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COMPARATIVE ANALYSIS OF CNNMVN AND MLMVN  

AS FREQUENCY DOMAIN CNN CONVOLUTIONS 
 
Each convolutional layer in any convolutional neural network produces a feature map containing the most important 

information, which a network needs to recognize respective images. To further improve these neural networks and better 
understand their capabilities, it is essential to discover, which features are actually extracted and how the images to be recognized 
are transformed by convolutions resulted from the learning process. This paper presents a comparative analysis of convolutions 
obtained via two complex-valued neural networks based on multi-valued neurons. The first network is a convolutional neural 
network based on multi-valued neurons (CNNMVN) which has a traditional convolutional neural network topology except of that it 
employs complex-valued convolutional kernels in its convolutional part and multi-valued neurons in its fully connected part. The 
second one is the multi-valued neural network based on multi-valued neurons (MLMVN) which is a fully connected multilayer neural 
network employed as a convolutional network in the frequency domain. 

Considering that both neural networks are complex-valued and the obtained filters operate in the complex domain, the 
conducted research indicates that the kernels of both networks produce filters similar to existing digital image processing filters. 
The analysis of CNNMVN kernels revealed that they implement unsharp masking filters and edge detection filters for identifying 
shapes in images, while the MLMVN kernels enhance specific frequency sub-bands. The latter means that the respective filters are 
mostly not similar to the ones known as unsharp masking or sharpening filters. Thus, the kernels of both convolutional networks 
contribute to improving image recognition performance in their own ways. 
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recognition; frequency domain. 
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Introduction  
A convolutional neural network (CNN) has a special place in the field of neural networks and deep learning since its 

introduction in (Krizhevsky, Sutskever, & Hinton, 2012). Originally inspired by the human visual system (Jarrett et al., 2009; 
LeCun et al., 2004), CNNs become a primary tool for visual information processing. In general, all real-world images may 
contain many details that may not be always useful for classification or recognition. The main distinction of CNN from the 
other neural networks is that CNN has special convolutional layers that can first extract useful information from visual data 
and then perform classification and recognition based only on it. This approach showed excellent results compared to regular 
feedforward neural networks (Beysolow Ii, 2017; Caldeira et al., 2019; Gad, 2018; Kaur, & Garg, 2020; Lin et al., 2019; Lin  
et al., 2020; Sarabu, & Santra, 2021; Venkatesan, & Li, 2017; Wu, Zhang,  & Zhao, 2020; Xiao et al., 2018; Yar et al., 2021). 

Among all known neural networks, we would like to focus our attention in this work on complex-valued networks. They use 
complex numbers as weights, employ complex-valued activation functions, and their inputs and outputs are also complex-valued, 
accordingly. Various neural networks based on complex-valued neurons with a complex hyperbolic tangent activation function 
were considered during the last decades (Hirose, 2011; Kobayashi, 2017; Valle, 2014). These networks demonstrated a number 
of advantages over their real-valued counterparts (Boonsatit et al., 2022; Nitta, 2004; Nitta, 2008; Suresh, Sundararajan, & 
Savitha, 2013; Zhang et al., 2022). The first complex-valued convolutional neural network (CV-CNN) was introduced in (Bruna 
et al., 2015) and the first quaternion-based convolutional neural network (QV-CNN) was introduced in (Zhu et al., 2018). Over 
the past years, significant progress has been made in the development and application of CV-CNNs and QV-CNN, leading to 
their successful implementation across various domains. Subsequent studies (Chatterjee et al., 2023; Fuchs et al., 2021; 
Guberman, 2016; Hongo et al., 2020; Popa, 2017; Rawat, Rana, & Kumar, 2021; Sunaga, Natsuaki, & Hirose, 2020; Yadav, & 
Jerripothula, 2023; Zhang et al., 2017) introduce both CV-CNNs and QV-CNNs as powerful tools for complex image processing 
tasks. Notably, these models have demonstrated their effectiveness in synthetic-aperture radar (SAR) image analysis, where 
they have been employed for both image recognition and noise filtering. In addition to SAR applications, CV-CNNs and  
QV-CNNs have proven to be valuable in broader image recognition tasks, offering advantages in handling complex-valued data 
and capturing richer spatial and spectral features compared to traditional real-valued CNNs. 

