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Ocnosra mema 0anoi pobomu NoOAA2GE Y BUBHEHNT PYHKULONANY MAKCUMIZAULT GYnKUl KopucHo-

cmi,
sup
Xex(z) Qe

inf Eg[U(X71)], 30 ymos nosnoi punxosoi modeai, Koau iHEeCmop He 6nesHeHUll 6 UMOBIPHI-

CHIT MOdent T NPoMmucCmoims Ax puduky, Max i HesuanadeHocmi modesi. Y nonepeduiti Armepamypi
UA NPobaema OYaa BUBHEHG OAA CMPO20 YEIeHYMUL YHKUIT KOPUCHOCTE, T MU DOSUUPUAY TCHYIOUT
PESYALMAMU OAA HE YSIeHYMUL PYHKUIT KOPUCHOCTNE, PO32AAAI0YY TXHE YEIZHEHHA.

Knowo6i crosa: Gynkyionas mMakcumidayii Gynkuii KopucHocmi, MIHIMAKC NPobAEMa, YBI2HEHHA.

The main goal for this paper is to study the robust utility maximization functional,

1.e. sup

XeXx(z)QeQ

inf Eq[U(X7)], of the terminal wealth in complete market models, when the investor is

uncertain about the underlying probabilistic model and averse against both risk and model uncertainty.
In the previous literature, this problem was studied for strictly concave utility functions and we extended
existing results for non-concave utility functions by considering their concavization.

Key Words: robust utility maximization functional, minimax problem, concavization.

1 Introduction

One of the most popular and challenging
investment problems concerns utility-maximizing
investments strategies. There is a lot of aspects
which can be considered in this problem such as
completeness of the market, properties of utili-
ty function, modeling of the payoff, probability
measures etc. The main interest is in the very
general setup, with an incomplete market, general
sets of prior models and non-concave utility functi-
ons.

2 Model setup

We will consider the model as in [5] with the
additional assumption that the discounted price
process is locally bounded.

We assume that investor has utility function
U(z), the conditions on U(z) will be stated later.

We consider the discounted price process with
d assets which modeled by a stochastic process
S = (Sto<t<r- We assume that S is a d-
dimensional locally bounded semimartingale on
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(Q, F,P) with respect to a filtration (F;)o<i<7-
The pair (z, &) is a self-financing trading strategy,
where € R is the initial wealth and ¢ =
(&)o<t<r 1s a d-dimensional predictable and S
is an integrable process. The corresponding value
process X satisfies

t
Xt:Xo—k/&rdSr, 0<t<T.
0

By X(z), x > 0 we denote the set of all such
processes X, with Xg < x which are also admissi-
ble in the sense that X; > 0, for 0 <t < T.

Additionally, the authors of [5] impose the
assumptions on the set of probability measures Q
on (92, F).

Assumption 1. (i) Q is convex;

(i) P[A] = 0 if and only if Q[A] = 0 for all
Qe Q;
(i1i) The set Z := {dQ/dP|Q € Q} is closed in
LO(P).
Also, to the Assumption 1 we add

(iv) The set Z. := {dQ/dP|Q € Q.} is closed in
LO(P),
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where Q. denotes the set of measures in Q that
are equivalent to P.

Assumption 2. There is a unique equivalent local
martingale measure, which we denote as Q°.

We consider the next value function of the
robust utility problem

sup inf EQlU(X7)].
XeX(z) QeQ al |

Also, we denote

ug(w) = sup Eq[U(Xr)],

XeX(x)

the value function of the optimal investment
problem.

Consider the "abstract version"of X' (z), as in
6, 7]:

() :
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We consider utility function U : [0,00) — R
with U(oo) > 0, which is non-constant, non-
decreasing, upper semi-continuous and satisfies
the mild growth condition:

lim Ulz)
r—o00 I

We set U(x) = —oo for z < 0.

It follows from [8, Proposition 3.1] that U(x)
has a non-decreasing and continuous concave
envelope U, (x) that is the smallest concave functi-
on such that U.(x) > U(x) for all z € R.

Denote by

=0.

u’(z) : sup inf Eq[Uc.(X7)] = sup inf Eq[U.(g9)];

Xex(z) QEQ geC(z) Q€L

sup Eq[Ue(X1)] = sup Eq[Uc(g)]-
XeX(x) g€C ()

ug(x) :

Also, we need the finiteness of the value functions
of the optimal investment problem, which we can
write as

{g € Lg_(ﬂ,fT,]P’NO < g < X7 for some X € X(z)}.Assumption 4.

