to verify
the fulfillment of the augmentation axiom (M2) only. It is also obvious that every subgroup of a matroidal group is matroidal.

2. Abelian Groups

Let p denote a prime number.

Proposition 1. A cyclic group will be matroidal if and only if its order is a power of a prime number (Bezushchak, 2023).
Theorem 1. A finite abelian group G will be matroidal if and only if it is either elementary abelian or primary cyclic.

Proof. A finite elementary abelian p-group G can be considered as a finite-dimensional vector space over the field Z,,. Under
this interpretation, a set M < G will be independent if and only if it is linearly independent. Therefore, in this case, 7
coincides with the set of all linearly independent subsets of G, forming what is called a matrix matroid (Aigner, 1996;
Wilson, 2010).

According to Proposition 1, a finite cyclic group will be matroidal if and only if it is a p-group.

If G is not a p-group, then it contains a cyclic subgroup that is not a p-group, and therefore not matroidal. It remains to consider
the case when G is a p-group. If G is not elementary abelian, then G contains a subgroup isomorphic to the group Z,®Z,:.
In this group, the sets {(0,p)} and {(0,1),(1,1)} belong to 7 but do not satisfy the augmentation axiom. Therefore, G
contains a subgroup that is not matroidal, and thus ¢ itself is not matroidal.
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Corollary 1. The class of matroidal groups is not closed under direct products.
Proof. The groups Z, and Z,: are matroidal, but Z,@®Z,: is not.
O

Theorem 2. An infinite abelian group G will be matroidal if and only if it is elementary abelian or quasi-cyclic Cpe.

Proof. If the group G is not periodic, then it contains a subgroup isomorphic to Z. But Z is not matroidal, as the sets {1} and
{2,3} belong to 7 but do not satisfy the augmentation axiom. Therefore, an infinite matroidal abelian group G must be
periodic. If it contains elements of orders p and g, where p and q are distinct prime numbers, then it also contains a cyclic
subgroup isomorphic to C,,. According to Theorem 1, the group C,, is not matroidal, so in this case, G is not matroidal.
Thus, G must be a p-group. From Theorem 1, it follows that G should not contain subgroups isomorphic to Z,®Z,: for

matroidality. Therefore, for the group G to be matroidal, it needs to be either elementary abelian p-group or the group Cpe.

The matroidality of an infinite elementary abelian p-group is proven in the same way as for finite ones. And the matroidality

of the group €, follows from the fact that it has no proper independent systems, and all its proper subgroups are finite cyclic

groups in which all independent systems of generators are single-element ones.
O
3. Non-abelian groups
From Proposition 1 and the fact that the group Z is not matroidal, it follows that a matroidal group must be periodic, and
the order of each element must be a power of a prime number.

Theorem 3. A finite nilpotent group will be matroidal if and only if it is a p-group.

Proof. A finite nilpotent group decomposes into a direct product of its sylow subgroups. If it is not a p-group, then it contains
a cyclic subgroup of order pq, which is not matroidal.

O

Proposition 2. Hamiltonian group G is matroidal.

Proof. For the group Qg, the family 7 of independent subsets contains the sets {—1} and {i, j}, which do not satisfy the
augmentation axiom. Therefore, Qg is not matroidal. Since every Hamiltonian group contains a subgroup isomorphic to Qg
as a direct factor, any Hamiltonian group is not matroidal.

O

Proposition 3. The symmetric group S,, will be matroidal if and only ifn < 3.

Proof. Matroidality of S,, is obvious for n = 1 and n = 2. For the group S3, the family 7 of independent subsets consists of all
one-element and two-element subsets of the set S;\{e}, except the subset {(123), (132)} consisting of two cycles of length
3. It can be directly verified that the augmentation axiom (M2) is satisfied. Therefore, the group S5 is matroidal.

The group S, is not matroidal because the sets {(12), (1234)} and {(12), (123), (124)} belong to the family 7 but do not satisfy
the augmentation axiom.

Finally, for n > 4, the group S,, is not matroidal because it contains both a subgroup isomorphic to S, and a subgroup
isomorphic to the cyclic group Cg.

O

Theorem 4. The dihedral group D,, will be matroidal if and only if n is a power of a prime number.

Proof. Necessity of the condition is obvious: if n is not a power of a prime number, then D,, contains a cyclic subgroup C,, of
rotations, which is not matroidal.

Sufficiency. Let n = p¥. Denote a = ﬁ. All one-element systems in D« are independent. Moreover, independent will be two-

element systems consisting of two axial symmetries or one axial symmetry and one rotation. We will show that there are
no other independent systems.

