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ENTROPIC RISK MEASURE EVAR REAL DATA TESTING

Investigating risk measures is crucial for understanding and managing the uncertainties inherent in various financial and
economic activities. Risk measures provide quantitative assessments of potential losses, enabling businesses and financial
institutions to make informed decisions and mitigate adverse outcomes. The background of this research lies in the increasing
complexity and interconnectedness of financial markets, which have increased the impact of risks and the need for robust
risk management frameworks. Traditional measures, such as Value at Risk (VaR), have been widely used, but their limitations,
particularly during financial crises, have highlighted the necessity for more comprehensive approaches like Expected Shortfall
(ES) and Entropic Value at Risk (EVaR).

The relevance of investigating risk measures is underscored by the financial turmoil experienced during global crises, such
as the 2008 financial meltdown and the COVID-19 pandemic. These events exposed the vulnerabilities of existing risk manage-
ment practices and underscored the need for more resilient and accurate risk assessment tools. The purpose of this research
is to evaluate and compare different risk measures, providing insight into their strengths and weaknesses, and to develop more
effective strategies for risk management.

In the paper, we investigate the performance of the Entropic Value-at-Risk (EVaR) risk measure on real financial data, com-
paring it with traditional risk measures such as Value-at-Risk (VaR) and Conditional Value-at-Risk (CVaR). We consider historical
return data from the S&P 500 index and Bank of America Corp. shares (2009-2019) and apply various parametric models, in-
cluding normal and Laplace distributions. We also employ standard backtesting methods (coverage and independence tests) to
assess the empirical adequacy of these measures. Our analysis highlights the mathematical properties of EVaR and its ability
to detect heavy-tailed behavior more effectively than VaR, while providing coherent and potentially more robust estimates in
volatile market conditions.

Future research perspectives include the development of new risk measures that can better capture systemic risks in fi-
nancial markets. In addition, integrating machine learning and artificial intelligence with traditional risk measures presents an
avenue to improve predictive accuracy and robustness. This ongoing research is important for building more resilient financial
systems and for protecting economic stability.

Keywords: Entropic Value-at-Risk, EVaR, coverage tests, heavy tails, real data analysis, normal distribution, Laplace
distribution.

AMS 2020 classification: 62P05, 91-10.

Introduction

Using risk measures is crucial for quantifying potential losses in investments or business activities. This allows compa-
nies and investors to better understand the risks they are taking on and how these risks can impact their financial results.
For example, statistical metrics such as the standard deviation or value-at-risk (VaR) help assess asset volatility and predict
possible fluctuations in their value.

In addition, risk measures are essential for effective risk management. They enable organizations to identify which
actions are necessary to minimize potential losses. This could include diversifying an investment portfolio, hedging risks,
or implementing internal controls and procedures. By taking these steps, organizations can reduce the impact of adverse
events and increase their resilience to financial shocks.

Finally, risk measures are necessary for regulatory compliance. Many financial institutions must adhere to specific
standards and regulations that require regular risk assessment and reporting. For example, banks must maintain certain
capital levels according to the Basel Agreements, which require the use of various risk measures to evaluate credit, market,
and operational risks. This ensures the stability of the financial system and protects the interests of depositors and investors.

The simplest and best-known measure is VaR (Value-at-Risk). Provided that a stock’s fluctuation over time has no
peaks, VaR is useful for predicting the risk associated with a portfolio. But when we face financial crises of different types,
the chance of VaR to give a complete overview of possible risks decreases, as it is not sensitive to anything beyond its
loss threshold. In addition, VaR is not coherent. This problem is partially solved by CVaR (Conditional Value-at-Risk), but
not well enough. An important disadvantage of CVaR is that it cannot be computed efficiently, even for a sum of arbitrary
independent random variables.

Furthermore, financial markets may face high volatility and instability. In such circumstances, traders and managers
use more stringent and conservative measures to manage risk rather than VaR and CVaR. In this case a more complicated
measure can be used, namely a coherent measure of risk called Entropic Value-at-Risk (EVaR), introduced in (AhmadiA
Javid, 2012). The basic properties of this measure are described in the papers (Ahmadi-Javid, 2012; Ahmadi-Javid & Fallah-
Tafti, 2019; Ahmadi-Javid & Pichler, 2017). A quantitative analysis of various risk measures, including EVaR, is performed
in (Pichler, 2017)). Delbaen provides a relation between EVaR and other commonotone risk measures in (Delbaen, 2019).
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The properties of the entropic risk measure EVaR in relation to selected distributions are considered in the paper (Mishura
et all, 2024). In continuation of the specified work, in this paper we consider EVaR real data testing.
Considering Entropic Value at Risk in real data testing is important for several reasons:

1. Enhanced Risk Measurement: EVaR provides a more comprehensive risk assessment by capturing tail risk more
effectively than traditional measures like VaR or CVaR. This is particularly useful in scenarios with extreme events or
heavy-tailed distributions, where conventional methods might underestimate the risk.