Another class of complex-valued neural networks is based on multi-valued neurons (MVN). MVN and MVN-based 
networks are comprehensively described in (Aizenberg, 2011). The multilayer feedforward neural network with multi-valued 
neurons (MLMVN) was first introduced in (Aizenberg, & Moraga, 2007). The following features should be mentioned among 
advantages: derivative-free learning algorithm not suffering from the local minima problem; it often learns faster and develop 
better generalization capability compared to regular MLP (Aizenberg, 2011; Aizenberg, & Moraga, 2007). A convolutional 
neural network based on MVN (CNNMVN) was introduced in (Aizenberg, & Vasko, 2020), and its modification was presented 
in (Aizenberg, Herman, & Vasko, 2022). CNNMVN is a network with a standard convolutional neural network topology.  
It consists of the convolutional layers that can be followed by pooling layers, other convolutional layers or the dense layers.  
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It was shown in (Aizenberg, & Vasko, 2024) that CNNMVN is the further generalization of MLMVN. The use of MLMVN as a 
frequency domain CNN (MLMVN-FCNN) was suggested in (Aizenberg, & Vasko, 2023). According to the Convolution 
Theorem, the convolution operation can be calculated in both spatial and frequency domains. Thus, it was suggested to 
interpret and use the first hidden layer of MLMVN as a convolutional layer in the frequency domain. 

In this paper, we present a deep analysis of feature maps for both CNNMVN and MLMVN-FCNN. This should help to better 
understand what kind of information is extracted and which convolutional kernels are constructed during the learning process.  

1. CNNMVN 
CNNMVN combines the principles of convolutional neural networks and multi-valued neurons (Aizenberg, Herman, & 

Vasko, 2022; Aizenberg, & Vasko, 2020; 2024). It has a topology traditional for CNNs, employes complex-valued weights and 
continuous MVN activation function for its convolutional kernels, and has an MVN-based fully connected part.  

As any convolutional neural network, CNNMVN consists of convolutional, pooling and the dense layers. For proper 
processing, intensities of a real-valued input image should be converted to complex-valued ones according to the following rule 𝑧௝ = 𝑒௜ఝೕ , 𝜑௝ = 𝑥௝ − min{𝑋}max{𝑋} − min{𝑋} ⋅ 𝜆, (1) 

where 𝑥௝ and 𝑧௝ stand for a real-valued datapoint and a datapoint projected onto the unit circle, respectively; 𝜑௝ is the argument 
(phase) of the projected datapoint 𝑧௝; min{𝑋} and max{𝑋} are respectively the minimum and maximum values over a real-
valued dataset; parameter 𝜆 defines a pre-determined part of the unit circle to which real-valued data are projected (a standard 
value is 𝜆 = 3𝜋/2). 

Each convolutional layer consists of kernels whose purpose is to extract some useful features from an input image. All 
kernels slide over an input image (or a feature map) performing a convolution operation. It computes a weighted sum of the 
input values within its receptive field. This process helps to extract specific features such as edges, shapes and textures from 
images to be analyzed. Convolutional kernels also capture spatial relationships between pixels. It is widely known that 
adjacent pixels in an image are often highly correlated, and kernels can identify local patterns because of this property. Also, 
in a case when multiple convolutional layers are used, kernels can identify larger features by combining smaller local features 
that were extracted in preceding layer(s). 

A layer following a convolutional one can be either another convolutional layer or a pooling layer. If the latter is the case, 
its main purpose is downsampling and reduction of the information to be processed. The convolutional and the pooling layers 
are followed by fully connected layers. This part of CNNMVN is nothing else but MLMVN.  

A CNNMVN learning algorithm, that is the process of error backpropagation and error correction in CNNMVN was 
presented in (Aizenberg & Vasko, 2020), further develop in (Aizenberg, Herman, & Vasko, 2022) and then presented in detail 
in (Aizenberg, & Vasko, 2024). 