Indeed, an independent system of elements from D« can contain at most one rotation, because in C, all nontrivial systems are
one-element ones. Moreover, an independent system of elements can contain at most two symmetries. Indeed, suppose it
contains three symmetries. We can number them s,, s,, s; so that the angles between s; and s,, s, and s3, s3; and s; are

mp*ta, nypFa, nyphsa,

respectively, where

nyp*2 + naps +nyp’r = pk,

ny, n,, ng are coprime with p and k; = min (kq,k,k3). Let O, denote the rotation around the center of the dihedron by the

angle ¢. Then the compositions s; o s, and s, o s; will be rotations
0 and O

2n pkla 2n,p*2a
respectively.
Since n, is coprime to p, it is invertible in the ring Z . Moreover, k; < k,. Therefore, there exists a natural number ¢ such that
nyt = nyp*2~%1 mod p*.
Hence,
(sy05,)t = (02n1pk1a)t = 02n1tpk1a = OZ(nzpkl_k2+‘rpk)pk1a =
= 02n2pk2a+2rp = S52°53.
Thus, s3 = s, © (51 © 5,), and therefore < sy, s,,5; >=< 51,5, >.
Finally, consider a system consisting of a rotation 0,, where ¢ = 2np™a (n and p are coprime and m < k), and axial
symmetries s; and s,. Let

ketky—ky = Oanpkza

51052 = Oy phig
(n, and p are coprime and k; < k). Then if k; <m, we have < 0,,5s;,s, >=< 54,5, >. If ky > m, then there exists a natural
number t such that
nt = nyp*r ™" mod p*™.
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From the equation s; o s, = 04, it follows that s, = s; 0}, and < 0, 51,5, >=< 04, 5; >.

Therefore, if a system of elements contains two symmetries and a rotation, to obtain an independent system from it, either
the rotation or one of the symmetries must be removed.

Thus, independent sets of elements are all single-element systems and those two-element systems consisting of two axial
symmetries or one symmetry and a rotation. It is easy to see that such a collection of sets forms a matroid. This completes
the proof of the theorem.

]

Proposition 4. Let D,,(Z,) be the subgroup of diagonal matrices in GL,(Z, ).

a) If p < 3, then the group D,,(Z,) is matroidal.
b) Foranyn > 1andp > 3, the group D,,(Z,) is not matroidal.

Proof. a) The group D,,(Z,) is trivial, and the group D,,(Z3) is an elementary abelian 2-group.

b) If p > 3, then p — 1 is not a prime number. Forn > 1, the group D,(Z3) contains the square Z;, X Zj, of the cyclic
group Zy, which, by Theorem 1, is not matroidal.
O

Lema. The group UT,(Z,) is generated by transvections E + e;;,,, where i = 1,2,..,n—1.

Proof. We proceed by induction on n. For n = 2, the statement is trivial. Now, suppose the statement holds for UTn_l(Zp).
Then in UT,(Z,), the sets of transvections

E+ei,i+1 (l = 1,2,...,”-2)
and
E + ei'i+1 (l = 2,3, e, = 1)

UT,-1(Z,) 0) and (1 0 )
( 0 1 0 UTn—l(Zp) ’
respectively. Therefore, the generated subgroup of transvections E +e;;44, (i = 1,2,..,n— 1) contains all transvections
E te;;fori < j, exceptpossibly E + e, ,. However, from the equation
-1 -1
(E + el’z)(E + en—l,n)(E + 91,2) (E + en_l'n) =E + ey,
we see that it also contains this transvection. It remains to refer to the known fact [3] that

generate subgroups

<(E + eir1), o, = UTn(Zy).
Lema. The subgroup
1 0 x y
g (1) i 16 x,y,z,uEZp
00 01
of the group UT, (Zp) is an elementary abelian p-group.
Proof. This follows from the equation
1 0 X1 M 1 0 X Y2 1 0 x1+x Y1+
01 z21 W 0 1 22 U|_[0 1 z1+t2z; U tu
00 10 0 0 1 0 0 0 1 0
0 0 0 1 0 0 O 1 0 0 0 1

Theorem 5. The group UT,(Z,) is not matroidal.
Proof. By Lemma 1, the group UT4(Z,,) has a generating set consisting of transvections
E +eq,, E + ey, E + e3q,
which is independent. On the other hand, the subgroup G from Lemma 2 is an elementary abelian group of order p*, so any of its
independent generating sets contains four elements. Therefore, the independent generating set of transvections of the group
UT4(Zp) and the independent generating set of subgroups G do not satisfy the augmentation axiom.
O
Corollary 2. Forn > 4, each of the groups GL,(Z,), SLy(Z,), To(Z,), UT,(Z,) is not matroidal.
Proof. Each of these groups contains a subgroup isomorphic to UT4(Z,,).