2. Robustness to Model Assumptions: EVaR is less sensitive to specific assumptions about the distribution of returns.
This makes it a more robust risk measure when dealing with real-world data, which often deviates from theoretical
models.

3. Improved Decision-Making: By incorporating EVaR into risk management practices, organizations can make bet-
ter informed decisions. This can lead to more effective risk mitigation strategies, optimized capital allocation, and
improved financial stability, especially in volatile or uncertain market conditions.

EVaR testing with real data ensures that the risk measure is practical and reliable, providing valuable information on
the actual risk profile of investments or business activities.

1. Key definitions

Let (©2, F,P) be a probability space and let Lo = Lo(Q2, F, P) be the space of random variables X : Q@ — R.

Among various risk measures, the following risk measure is often used in modern risk management practice (Follmer
& Schied, 2016; Holton, 2003).

Definition 1. The Value-at-Risk (VaR) with confidence level o € (0,1) of a random variable X is the smallest number y
such that X does not exceed it with a minimum probability of 1 — ¢, i.e.

VaR.(X) :=inf{fz e R: Fx(z) >1— a}.

Definition 2. The Conditional Value-at-Risk (CVaR) at level « is defined as:
CVaRa(X) = ﬁ E[X |X > VaR.(X)].

However, in this paper, we focus on another risk measure, namely EVaR, introduced in (Ahmadi-Javid, 2012) according
to the following definition.

Definition 3. Let X € Lo. Assume that its moment-generating function mx (t) = Ee'¥ is well defined for all t > 0. An
entropic risk measure EVaR with a confidence level a € [0,1) (or arisk level 1 — «) is defined as follows:

EVaR,(X) := tiggt’l log (ﬁmx(t)) , a€l0,1). (1)

There is also a related risk measure Entropic Drawdown at Risk (EDaR) described in detail in (Cajas, 2021)).

Definition 4. Assume that the moment-generating function of its drawdown series DD(X, j), defined as

t J
DD(X,j) = 0"22(]_ (; Xi) — ;Xm
exists. The Entropic Drawdown at Risk (EDaR) at confidence level o € (0, 1) is defined as:
EDaR,(X) = EVaR.(DD(X)).

Normal distribution is one of the most frequently used in various models. The formula derived in this theorem is given
in (Ahmadi-Javid, 2012).

Theorem 1. Let X ~ N(u,c?) be a normal distribution. Then Yo € (0,1) :

EVaR.(X) :u+a,/2log1ia.

We will also need the following result. The proof can be found in (Mishura et al|, 2024). Let us now consider losses
which have a Laplace distribution.

Theorem 2. Let X ~ L(u,b) have a Laplace distribution. Then for all o« € (0,1),

EVaR, (X) = p— bW_1(%) (1 + %(7)) ’ ; (2)

where v = —2e2(1 — «), W - Lambert function. The expression for EVaR,,(X) is continuous in c.
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2. EVaR real data testing

The main task of risk measures is to estimate possible losses for real processes, whose distribution is not known in
advance. There are many problems with the analysis of real data. First of all, we need to build a mathematical probability
model, and only then apply risk measures. In this part, we will look at certain models for working with real data and compare
the most well-known probabilistic measures. After each model, we will perform a back-testing procedure, which will also
show the advantages and disadvantages of risk measures. We will consider three risk measures: VaR, ES (CVaR), and
EVaR. All subsequent actions will be performed only for two thresholds or confidence levels: 95 % and 99 %. All computer
modeling will be done using the R programming language.

Consider historical data on the value of the S&P500 index and the value of Bank of America Corp. shares from 2009 to
2019. An important feature of these data is their significant correlation. Their behavior is very similar, although the spread
of returns is different. The first model we will consider is based on the assumption of a normal distribution of returns r(¢),

where r(t) = ;2 — 1 for price p, in time t.

r(t) ~ N(p, o).

Our goal is to determine the daily risk estimate for all of these measures. To calculate the value in time ¢, we will use the
last 250 observations. Based on this sample, we estimate the distribution parameters with the method of moments. That is

To calculate EVaR, we apply the following formula:

For the obtained estimates, we will calculate the risk value using the following formulas:
VaRa(X) = i+ Vo2 Fyly (1 - a),

—d(Foh (o
CVaRa(X) = i+ Vo on (@) 1“3’1;( 2

The previous history of 250 days is used to calculate the risk value. The construction process is as follows: we start from

the 250th day, calculate a one-day measure using the last 250 observations, and so on until the last day of the period under

consideration. The results are shown in Fig. .
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Fig. 1. Normal model

As can be seen from the return charts, the BAC has higher volatility, although both charts look quite similar. Cover-
age tests are often used to assess the quality of risk measures models. They assess whether the frequency of outliers
corresponds to the loss quantile that the risk measure should reflect. Let us apply the standard test, which considers the
hypothesis of a binomial distribution of exceedances, i.e.