2. MLMVN as a Frequency domain CNN (MLMVN-FCNN) 
The idea to use MLMVN as a frequency-domain convolutional neural network was introduced in (Aizenberg, & Vasko, 

2023) and then considered in detail in (Aizenberg, & Vasko, 2024). It was inspired by the fact that convolution operation can 
be performed in either of the spatial or frequency domains. The convolution of two signals 𝑓(𝑡) and 𝑔(𝑡) can be obtained as (𝑓 ∗ 𝑔)(𝑡) = ℱିଵ(𝐹 ⋅ 𝐺). (2) 
where ℱିଵ stands for the inverse Fourier transform, 𝐹 and 𝐺 are the Fourier transforms of signals 𝑓(𝑡) and 𝑔(𝑡). According 
to (2) the Convolutions Theorem states that spatial domain convolution of two signals is equivalent to the frequency-domain 
product of the respective Fourier transforms of these signals. 

Let us now consider the first hidden layer in MLMVN. Let vector (𝑥ଵ, … , 𝑥௡) and vector ൫𝑤଴௜ ,𝑤ଵ௜ , …𝑤௡௜ ൯ be the 𝑖௧௛ neuron's 
inputs and weights, respectively. Then a weighted sum 𝑧௜ is calculated as 𝑧௜ = 𝑤଴௜ + 𝑤ଵ௜𝑥ଵ + 𝑤ଶ௜𝑥ଶ + ⋯+ 𝑤௡௜ 𝑥௡ (3) 

According to (3), if the input vector (𝑥ଵ, … , 𝑥௡) represents a vectorized 2D Fourier transform of an image, we can assume 
that each neuron in the first layer of MLMVN performs a convolution in the frequency domain. Consequently, the first layer 
can be interpreted as a convolutional layer operating in the frequency domain and the neurons' weights interpreted as 
convolutional kernels in the frequency domain.  

This approach has several key distinctions when compared to traditional CNNs. The first one is that in the first hidden 
layer, the result of each neuron's convolution is not a feature map as it is in regular CNNs. Instead, it is a sum of the frequency-
domain feature map coefficients. And as a result, there is no possibility to apply another convolutional layer. The second 
distinction is that the kernel size in the spatial domain cannot be manually set, and therefore, we cannot directly control the 
size of the features being extracted. 

To improve performance and network's generalization capability, some modifications including frequency domain pooling 
were suggested. The main purpose of the frequency domain pooling is to reduce the number of calculations and remove 
frequencies, which are not important for recognition of objects of interest. Frequency domain pooling is reduced to extraction 
of Fourier coefficients corresponding only to the 2D frequencies, which are essential to recognition of certain objects – from 
the 1st frequency to the 𝑘-th frequency, which is a cut-off frequency in this case. 

3. Comparative analysis of convolutions 
As it was said before, the main purpose of any convolutional layer is to extract important features from an image to make 

it easier to classify/recognize it. Considering that both CNNMVN and MLMVN-FCNN are complex valued, it is interesting to 
visualize and compare feature maps that are generated in convolutional layers. Analyzing these feature maps, we may better 
understand and hopefully improve the learning process of both networks.  

We used in our experiments two popular benchmarks: MNIST – the dataset of handwritten digits (LeCun et al., n. d.) and 
Fashion MNIST – the dataset of fashion images (Xiao, Rasul, & Vollgraf, 2017). Both datasets contain 60 000 images for 
training and 10 000 images for testing. All images are gray-scale and therefore their intensity range is [0, 255]. The size of 
each image is 28 × 28 pixels. 