Proposition 5. Forn < 3, the group UT,(Z,) is matroidal.
Proof. The group UT,(Z,) is trivial, and
UT,(Z,) = Z,.

Therefore, they are matroidal.

Consider the case n = 3. The group UT;(Z,) is isomorphic to D,, hence it is matroidal. Now, let p > 2. In the group
UT3(Zp), the independent systems consist only of single-element subsets and some two-element ones {4, B}, where < A >+
< B >. Indeed, if 4, B € UT5(Z,) and < A >#< B >, then either AB = BA (and then < A, B >= Z,®Z,), or AB # BA (and
then < A,B >= UT3(Zp)). Therefore, if an independent system contains noncommuting elements, it contains only two

elements. Moreover, it cannot contain three pairwise commuting elements, because it has order p® and is noncommutative.
Thus, the family 7 consists of all single-element subsets and some two-element ones {4,B} suchthat <A ># <B >.
Since the augmentation axiom is satisfied, the group UT3(Zp) is matroidal.
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The matroidality of the remaining matrix groups over Z, for n < 3 needs to be considered. Over the field Z,,
T,(Zy) = UTy(Z;)  and  SLy(Z,) = GLy(Zy).
Therefore, for Z,, only the case of the group GL,,(Z,) needs to be considered.
Proposition 6. The group GL,(Z,) is matroidal, while GL;(Z,) is not.
Proof. The matroidality of the group GL,(Z,) follows from the isomorphism GL,(Z,) = S; and Proposition 3.
GL4(Z,) is a simple group of order 168. From the Cayley graph of the group permutations on the cosets, it follows that a
simple group of order 168 cannot have subgroups of index < 5.
On the other hand, GL;(Z,) contains more than one subgroup of order 7. Therefore, any two elements of order 7 in GL;(Z,),
which are not powers of each other, generate the entire group GL3(Z,).

Let's consider the matrices
1 1 0 1 00 1 00
A= (0 1 0), B = <0 1 1), C= (0 1 0).
0o o0 1 0o 0 1 1 0 1

It is obvious that C ¢< A, B >. Furthermore, since the set of matrices of the form

* x 0 * 0 0
(* * O) (or (* * *))
* % * %k

in GL3;(Z,) is closed under multiplication, B ¢< A,C > (or A €< B,C >). Therefore, the set of elements {4,B,C} is
independent. However, this set and any set of generators of the group GL;(Z,) with two elements of order 7 do not
satisfy the augmentation axiom.
O
Proposition 7. All groups GL,,(Z3), SL,(Z3), and T, (Z3) forn = 2,3 are not matroidal.

Proof. The group T, (Z3) contains a cyclic subgroup generated by the matrix ((2) ;

of the groups T,(Z3), GL,(Z3) (n = 2,3), and SL;(Z3) contains a subgroup isomorphic to T,(Z3), hence they are not

) of order 6, hence it is not matroidal. Each

matroidal either. Finally, in the group SL,(Z3), the subgroup generated by the matrices ((1) 3) and (1 ;) is isomorphic

to the quaternion group Qg, so SL,(Z) is also not matroidal.
O
Proposition 8. Let p > 3. None of the groups GL,(Z,), SL,(Z,), and T, (Z,) forn = 2,3 are matroidal.
Proof. The group T, (Z,) contains a subgroup D, (Z, ), which according to Proposition 4.b is not matroidal. Therefore, T,(Z,) is also
not matroidal. In tumn, T5(Z,) contains a subgroup isomorphic to T, (Z, ), hence T5(Z, ) is not matroidal as well.
The group SL,(Z,) contains an abelian subgroup

{6 ) e=21 acz,),

which has order 2p, and therefore, by Theorem 2, it is not matroidal. Thus, SL,(Z,) is not matroidal. In turn, each of the
groups SL3(Z,), GL,(Z,), and GL3(Z,) contains a subgroup isomorphic to SL,(Z, ), so they are not matroidal either.
O

Discussion and conclusions

The study of matroids remains a vibrant area of research with many open problems. Establishing criteria for matroidality
for various algebraic objects is a challenging yet promising task. Several results characterize matroidality in specific contexts,
but a universal set of criteria remains elusive. In this article, we examined the criteria of matroidality for particular classes of
finite and infinite groups.