Ho:» 1(VaRa(X) < X) ~ Bin(n, ),

t=0

where n is the number of observations, « is the theoretical probability of excess, which is equal to the confidence level for
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VaR. We obtained the following confidence intervals for any VaR model in Tab. i since they depend only on the number of

observations.

Confidence intervals for VaR for binomial coverage test, S&P500 and BAC

‘Window size / Accuracy

5%

1%

[99,140]

[12,37]

[92,132]

[11,35]

[81,119]

[9,32]

[58,91]

16,26]

Table 1

This test cannot be applied directly to CVaR and EVaR. For them, we will estimate the theoretical probability of & of
outperformance using the simulation method. That is, we simulate 100,000 price trajectories, each step of which has a
theoretical distribution with parameters that we determined using the method of moments to calculate CVaR/EVaR at that
moment. For each model, the confidence intervals for these risk measures depend on the distribution. The results are
shown in Tab. B.

Table 2

Confidence intervals for CVaR and EVaR for binomial coverage test, S&P500 and BAC

Window
size/Measure

CVaR95%

CVaR35%

EVaR95%

EVaR99%

Window
size/Measure

CVaR35%

CVaR99%

EVaR95%

EVaR33%

100

[34,60]

[2,18]

[16,36]

[0,11]

100

[34,60]

[2,18]

[13,31]

[0,10]

250

[38,66]

[4,21]

[17,37]

[1,12]

250

[41,70]

[5,24]

[16,36]

[1,13]

500

[56,89]

[12,37]

[31,56]

[6,26]

500

[60,94]

[15,42]

[32,58]

[8,29]

1000

[78,116]

[21,52]

[45,74]

[11,35]

1000

[100,141]

[37,74]

[61,95]

[22,53]

The important point of this test is that, on the one hand, a failure to fall within the confidence interval should reject the
model for the specified risk measure. However, the measure may be too conservative and the data may not quite fit the
model. In this case, it is worth paying attention to whether the number of outputs for the risk measure exceeds the right-hand
side of the confidence interval. The confidence intervals show that the risk models will perform differently depending on
the amount of data used for parametric estimates of the distribution of the daily risk measure. The second test that we will
use is the independence test in Christophersen format (Holtor, 2003). This is a likelihood ratio test that looks for unusually
frequent consecutive outliers.

g6 = P(I; = 0|1;—1 = 0),

q; = P(It = 0|-It71 = ].)
We test the independence hypothesis, i.e. Hy : g5 = ¢7. To do this, we calculate the likelihood ratio

A — (i @00 1 qA )0‘01 q )alo( 1 q )all
qo 1—=4qo Q1 1 —=4qo
Where «;; is the number of pairs such that (I, I—1) = (¢, 5),
N Qoo + o1 N Qo0 N Q10
q= ydo = yq1 = .
Qoo + o1 + @10 + Q11 Qoo + o1 Q1o + Qa1

Then Hy : —2log(A) ~ x2(1,0). That is, for our confidence levels, the resulting statistics should not exceed 3.841 for 95 %
and 6.635 for 99 %. An important point to note when applying this test is that it is meaningless if there are no outliers. Now,
let us calculate the number of excesses of the estimates obtained using the risk measures for this model. Here and in the
following, we will mark in green the hits in the confidence interval, in red the outliers, and in yellow the boundary values.
The results are shown in Tab. B and .

Table 3

Coverage and independence tests, S&P500

VaR95%

Window VaR99% CVaR95% CvaR95% EVaR95% EvaR99%

size/Meas

window VaR95% VaR95% CvaR95% | CvaR9%% | EVaR95% EvaR99%

size/Measure

140
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Table 4

Coverage and independence tests, BAC

Window VaR35% VaR99% CVaR95% | CvaR99% | EVaR95% EvaR99% Window VaR95% VaR99% CVaR95% CvaR95% EVaR95% EvaR99%
size/Measure size/Measure

As can be seen from the results for the first dataset, the VaR at the low confidence level only satisfies the tests at
the medium 250 and short 100 data horizons used for parameter estimation. CVaR and EVaR perform well for the high
confidence level in a medium window of size 500 and a large window of size 1000. EVaR also performed well for a low
confidence level for a medium window of 500. For the second dataset, the situation is almost identical, except that for the
large window of size 1000, only EVaR performed well. Moreover, EVaR again proves the result that it is the upper bound of
the two previous measures by Chernow’s inequality. As can be seen from the results, the independence test failed CVaR
and VaR for a low confidence level for a less volatile asset. Combining the results of the tests, it can be determined that
the normal model can be applied to these historical data only for a window of 500, using EVaR for both data sets and CVaR
for the second set.