It is easy to see that

u(z) = sup inf EglU(Xr)] = sup inf EglU(g)];
(@)= sup inf FolU(Xr)l = sup i EolU/(g)
ug(z) = sup Eq[U(Xr)]= sup Eq[U(g)].
XeX(x) geC(x)

Remark 3. [t is known from Delbaen and
Schachermayer (see [2] for the case of a locally
bounded semimartingale S, [3] for the general case
and [4] for more detailed version) that for g > 0,
it holds that

g€ C(z) <= sup Fg(g9) <z<= sup Ep(g) <z,
QeM. QEMq
where M, is the set of equivalent local martingale
measures and Mg is the set of absolutely conti-
nuous local martingale measures.

In our model setup M, = {Q°}, and hence

g€ C(x) <= Ege(g) < z.

3 Main result

We want to investigate the minimax identity for
the robust non-concave utility functional in a
complete market model, i.e.

sup inf Eg[U(Xr)] = inf

Y sup Eg[U(X7)].
ceX(x

ReQ xex(z)
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For all x > 0 exists a measure Qg € Q.

such that ug,(z) < co.
Assumption 5.

ug, () < oo for some, and hence for all x >0

and some Qy € Qe.

Theorem 1. Additionally to Assumption 1, 2,
8 and 4 we assume that the probability space
(Q, F,P) is atomless. Then the following holds

(2x) .
f Ep[Ue = £ EglUc
s QlUc(9)] ngggesgp()z) Ql[Uc(9)]
I1(3%)

inf sup Eqg(Uc(9)]
QREQe geC(a) Qe

I1(5%)

. (1x) .
sup inf EglUc(g9)] =~ sup in
g€C () QEe QlUe(s) geC(x) Q€
\//(4*)
sup inf Eqg[U(g
goap o, QU(9)]
I1(6x%)
(8%)
p Eq[U(9)] <
(=)

The proof of this theorem will be divided into
several parts.

(7%)
, inf Eq[U < inf
sup a2l FelU()] Qeo

inf sup Eqg[U(g)]
geC(x)

su
gec QEQe geC(x)

Lemma 1. Suppose that Assumptions 1 and
Assumption 4 hold.
Then, we have

u(x)
sup inf FEg|U.(g)] = inf sup FEg|U.(g
sup iat FolUig)] = faf, sup FolUi(s)
= sup inf EglU.(g)] = inf sup Egl[U.(g
sup int BqlU(g) = sup BlU.(o)

Proof. The proof is similar to the proof of [5,
Lemma 3.4).
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We do not prove the minimax identity in
the general case of non-concave functions but we
establish some conditions under which it will hold.

Lemma 2. If Assumptions 1 and Assumption 3
hold, then for all g € C(x)

inf EolU(9)] = jnf EolU(9))

(1)

Proof. The idea of the proof is the same as in [5,
Lemma 3.4).

To prove equality (5x), we follow the paper
of Christian Reichlin [1]. He considered non-
constant, increasing and upper semi-continuous
function U : (0,00) — R, with U(co) > 0 sati-
sfying a mild growth condition:

lim Ulz)

T—00 I

=0.
We take the function

u(z,U) =
sup{E[U (/)] |f € LL(Q, F,P) with Eq(f) < «},

for a (pricing) measure @ ~ P.
For convenience, introduce one more notation.
Namely, the set

C'(x) == {f € LY(Q, F,P) with Eg(f) <z} (2)

Note that u(z,U) = sup E[U(f)].
fec (x)
One of the main results of the Reichlin’s paper

is [1, Theorem 5.1].

Theorem 2 (Theorem 5.1 by [1]). Let (2, F,P)
be atomless. Then it holds that

u(z,U) = u(x,U,) for all x > 0.

The non-concave problem u(x,U) admits a mawi-
mizer if and only if the concavized problem u(x, U.)
admits a maximizer. Every mazimizer for the
non-concave problem u(x,U) also mazximizes the
concavized problem u(x,U,).