To visualize and analyze the feature maps, we used trained networks, which were presented in (Aizenberg, & Vasko, 2024). For 
CNNMVN we analyzed models with same topology for both MNIST and Fashion MNIST datasets. It was 32C5-h256-o10 topology, 
where 32C5 stands for the convolutional layer with 32 kernels of size 5 × 5, h-256 is the number of neurons in the hidden layer and 
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o10 is the number of output neurons. The accuracy was 97,71% and 88,06% for MNIST and Fashion MNIST datasets, respectively. 
To analyze and visualize feature maps of MLMVN-FCNN we used a model with the h2048-o10 topology. For this model, we got 
98.11% accuracy on the MNIST dataset with 5 extracted 2D frequencies. To analyze Fashion MNIST feature maps, we used a 
model with the h3072-o10 topology. For this model, we got 90% accuracy with 7 extracted 2D frequencies.  

 

    

    

   
Fig. 1 (a). Original images  

of 1, 4 and 9 classes Fig. 1 (b). Phases of the feature maps for 21, 23 and 25 kernels of CNNMVN in MNIST dataset 
 

    

    

    
Fig. 1 (c). Original images  

of 1, 2 and 5 classes 
Fig. 1 (d). Phases of the feature maps for 18, 19 and 21 kernels of CNNMVN  

in Fashion MNIST dataset 
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The visualization of the feature maps for MNIST and Fashion MNIST datasets of CNNMVN are presented in Fig. 1. In 
Fig. 1 (a) we observe the phases of the original images of MNIST dataset for the classes 1,4 and 9, transformed according to (1). 
Figure 1 (b) presents the phases of the feature maps generated by the kernels 21, 23 and 25 of CNNMVN after the learning 
process was completed. One can observe that kernel 21 is performing horizontal and diagonal lines detection while kernel 
23 better detects vertical lines. The kernel 25 performs high frequency emphasizing, that is, it performs filtering, which can be 
compared to unsharp masking. Similar results are observed for the Fashion MNIST dataset. Fig. 1 (c) illustrates the phases 
of the original images for the classes 1, 2 and 6, transformed by (1). Figure 2 (d) depicts phases of the respective feature 
maps for kernels 18, 19, and 21 after the CNNMVN training. We can observe that kernels 18 and 19 are performing high-
pass filtering, which leads to shape highlighting of the image. Kernel 21 performs some kind of high frequency emphasizing 
which can be compared to unsharp masking. Summarizing the above, we can conclude that CNNMVN kernels produce 
feature maps similar to those of traditional CNNs. Like their real-valued counterparts, CNNMVN kernels aims to detect shapes 
and edges in an input image through the development of various types of filters. 

While CNNMVN performs convolution in the spatial domain, MLMVN-FCNN performs it in the frequency domain. As 
mentioned earlier, this approach has several limitations. We cannot manually set the kernel size in the spatial domain and 
therefore we cannot have control over the size of details extracted by a respective convolution. Additionally, as we are dealing 
in this case with the frequency domain kernels, the learning process can be resulted in kernels that often are difficult to 
compare to their spatial domain counterparts. 

The visualization of the MLMVN feature maps for both datasets is presented in Fig. 2. In Fig. 2 (a) samples from the MNIST 
dataset after frequency domain pooling are presented with focusing on classes 1, 4, and 9, and with the frequencies (1–5) extracted. 
Fig. 2 (c) depicts the Fashion MNIST classes after the frequency domain pooling, specifically classes 1, 2, and 6, with the 
frequencies (1–7) were extracted. Figures 2 (b) and 2 (d) visualize the feature maps resulted from the learning process of MLMVN. 
Since the convolution process in MLMVN is performed in the frequency domain, we applied the inverse Fourier transform to the 
feature maps, and then their magnitudes were extracted to visualize them. It should also be mentioned that according to the 
frequency domain pooling algorithm, the 2D frequencies are extracted in a "diamond" shape (Fig. 3), have been flattened and then 
processed by the first hidden layer neurons in MLMVN. Thus, a network learns employing only Fourier coefficients extracted from 
the kernel according to the "diamond" rule. It should also be taken into consideration that kernels and feature maps have ripple 
effects because of this when visualized. It is significant when analyzing kernels and feature maps in the frequency domain. 