Authors' contribution: Olexandr Ganyushkin — the problem statement belongs to. The contributions of all authors to the research and
preparation of the paper for publication are equal.
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MPO MPYNW, Y AKX HE3BIAHI CACTEMU ENEMEHTIB YTBOPIOIOTb MATPOI[1

KoHuenuiss mampoida e Ayxe yHieepcanbHO, NPornoHyrYu HadiliHy ocHosy, w0 8idobpaxac cymb He3asleXXHoOCcmi e pi3HoMaHimHuUx Mamema-
muyHux koHmekcmax. ITo cymi, Mampoid eu3Ha4aembCsi MHOXXUHOK Pa3oM i3 CyKynHicmio niOMHOXUH (M. 368. "He3anexHUMu MHOXUHamu"), siKi
3ad080/ILHSIIOMb NEe8HIi aKkciomu, wo iMimyroms ennracmueocmi niHiliHOT He3anexHocmi y eekmopHux npocmopax. ToyHiwe, Mampoid eu3Hayalomb
sk napy (X,I), de X — ye HeNnoOpPOXHs1 CKIHYeHHa MHOXUHA, a | — HernopPo)XHS MHOXUHa NiOMHOXXUH X, w0 3a00e0JIbHsIE akcioMy crnadkoeocmi U akciomy
donosHeHHs1. Taka abcmpakyisi dae 3Mo2y 3acmocogyeamu Mampoiou He minbkue a2any3sx, 6esnocepedHbo Noe 'a3aHux 3 NiHiliHot anzebpoto, ane
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U y mux, de iHmyimueHe NnoHsImMmsi He3anexHocmi abo 38's13Hocmi nompebye ¢hopmaribHO20 MameMamu4Ho20 306paxkeHHs. 3acmocyeaHHs1 Mam-
poidie y 2zeomempii, monosnoeii, komb6iHamopHili onmumizayii, meopii Mmepex i meopii kodysaHHs1 niOKpectoe 2r1ub0oKuli 83aEMO038 'sI30K MiX OUCKpe-
mHO Mamemamukor ma 6inbw KIacuyHUMU 2any3siMu OOCJiOKeHHsl, OeMOHCMPpyrYU KopucHicmb U yHieepcanbHicmb Mampoidie sk
¢pyHOameHmanbHO20 MameMamu4YyHo20 iHCmpyMeHmy.

Y nponoHoeaHili po6omi 3'sscoeaHo, Ons sikux 2pyn (Hacamreped ckiHyeHHuUx) G-napa (G’l) 6yde mampoidom. OmpumaHo Kpumepii MampoidansHocmi
0Ons1 CKiHYeHHUX | HeCKiHYeHHuUX abesieaux 2pyn, Onsi CKIHYeHHUX HifTbMOMeHMHUX, CKIHYeHHUX CUMemPUYHUX i CKiH4eHHUX diedparnbHuUX 2pyn ma oKkpeMux
Knacie ckiH4eHHUX Mampu4HUX 2pyn. A makox doeedeHo HemMampoidanbHicmMb Yinol HU3KU CKIHYeHHUX 2pyr, ceped sIKuX 2amMinlbmoHoei 2pynu, 2pynu dia-
20HaNIbHUX Mampuyb, 3a2anbHi ma crneyianbHi NiHitHI 2pynu, 2pynu eepxHix MPUKymMHUX Mampuyb 3 eu3HayHukom 1 mowjo.

Ans docnidxeHHss 2pyn, y sAKUx He38iOHi cucmemMu efleMeHmie ghopMyromb Mampoid, 6ynu 3acmocoeaHi maki nidxodu: akciomamuy4Hul nioxio
ma anzebpaiyHi mexHiku 3 kKoMymamueHoi anzebpu U anzebpaiyHoi 2eomempii, a makox kombiHamopHa onmumizauyis U anzopummidHull nioxio.

Mampoidu eidiecpatomsb saxnusy posib 8 anzebpaiyHux 0ocniOKeHHsIX, y3a2a/lbHIOKYU MOHMMS NiHilHOT He3aneXHocmi 3a MexaMu 8eKmop-
Hux npocmopie Ha 6inbw abcmpakmHi cucmemu, wjo dae 3Mo2y sue4amu an2ebpuyHi cmpykmypu e wupwomy U yHieepcasbHiWoOMy KOHMeKcmi.

Knwo4yoBi cnoBa: 2pyna, Mampoio.
ABTOpM 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi AoCniaxeHHs; y 36opi, aHanisi umn
iHTepnpeTauii 4aHUX; y HanUCaHHI pyKonucy; B pilleHHI Npo nybnikauio pesynbTaTis.
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