When building a model, it is worth looking at how the distribution of the model matches the actual distribution of the
data. This is called a goodness-of-fit test. The null hypothesis here is obviously that the predicted distribution is identical
to the true distribution. Conventional statistical analysis cannot be applied here because the distribution changes every
day. This can be circumvented as follows. Let U; = ®,_.(L:) be the probability of loss of L; at time t according to the
distribution that we assume for time t at time t-1. Then our hypothesis becomes Hy : U ~ Unif(0,1). There is a more
extended test by Berkowitz (Holtorl, 2003), which consists of testing compliance with the standard normal distribution of
N} = ®(U). The results are shown in Fig. B.

S&P500 BAC

Empirical quantile
Empirical quantile

T T T T T T T T T T T T T T
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Theoretical quantile Theoretical quantile

Fig. 2. Distribution test for Normal model

Consider the following model with the basic assumption: r(t) ~ L(u,b)) —that is, the return has a Laplace distribution.
This distribution has heavier tails than the normal distribution. Then, for this model, the corresponding risk measures will
be calculated as follows:

VaRa(X) = u—blog(2 — 2a),
CVaRa(X)=p+ A1 —-1log(2 —2a)) =X+ VaRa(X).
Let us use the result from the paper (Mishura et al!, 2024):

1+ 2
W_i(—2e72(1 — )’

EVaRa(X) = p—bW_1(—2¢ (1 —a))

The estimates of the method of moments for the Laplace distribution are as follows:

fi = med({Xi}),

T
> O1Xi - al.
i=1

B:

S

We get the following result in Fig. .
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Fig. 3. Laplace model
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All risk measures have become smoother and there are fewer jumps. The distribution test has become much better
than before. We can see this in Fig. §.

S&P500

10

Empirical quantile

Theoretical quantile

Fig. 4. Distribution test for Laplace model

BAC

Empirical quantile

Theoretical quantile

Since our theoretical distribution has changed, the confidence intervals for the coverage test have also changed. The
new confidence intervals are shown in the Tab. B for S&P500 and BAC, respectively.

Table 5
Confidence intervals of the coverage test for the Laplace model CVaR/EVaR, S&P500 and BAC, respectively
Window CVaR95% CVaR99% EVaR95% EVaR99% Window CVaR95% CVaR99% EVaR95% EVaR9%%
size/Measure size/Measure
100 [42,70] [4,21] [4,17] [0,5] 100 [35,62] [3,18] [3,15] [0,5]
250 [37,64] [3,19] [4,15] [0,5] 250 [32,57] [2,17] [3,14] [0,5]
500 [31,57] [2,17] [3,14] [0,5] 500 [27,51] [2,16] [2,13] [0,4]
1000 [22,43] [1,14] [2,11] [0,4] 1000 [15,40] [1,13] [1,10] [0,4]

Having performed the coverage and independence tests for this model, we obtained the following results, which are
summarized in the following Tab. B and [d.

Coverage and independence tests for the Laplace model, S&P500

size/Measure

ISSN 1728-3817

Window VaR95%

'VaR99% CVaR95% | CvaR99% | EVaR95%

EvaR99%

Table 6

Window | VaR95%

size/Meas

ure

VaR93%

CVaR95%

CvaR95%

EVaR95%

EvaR39%
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Table 7

Coverage and independence tests for the Laplace model, BAC

Window | VaR95% VaR99% CVaR395% CvaR95% EVaR95% EvaR99%

size/Meas

‘Window VaR95% VaR95% CVaR95% | CvaRS9% | EVaR95% EvaR99%
size/Measure

For the first dataset, EVaR and CVaR for the high confidence level passed the tests for all windows. For the second,
more volatile dataset, EVaR and CVaR for all levels worked well for all windows except the large one, while VaR worked
well only for the high level. In the large window, as in the previous model, almost no one did well. This is most likely due to
too much smoothing of the parameters of the theoretical distribution.

As we have already mentioned, the data distribution changes every day, so it is also worth considering models when
the variance also changes over time. The generalized autoregressive conditional heteroscedasticity model (GARCH) will
help us with this. Recently, models of this type have been used very often for EVaR. Such models are well suited for volatile
markets(Ahmed, Soleymani, Ullah, & Hasar, 2021). The first model of this class is GARCH(1,1) with a mean. It has the
following form:

r(t) = p+ 2z = p+ orer,
of =w+arzi + o 1.
where ¢, is the error, which can have different distributions. For this model, we first assume that ¢, ~ L(0,1). In other
words, we actually have the same Laplace model, but with a completely different approach to estimating the variance. The

formulas remain the same as in the previous model, but we calculate the variance as a forecast of the previous values. The
result is shown in the Fig. B.