Remark. By our assumptions, there exists at
least one equivalent martingale measure, which is
also equivalent local martingale measure. Noting
that Q¢ is a unique equivalent local martingale
measure it is also unique equivalent martingale
measure.
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Noting Remark 3, we can use the Q€ as a pri-
cing measure, in the Reichlin’s paper and obtain

fel(z) = fel' ().
Then it follows from Theorem 2 that

sup E[U(g)] =
geC(x)

sup E[U.(g)], for all z > 0.
9€C(x)

Lemma 3. Suppose Assumption 2 holds and
assume that (2, F,IP) is atomless.
Then it holds that

inf sup Eg[U(g)] = inf sup Eg[U.(9)]
QEQ geae) Q0 yecin)
Proof. First, mnote that for his theorem,

C.Reichlin used only the probability space (2, F,P)
and pricing measure QP = IP. Moreover, the condi-
tion Egr(f) < x does not depend onP. If (Q, F,P)
is atomless then (Q,F,Q) is atomless for all
Q = P. Moreover, the set L(J)r(Q, F,Q) is the same
for all Q =~ P, and it means that everything remai-
ns true if we substitute P with another measure
@ ~ P. And equivalent local martingale measure
Q° remains the same and unique. So, we use Q€
as a pricing measure in Reichlin’s paper.

Hence,
sup EqQlU(g)] = sup EqlU:(g)], for all Q € Q..
g€C(x) g€C(x)
(3)
Consequently,
inf sup Eg[U(g)] = inf sup Eg[U.(9)]

QEQe geC(a) QEQe geC(x)

Proof of Theorem 1.

e (1x) - (3x) follows from Lemma 1;

(4x) follows from the fact that U, > U;

(5%) follows from Lemma 3;

To obtain (6%) we need to take the sup of
geC(x)
the both sides in the equality (1);

The inequality (7%) follows from the fact
that for all @ € Q and all g € C(x) holds

inf Fg|lUc(g9)] < sup EglU.(g)].
2L, Fall(9)] < sup EolU(o)

Since Q. C Q, the inequality (8) is clear.
O
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Lemma 4. Suppose that Assumption 1 holds and
that for all Q € Qe : ucQ(x) < oo for some x > 0.
Additionally, assume that 1i_)m ve(® _ 0, for

each Q € Qc. Then, for any x > 0, there exist
some g € C(z) and Q € Q such that

u(2) = inf Eq[Uu(§)] = BglUe(@)] = S,

Jnf) 5(@)

Proof. The proof follows from the first part of the
proof of [5, Theorem 2.6 and Lemma 4.1 (a)]. Note
that we have U : [0,00) — R, hence we do not have
to consider U(g + €) and proof of [5, Lemma 4.1
(a)] in our case is easier.

The complete proof of the relation u®(x) =

¢(x) can be done similarly to the proof of

us

Q
Theorem 3 part (ii) = (i) noting that minimaz
identity for concavized objective function U, holds.

Remark 6. Actually, under assumptions of the
lemma above for any x > 0, there exist some
g € C(x) and Qo € Q. (instead of Q) such that

inf BglU@)] = B, [U.@) = u, (2)

u(z) =
This is true because we add additional assumption
on the set Q. to Assumption 1 which is that the
set Z, is closed in the LO(PP).

From now on by @0 € Q. we will denote such
a measure for which the following holds

Now we are going to present conditions under
which the minimax identity for a non-concave uti-
lity function U holds.

u(z) = u

Qo

Theorem 3. Suppose that all assumptions of
Theorem 1 hold.
Then, the next two equalities are equivalent

(i) sup inf Eq[U(g)] = sup Eg[U(g)], for
geC(xz) QEQe ¢ geClz)
Q€ Q..
1) sup inf EglU(g)]= sup inf EglU.(g
(W) sup ol FolU9]= swp inf FolUi(o)

Proof. Suppose that (i) holds, then from (3) it
follows that

sup inf Eq[U(g)] = sup Eg[U(g)]
geC (z) UELe 9€C(x)

= sup E5[Uc(g9)] = sup inf EglU.(g)].
9eC@) gec(a) @eQ.
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Noting that for all x > 0 : U.(z) = U(x), we have
(i1).

Assume (ii) holds, then from Theorem 1 we
obtain that

sup inf FglU(g)] = inf sup FEg|U(g
s nt BlU(9) = faf sup EolU(s)
= inf sup E[ZU(g)].

ZEZ, geC(x)

From the definition of infimum it follows that exi-
sts such a sequence (Zy)nen € Ze that

lim sup E[Z,U(g)] = inf sup E[ZU(g)].
"0 geC(x) 7€2e geCla)

Using [2, Lemma A1.1], we conclude tht there exi-
sts a sequence (Zy)nen € conv(Zy, Zni1, ... ) such
that 2n converges a.s. to some Z.

Moreover, (Zn)neN C 2., because (Zy)nen C
Z. C Z. It follows that (En)nGN C Z and also for
all integer n : Zn ~ P.

From Assumption 1 (w) it follows that Z €
Ze.

For each n € N there exists a sequence o €
Rt such that > ol =1 and 271 =Y al'Zpti-1.