It is clearly seen in Fig. 2 (b) that all filters resulted from the learning process in the frequency domain distinguish certain 
features in the MNIST images. These filters emphasize medium and high frequencies and can be compared to unsharp 
masking filters. At the same time, while unsharp masking filter usually emphasize all high frequencies and possibly some 
medium frequencies, MLMVN neurons as a result of learning emphasize very specific narrow frequency sub-bands. Thus, 
they develop filters distinguishing specific details. For example, as it is seen from Fig. 2 (b), neuron 351 distinguishes details 
of certain specific sizes by emphasizing respective medium frequencies. It can also be seen from Fig. 2 (b) that neuron 461 
distinguishes vertically oriented details in images by emphasizing vertical frequencies, while neuron 466 distinguishes 
diagonally oriented details (from bottom-left to top-right) by emphasizing respective frequencies. 

 

    

    

    
Fig. 2 (a). Classes 1,4, and 9  

after frequency domain pooling 
Fig. 2 (b). Magnitudes of the inverse Fourier transform for neurons 351, 461, and 466 

neurons of MLMVN-FCNN in MNIST dataset 
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Fig. 2 (c). Classes 1,2 and 6 

after frequency domain pooling 
Fig. 2 (d). Magnitudes of the inverse Fourier transform for neurons 41, 146, and 471 of 

MLMVN-FCNN in Fashion MNIST dataset 
 

    
(a) (b) (c) (d) 

Fig. 3. Frequency pooling process: a) original image; b) Fourier frequencies of the image with circular shift;  
c) extracted Fourier coefficients corresponding to the frequencies 1-5 around the DC frequency;  

d) inverse Fourier transform of the extracted Fourier coefficients corresponding to the frequencies 1–5 
 
A similar result can be observed in Fig. 2 (d) for the Fashion MNIST images, but with some distinctions. Since these 

images are more complicated and lost some details due to the frequency domain pooling (the frequencies (1–7) were 
extracted), they retain the general shape. For example, neuron 41 detects horizontally oriented details in the images from 
classes 2 and 6. At the same time, while there are no horizontally oriented details in the image belonging to class 1, it highlights 
some isolated elements belonging to vertically oriented details in this image. Neuron 146 highlights vertically oriented details 
for all classes and the kernel 471 highlights various shapes for different classes by emphasizing medium frequencies. 

It is worth looking at the illustrations showing exactly which frequencies are amplified by the filters resulting from training 
both neural networks. To discover this, we need to look at Fourier power spectra of the respective filter kernels. To obtain 
respective power spectra of CNNMVN kernels, we took Fourier transform of the spatial domain kernels resulting from the 
learning process. Figure 4 (a) represents respective power spectra of kernels 21, 23, 25 for the MNIST dataset, and Fig. 4 (b) 
represents respective powers spectra of kernels 18, 19, 21 for the Fashion MNIST dataset. Thus, power spectra in Fig. 4 (a) 
represent the filters used to create feature maps shown in Fig. 1 (b), while power spectra in Fig. 4 (b) represent the filters 
used to create feature maps shown in Fig. 1 (d).  

Power spectra of MLMVN-FCNN kernels can easily be obtained by taking absolute values of the respective weights and 
reshaping them into 2D structures. Figure 5 (a) represents respective power spectra of kernels 351, 451, 466 for the MNIST 
dataset. We may observe from Fig. 5 (a) that medium frequencies are emphasized by neuron 351, and this leads to the 
extraction of details of certain specific sizes as it can be seen in Fig. 2 (b). This example also shows that vertical frequencies 
are emphasized by neuron 461, and this is resulted in distinguishing vertical details as can be seen in Fig. 2 (b). As we see 
from Fig. 5 (a), neuron 466 emphases frequences corresponding to the diagonally oriented image elements, and this can be 
seen in Fig. 2 (b). Figure 5 (b) represents respective powers spectra of kernels 41, 146, 471 for the Fashion MNIST dataset, 
that is they represent the filters used to create feature maps shown in Fig. 2 (d). 
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Fig 4 (a). Amplitude and Phase spectrum of kernels 21, 23, 25 of CNNMVN in MNIST dataset 

 

   