S&P500 BAC
o~

o
=] — VaR95% — VaR95%
S --- VaR99% --- VaR93%
—— EVaR95% —— EVaR95%
EVaR99% . EVaR99%
— CVaR95% - | — CVaR95%
g B . - CVaR99%% E] 2 --- CVaR99%

Return
Return
0.0

-0.1

-0.2
I

Fig. 5. GARCH(1,1) - Laplace model

The distribution test has become worse than before. This is shown in Fig. B.

S&P500 BAC

Empirical quantile
Empirical quantile

T T T T T T
-5 0 5 -5 0 5

Theoretical quantile Theoretical quantile

Fig. 6. Distribution test for GARCH(1,1)-Laplace model

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~ 36 ~ B 1 CH MUK Kuiecbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleBueHka

As we can see, all the measures start to behave more conservatively, they are more sensitive to fluctuations. Since our
theoretical distribution has changed, the confidence intervals for the coverage test have also changed. The new confidence

intervals are shown in Tab. Efor S&P500 and BAC, respectively. Table 8

Confidence intervals of the coverage test for the GARCH model with Laplace distribution for errors, CVaR/EVaR, S&P500 and
BAC, respectively

Window CVaR95% CVaR99% EVaR95% EVaR99% Window CVaR95% CVaR399% EVaR35% EVaR93%
size/Measure size/Measure

100 [39,67] [3,20] [4,16] [0,5] 100 [33,60] [2,18] [3,14] [0,5]

250 [36,63] [3,19] [4,15] [0,5] 250 [30,56] [2,17] [3,14] 10,51

500 [31,56] [2,17] [3,14] [0,5] 500 [26,50] [2,15] [2,12] [0,4]
1000 [21,43] [1,14] [2,11] [0,4] 1000 [19,39] [1,13] [1,10] [0,4]

The coverage and independence tests yielded the following results, which are summarized in the Tab. § and fid.

Table 9
Coverage and independence tests for GARCH model with mean and Laplace distribution for errors, S&P500
Window VaR95% VaR93% CVaR95% [ CvaR99% | EVaR95% EvaR39% Window VaR95% CVaR95% CvaR99% EVaR95% EvaR95%
size/Measure size/Measure
0 0 0
0 0 0
0 0 4]
0 0 0
Table 10
Coverage and independence tests for GARCH model with mean and Laplace distribution for errors, BAC
Window VaR95% VaR95% CVaR95% CvaR99% EVaR95 EvaR%9
size/Meas % %
‘Window VaR95% VaRr99% CVaR95% | CvaR99% | EVaR95% EvaR99% ure
size/Measure 100 0 0 0
0 230 0.000856057 | O o
0 4
0 500 0 0 0
0 1000 0 0 o

As can be seen from the tables, CVaR and EVaR have almost no excess. All measures showed fewer outliers than the
lower bound of the confidence interval. We can say that the models do not work very well, although they protect against
possible unlikely shocks. The results of the independence test can be disregarded because the number of outliers is too
small. Formally, only the EVaR for high levels passes the coverage test, but since it yields 0 outliers, we should not rely
entirely on these tests. Itis obvious from the data that the model greatly overestimates the tails of the distribution. Therefore,
the only argument for accepting the EVaR at a high confidence level is the need to have a very conservative measure, or
the expectation of certain possible significant shocks. In general, it is better not to use this model for available data. Now
let us consider the GARCH(1,1) model with mean and normal error distributions.

r(t) = p+ 2zt = p+ orer,

2 2 2
of =w+a1z;_q + 1o

The result is shown in Fig. .

S&P500 BAC
0
< . — VaR95% R < — VaR95%
S - VaR99% . . --- VaR99%
o —— EVaR%% =] . ~—— EVaR9%
EVaR99% . s . EVaR99%
— CVAR95% . . S, . — CVAR9%
g - CVAR99% o, - .. - . -~~~ CVAR99% |,
o by . [= g
F £
o °

Return
0.00
|
Return
0.00
|

-002
-010 005

0.04

-0.15

T T T T T
2010 2012 2014 2016 2018

Fig. 7. GARCH(1,1) - Normal model
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All risk measures have become smoother and there are fewer jumps. The distribution test has become much better
than before. This we can see in Fig. B.

S&P500 BAC

Empirical quantile
Empirical quantile

Theoretical quantile Theoretical quantile

Fig. 8. Distribution test for GARCH(1,1) - Normal model

As we can see from the graphs, this model works quite well on our data, although it is more sensitive to disturbances,
it fits the real data better. For this model we construct same Tab. [i1], i and [ with methodology as before.