1€N €N
Hence,

sup E[Z,U(g)] = sup E U(g)Za?ZnH_l
9eC(x) 9eC(x) iEN
< Qo sup E[Z,11U(g)]-
ieN gGC(m)

Thus, by applying lim sup, we obtain

n—o0

limsup sup E[Z,U(g)] < inf sup E[ZU(g)].
n—oo geC(z) Z2€2e geC(x)

Noting that

liminf sup E[Z,U(g)] > inf sup E[ZU(g)),
"0 geC(x) 7€2e geCl(a)

we get that

inf sup E[ZU(g)] = lim sup E[Z,U(g)]
ZEZe gEC($) n—oo gEC(l’)
(4)

Since U(g) is bounded from below, it follows that
there exists ¢ > 0 such that U(g) + ¢ > 0. From
Fatou’s lemma it follows that for all g € C(x) it
holds that

E [lim inf Z,U(g)| < liminfE

n—oo n—oo

[ZLU(g)} .



Bicnux Kuiscvkozo nayionanrvro2o yrisepcumemsy
iment Tapaca Ilesuwernra
Cepia: Pizuro-mamemamushi HaYKY

This gives us the relations

sup E [liminf Z,U(g)]

gEC’(ac) n—oo

< sup liminfE [Z\HU(g)] .
gEC’(x) n—oo

()

Noting that for all Z,, € Z. and all g € C(x)

holds E [ZlU(g)} < sup E [ZnU(g)] , we have
g€C()

lim inf E [EnU(g)}

n—o0

< liminf sup E [Z\nU(g):|
n—00 geC(x)

Since g is arbitrary, we obtain

sup liminfE [Z\nU(g)}

gEC’(ac) n—o0

<liminf sup E [ZnU(g)} (6)
n—o0 geC(I)
Combining (4), (5) and (6) we get

sup E[ZU(g)] < inf sup E[ZU(g)]
g€C(x) 2€2e geC(x)

Also, it is true that

inf sup E[ZU(g)] < sup E[ZU(g)]
Z€2e geC(x) 9eC(2)

This relation concludes the proof.

Recall that it follows from Remark 6 that the
measure Qg € O, .

Theorem 4. Suppose that all assumptions from
Lemma 4 and from Theorem 1 hold. Assume that
at least one of the items below holds

(i) There exists such a measure @ € Q. that for
all g € C(x) : Qigé Eq[Uc(9)] = E5lUc(9)];

(ii) For any sequence g, € C(x) such that
Aim_ Eq[Ue(gn)] = sup  inf Eq[Uc(g)] it

geC(x)
holds that
Aim Eg,[Ue(gn)] = lim  inf Eq[Ue(gn)]

Then, we have

sup inf Eg[U(g)] = sup inf Eg[U.(g9)].
geC (z) QEQe @ geC(z) QEQe Q

Hence, all inequalities in Theorem 1 turn to equali-
ties.
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Proof. Let’s prove the first part, i.e:

(1) = sup
9€C()

inf Eq[U(g)] =

su
QEQ. P

9€C()

inf EQ[Ue(9)].

QEQ.
Due to the arguments of Lemma 3 it follows from
[1, Proposition 5.3] that for all g € C(x) ewists
g* € C(x) satisfying {g* € {U < U.}} =0 and

ElUnl)] = BglUlg™)] = EglU(6")]
Since {g* € {U < U.}} =0, we have

inf EglU.(¢g")] = inf EglU(g*
onf EqlUc(g")] = jnf EqlU(s")]

Hence, (i) gives us the following equalities

Jof EqlUc(9)] = EglUe(9)] = Eg[Ue(g”)]
0

O inf EolU.(g*
onf EolUe(g™)]
= inf Egl[U(g*)] < sup
ot EQlU(0)] < sup.

inf Eq[U(g)].

QeQ,

Because g € C(x) was arbitrary, we obtain

sup inf FEglU.(g)] < sup inf EglU(g)].
sup int FoUi(g)] < sup i BolU(y)

Noting that U, > U, we have

sup inf FEg[U.(g)] = sup inf FEg|U(g)].
s ot Follilo)l = sw ol FolU(o)

Now, let us prove the second part, i.e

(i) = sup inf Eg[U(g)] = sup inf Eg[U.(g)].
geC(z) Q€EQe N geC () QELe ¢

Recall that it follows from Remark 6 that @0 € Q.,
so we have

u’(x) = sup inf Eg[U.(g

(#)= s it FolUi(o)

= sup Ep [Uc(g)] = ug (). (7)
geC(x) @o @o

Note that due to Lemma 1 it holds that

sup inf EglU.(g)] = sup inf EglU.(g
sup ol FolUilg)) = sup inf BolU(o)