   
Fig. 4 (b). Amplitude and Phase spectrum of kernels 18, 19, 21 of CNNMVN in Fashion MNIST dataset 

 

   

   
Fig. 5 (a). Amplitude and Phase spectrum of kernels 351, 451, 466 of MLMVN-FCNN in MNIST dataset 
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Fig. 5 (b). Amplitude and Phase spectrum of kernels 41, 146, 471 of MLMVN-FCNN in Fashion MNIST dataset 

 
Considering that both networks reached high accuracy rate we can conclude that the extracted features, which are visualized 

in Fig. 2 (b) and 2 (d) are crucial for image classification. Phase spectra of the respective kernels are also shown in Fig. 4 (a), 
4 (b), 5 (a) and 5 (b), but it can be seen that it does not carry some visually significant information. However, it is worth noting 
that visualization of the magnitude of complex-valued feature maps may not provide a complete understanding of their nature. 

Discussion and conclusions 
Summarizing the above, we can conclude that both CNNMVN and MLMVN-FCNN networks successfully extract 

meaningful features from input images despite using different approaches. Both models demonstrate their ability to generate 
meaningful feature maps that emphasize important image details such as edges, shapes, and specific frequency bands. 
CNNMVN operates in the spatial domain and produces feature maps similar to those in traditional CNNs. Its kernels are 
effective at detecting specific patterns such as horizontal, vertical, and diagonal lines, as well as performing high-pass filtering 
to highlight image details. In contrast, MLMVN-FCNN operates in the frequency domain, emphasizing specific frequency sub-
bands that are difficult to directly compare to spatial domain kernels. 

Future work will focus on investigating which regions, shapes and features of an image most frequently activate the 
kernels, allowing for a deeper understanding of their formation and functionality. 
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ПОРІВНЯЛЬНИЙ АНАЛІЗ ЗГОРТОК, ОТРИМАНИХ МЕРЕЖАМИ CNNMVN ТА MLMVN, 

 ЯК ЗГОРТКОВОЇ МЕРЕЖІ В ЧАСТОТНІЙ ОБЛАСТІ 
 

Кожен згортковий шар у будь-якій згортковій нейронній мережі створює карту ознак, що містить найважливішу інформацію, 
необхідну мережі для розпізнавання відповідних зображень. Для подальшого вдосконалення цих нейронних мереж і кращого розуміння 
їхніх можливостей важливо виявити, які саме ознаки витягуються і як змінюються зображення, що підлягають розпізнаванню, 
унаслідок згорток, отриманих у процесі навчання. 

У пропонованій статті представлено порівняльний аналіз згорток, отриманих за допомогою двох комплекснозначних нейронних 
мереж, які базуються на багатозначних нейронах. Перша мережа – це згорткова нейронна мережа на основі багатозначних нейронів 
(CNNMVN), що має традиційну топологію згорткової нейронної мережі, за винятком того, що вона використовує комплекснозначні 
згорткові ядра у своїй згортковій частині, та багатозначні нейрони у повнозв'язній частині. Друга мережа – це багатозначна нейронна 
мережа на основі багатозначних нейронів (MLMVN), що є повнозв'язною багатошаровою нейронною мережею, яку використовують як 
згорткову мережу в частотній області. 

Ураховуючи, що обидві нейронні мережі є комплекснозначними, а отримані фільтри працюють у комплексній площині, проведене 
дослідження показує, що ядра обох мереж формують фільтри, подібні до наявних цифрових фільтрів для оброблення зображень. Аналіз 
ядер CNNMVN виявив, що вони реалізують фільтри нерізкого маскування та фільтри виявлення країв для ідентифікації форм на 
зображеннях, тоді як ядра MLMVN підсилюють окремі частотні піддіапазони, що ускладнює їхнє пряме порівняння з просторовими 
ядрами. Отже, ядра обох згорткових мереж сприяють поліпшенню точності розпізнавання зображень. Візуалізація цих ядер 
демонструє, що комплекснозначні згорткові нейронні мережі функціонують аналогічно до їхніх дійснозначних аналогів. 
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зображень, частотна область. 
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