Table 11

Confidence intervals of the coverage test for the GARCH model with mean and normal error distributions, CVaR/EVaR, S&P500
and BAC, respectively

Window CVaR95% CVaR9%% EVaR95% EVaR99% Window CVaRS5% CVaR99% EVaR95% EVaR99%
size/Measure size/Measure
100 [34,60] [2,18] [22,44] [1,14] 100 [34,60] [2,18] [14,33] [0,10]
250 [31,57] [2,17] [19,39] [1,12] 250 [31,57] [2,17] [11,29] [0,9]
500 [27,51] [2,16] [16,35] [0,11] 500 [27,51] [2,16] [10,26] [0.8]
1000 [15,40] [1,13] [10,26] [0,9] 1000 [19,40] [1,13] [7,21] 071
Table 12

Coverage and independence tests for the GARCH model with mean and normal error distributions, S&P500

Window VaR95% WVaR99% CVaR95% | CvaR99% | EVaR95% EvaR99% Window VaR95% VaR99% CVaR95% CvaR99%
size/Measure

EVaR95% EvaR99%

size/Measure

Table 13

Coverage and independence tests for the GARCH model with mean and normal error distributions, BAC

Window VaR95% | VaR99% CVaR95% | CvaR99% | EVaR95% | EvaR95% Window VaR95% VaR39% CVaR95% | CvaR99% | EVaR95% | EvaR99%
size/Measure size/Measure

The result is quite different from the normal distribution model. VaR works well for medium- and long-observation
horizons for both data sets and for both confidence levels. CVaR and EVaR work well only for a large window size. Almost
all the measures on this model pass the independence test. Although the correlation in the distribution test is only 0.992
for 250 values for prediction and the overall test fails, this model is quite good for this data set.

In addition, the EDaR risk measure was considered. This measure of risk is quite often compared to EVaR. However,
because for the process DD(X) does not have an elementary distribution for which it is possible to obtain the exact EVaR
formula, we managed to obtain estimates only numerically for the sample. The calculation time is almost identical to that
of EVaR if we use the nonparametric approach, which is much longer for the parametric approach we use. Actually in the
Tab. [14 of time spent the advantage of parametric approach over non-parametric approach is clearly visible. In addition,
this measure proved to be so conservative and distribution-insensitive that none of the tests presented can characterize
this measure and provide results for backtesting. As can be seen in Fig. [, the EDaR estimate strongly exceeds all values,
making it impossible to perform an outlier analysis.
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Fig. 9. Normal model in comparison to EDaR

Table 14

Time consumption in seconds to calculate a one-day risk value over the entire data interval

Window size | Parametric approach MNonparametric approach

VaR CVaR EvaR | VaR CVaR EVaR EDaR
100 0.0254 | 0.0271 | 0.0248 | 0.1712 | 0.4212 | 15.718 15.52
250 0.0358 | 0.0298 | 0.0295 | 0.1637 | 0.7374 | 21.174 22.481
500 0.0292 | 0.0352 | 0.0351 | 0.1607 |1.0237 | 32.288 34.382
1000 0.0267 | 0.0258 | 0.0238 | 0.11589 | 1.4567 | 34.908 | 40.201

In summarizing the results of the models considered, the best fit to the data was shown by the Laplace model for EVaR
at any confidence level and CVaR at a high confidence level. The GARCH model with mean and normal error distributions
for VARSs of all levels and medium and large windows, and the CVaR for the low confidence level, proved to be the second
best. If a significant increase in volatility and unexpected shocks is expected, the EVaR model for GARCH with a Laplace
error distribution for high confidence levels can be used.

To summarize the models reviewed, we can say that EVaR performs quite well on data with high volatility and heavy
tails, when VaR does not work. EVaR performed on a par with CVaR, which it outperformed on data with heavy tails that
were not taken into account by the theoretical model. In general, we confirmed that EVaR is an upper bound for VaR and
CVaR. CVaR and EVaR were much more likely to pass the loss independence test, even if the model was not fully fit to the
real data. However, if the model even slightly predicted heavier tails than the real data, the EVaR significantly exceeded the
possible risk. All risk measures significantly and correctly increased their risk estimates when data volatility increased. This
can be seen in the similarity of the results for the two data sets. To summarize the results, we can say that EVaR models
perform well with these tests if the model underestimates the severity of the tails. But in case of overestimation, it is better
to use other tests.

Discussion and conclusions

In this paper, we consider the Entropic Value-at-Risk (EVaR) risk measure on real data testing. Recently, this measure
has been increasingly considered in scientific research and applied to solve practical problems. There are not many models
for EVaR described in the current scientific literature. Most often, only the standard normal distribution model is considered.
The lack of great results in this area is due to the complexity of the calculations for different models.