By the definition of supremum ezists such a
sequence g, € C(z) that

lim inf Eq[Ud(g)] =
dim inf Eg[Ue(gn)] = sup

inf EglU.(g
gGC(:p)QEQ6 Q[ ()]
(8)
Noting that

inf FEqglU:(gn) < Ep [Uc(gn)] < sup Egz [Uec(g)],
o8, Ealli(on)] < B [Uan] < sup Eg, (Vo)

54



Bicnux Kuiscvkozo nayionanrvro2o yrisepcumemsy
iment Tapaca Ilesuwernra
Cepia: Pizuro-mamemamushi HaYKY

we have
lim inf EQ[Uc(gn)]

n—00 QEQ,
< lim Ej [Ud(gn)] < sup Ex [Ue(g)
Jim B [Uon)] < sup g, [0:49)

From (7) and (8) we obtain

lim inf Eg[U.(gn)]

Jim inf = nh_}rgo Eg, [Ue(gn)]

= sup 9)

inf Eq[Uc(g)]
g0 () QEe ¢

Due to the arguments of Lemma 8 it follows from
[1, Proposition 5.3 that for all g, € C(z) exists
gy € C(x) satisfying {gy, € {U < U.}} =0 and

Eg,Ue(gn)] = Eg [Uc(g;)] = Eg, [U(g7)]

Leads to
dim Eg [Ue(gn)] = lim Eg [Uc(gn)]
(9) .
= sup inf EglU.(g
Sup jnf QlUc(9)]

Then, it follows from (ii) that

lim EA

n—oo Qo

[Uelgp)] = lim inf Eq[Uec(gy,)]

n—00 QEQ,

Noting that {g;, € {U < U.}} =0, we have

sup

inf EglU, = lim inf Eg[U.(g}
geC (z) QEQe QlUec(9)] Q[Uc(gn)]

n—00 QEQ.

= lim inf Epl[U(g})] < sup inf Ep[U
dim inf Eo[U(gn)] S ooL, QlU(9)]

Since U, > U, we obtain

inf Eg[U(g)].

inf EolU.(g)] =
sup inf Eg[Uc(g)] = sup (nf

geC(x) YELe geC(x)

Before presenting the next theorem let us
introduce a notation. By V(y) we denote the
conjugate of U as

V(y) := sup{U(z) — zy}.
>0
Note that OV denotes the subdifferential of V; see
more in [9, Chapter II|.

Theorem 5. Suppose that all assumptions of
Theorem 1 hold. Additionally, assume that %
has a continuous distribution. Suppose also that
for some X\(= 0) the mazimizer for u®(x) satisfies
gt € —avV(A- &),
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Then g* is also a mazimizer for u(x).
Moreover, we have

sup inf Eg[U(g)] = sup inf Eg[U.(g)]-
seCls) A2 geCla) Q€0:

Hence, all inequalities in Theorem 1 turn to equali-
ties.

Proof. Since g* is mazimizer for u®(x), we have

sup
9€C()

inf EolU.(¢)] = inf Eo[U.(g")].
ond, olUc(9)] onf olU:(9%)]

If follows from the proof of [1, Lemma 5.7] that
P(g* € {U < U.}) = 0. Hence,

inf Eol[U.(¢")] = inf Eo[U(g%)].
onb, olU(97)] onf olU(g")]

Thus, we obtain

sup
gec(x) QEQe

= inf EglU(g")] < sup
Jof EolU(g”)] S

inf EQ[UC(Q)] = Qiélge EQ[UC<9*)]

Qigge EqlU(g)]

Since U. > U, we have

up inf EglU. = inf Eg[U.(g*

gSC(gE) QleQe Uelg)] QleQe Welg™)]

= inf Ep|U(g*)] = su inf Epl|U .
jnf QlU(g")] gecp(x)éeze olU(9)]

Now, from Lemma 2 it follows that g* is a mazi-
mizer for u(x).

4 Conclusions

In this paper, we have studied the minimax identi-
ty for non-concave utility functions with the help
of their concavification in the complete market
models. We have shown that under some assumpti-
ons the minimax identity for non-concave functi-
ons holds.

In the future, it will be really helpful to study
further the minimax identity for the non-concave
utility functions in the complete and incomplete
market models. The proof of minimax identity
for non-concave utility functions in the complete
market models will lead to construction of the uni-
que optimal investment strategy for the problem of
maximizing the robust non-concave utility functi-
onal in complete market under natural assumpti-
ons.
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