The result of this work gives the possibility of further studying the behavior of EVaR for the already defined models, as
well as expanding the models for which EVaR can be analytically solved. In the future, one can either try to analytically
approximate the EVaR value or develop a solution for working with mixtures of distributions.

The testing of some models on real data was performed using coverage tests, normality tests, and loss independence
tests. These tests are standard in risk assessment practice and are widely used in model back-testing. As real data, we
used publicly available data on the value of the S&P500 index and the value of Bank of America Corp. shares for the period
from 2009 to 2019. Each model was tested on a standard VaR task: to build a daily risk estimate for different available
data volumes, for building estimates and risk models. The models for VaR, CVaR, and EVaR were compared for different
data, different models, and different model parameters. The most commonly used GARCH models for financial forecasting
were built and tested with different error distributions and the presence of a mean. The optimal models were selected from
those proposed for the historical data. EVaR proved to be very sensitive to the heavy tails included in the model. It turned
out that the GARCH models with Laplace errors, which are widely used today in practice, overestimated the real risk. The
basic relationship between VaR, CVaR, and EVaR was confirmed in practice. For almost all models, the EVaR behavior was
similar to CVaR and significantly outperformed the VaR behaviour. The comparison of EVaR and EDaR was also examined,
and the difficulty of calculating the values was compared by comparing the time consumed to calculate the values.

From all of the above, we can conclude that the EVaR risk measure considered is relevant and has great promise. In
our opinion, the study of EVaR is very promising, as this risk measure provides a better assessment of losses with heavy
tails. Although, of course, this measure has disadvantages related to the complexity of numerical calculations, analysis of
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the impact of model parameters, and the use of complex models. In this view, there are not many methods for practical
application of this measure. Some of them have been reviewed and elaborated in this paper. Given the superiority of this
measure over others, we can conclude that further study of this measure and the development of methods for its effective
application to solve various financial problems are needed.

Authors’ contribution: Volodymyr Zubchenko — conceptualization, methodology, analysis of sources, preparation of literature review
and theoretical foundations of research; Petro Zelenko — empirical data collection and validation, software, empirical research.

References

Ahmadi-Javid, A. (2012). Entropic value-at-risk: A new coherent risk measure. Journal of Optimization Theory and Applications, 155,
1105-1123. https://doi.ora/10.1007/s10957-011-9968-2

Ahmadi-Javid, A., & Fallah-Tafti, M. (2019). Portfolio optimization with entropic value-at-risk. European Journal of Operational Research,
279(1), 225-241. https://doi.ora/10.1016/j.ejor.2019.02.007

Ahmadi-Javid, A., & Pichler, A. (2017). An analytical study of norms and banach spaces induced by the entropic value-at-risk. Mathematics
and Financial Economics, 11, 1-24. https://doi.ora/10.1007/s11579-017-0197-9

Ahmed, D., Soleymani, F., Ullah, M. Z., & Hasan, H. (2021). Managing the risk based on entropic value-at-risk under a normal-rayleigh
distribution. Applied Mathematics and Computation, 402, 126-129. https://doi.org/10.1016/j.amc.2021.12612S

Cajas, D. (2021). Entropic portfolio optimization: A disciplined convex programming framework. SSRN Electronic Journal, 1-22.
https://doi.org/10.2139/ssrn.3792520

Delbaen, F. (2019). Remark on the paper “Entropic value-at-risk: A new coherent risk measure” by Amir Ahmadi-Javid, J.
Optim. Theory Appl., 155(3) (2001) 1105-1123". In P. Barrieu (Ed.), Risk and stochastics (p. 151-158). World Scientific.
https://doi.ora/10.1142/9781786341952 0009

Folimer, H., & Schied, A. (2016). Stochastic finance, an introduction in discrete time. De Gruyter. https://doi.org/10.1515/9783110463453

Holton, G. (2003). Value-at-risk: Theory and practice. Academic Press.

Mishura, Y., Ralchenko, K., Zelenko, P., & Zubchenko, V. (2024). Properties of the entropic risk measure evar in relation to selected
distributions. Modern Stochastics: Theory and Applications, 11(4), 373-394. https://doi.ora/10.15559/24-VMSTA255

Pichler, A. (2017). A quantitative comparison of risk measures. Annals of Operations Research, 254, 251-275.
https://doi.org/10.1007/s10479-017-2397-3

OTpumaHo pepakuieto xypHany / Received: 03.01.25
NMpopeueHsoBaHo / Revised: 04.03.25
CxBaneHo go apyky / Accepted: 11.03.25

Bonoanmup 3YBYEHKO, kaHa. ¢is.-maT. Hayk, Aou,.

ORCID ID: 0000-0002-1513-9326

e-mail: volodymyr.zubchenko@knu.ua

KuiBcbkui HauioHanbHui yHiBepcuTeT imeHi Tapaca LLeByeHka, KuiB, YkpaiHa

Metpo 3EJNIEHbKO, marictp

ORCID ID: 0009-0005-9671-0465

e-mail: petro.zelenko@uni-ulm.de
YnbMcbKkui yHiBepcuTeT, Ynbm, HimeyunHa

TECTYBAHHSA EHTPONIAHOI MIPU PU3UKY EVAR HA PEATNIbHUX JAHUX

HocnidxeHHs1 Mip pu3uky € Had3eu4aliHO eaxsiueum 07151 PO3yMiHHSI ma yrnpaeJsliHHs Heeu3Ha4YeHoOCmsIMU, W0 eslacmusi pi3HUM ¢iHaHcoeuMm
ma eKOHOMi4YHUM akmueHocmsiM. Mipu pu3uky Hadaromb KinbKicHYy oyiHKy mnomeHyiliHux empam, ujo 0a€ 3mo2y 6i3Hecy ma ¢hiHaHcosum ycmaHo-
eam yxeasiroeamu obrpyHmoeaHi piuwleHHs1 ma 3MeHwyeamu He2amueHi Hacnidku. OcHOBOl NMPOoroHoeaHo2o0 AocnidxeHHs1 € 0edani 6Ginbwa
cknadHicmb i 83aemMonoe’s3aHicmb ¢hiHaHCOBUX PUHKI8, W0 MOCUJIIOE 8MNu8 pu3ukie i nompebye ixHbo20 ynpaeniHHs. TpaduuyiliHi Mipu, maki
sk Value at Risk (VaR), wupoko eukopucmosytomscsi, asne ixHi o6MexeHHsi, ocobnueo nid yac ¢iHaHcoeux Kpu3, nidkpecoromes HeobxiOHicmb
6inbw KomnnekcHux nioxodie, makux sik Expected Shortfall (ES) ma Entropic Value at Risk (EVaR). AkmyanbHicmb GocniGxeHHs1 Mip pusuky
nidmeepdxyemscsi hiHaHCOBUMU NMOMPSICIHHSIMU, WO criocmepizanucs nid 4ac 2obanbHUX KpU3, makux sik gpiHaHcoea kpu3a 2008 p. ma naHde-
mist COVID-19. Lji nodii eusisunu epasnueicmb Hasi@HUX MPaKMUuK ynpaeJsiHHa pu3ukamu ma niokpecnunu nompeby e cmilikiwux i mo4Hiwux
iHcmpymMeHmax ouyiHoeaHHs1 pu3ukie. Memoto Hawoz20 AocnidKeHHs1 € OyiHKa ma MopieHSAHHS PI3HUX MipP PU3UKy, HaOaHHS ys8JIeHHS1 NPO iXHi
nepeeazu ma Hedo0JliKu, a MaKoX po3pobrieHHs eghekmueHiwux cmpameeil ynpaeniHHs pusukamu. [lpoaHanizoeaHo eghekmueHicmb eHmponiliHot
mipu pu3uky Value-at-Risk (EVaR) Ha peanbHux ¢hiHaHcogux aHUX, ma 8UKOHaHO il MOPi8HSIHHSI 3 MpaduuyiliHUMU PU3UKO8UMU MipaMu, makumu
sk Value-at-Risk (VaR) ma Conditional Value-at-Risk (CVaR). Po3anssHymo icmopu4Hi 0aHi ujodo doxidHocmi iHdekcy S&P 500 ma akyili Bank of
America Corp. (2009-2019) ma 3acmocoeaHo pi3Hi napamempuyHi ModeJi, 8KJIFOYHO 3 MOGesIIMU Ha OCHO8i HOPMaJlbHO20 po3nodiny i po3nodiny
Jlannaca. Takox eukopucmaHo cmaHOapmHi Memodu 6ek-mecmyeaHHs1 (mecmu MOKpUMmMsi ma He3anexHocmi) Ons1 oyiHr8aHHs1 eMNipUYHOT
adexkeamHocmi yux mip. lpoeedeHuli aHani3 nidkpecnroe MamemamuyHi enacmueocmi EVaR i 30amHicmb yiei mipu egpekmueHiwe susiensmu
8axxki xeocmu po3nodiny nopieHsiHo 3 VaR, 3abe3neyyroyu npu YbOMy Ko2epeHmHi ma nomeHuyiliHo HadiliHiwi oyiHKu 8 ymoeax eoslamusibHUX
puHkie. lMepcnekmueu malibymuix docnioxeHb nepedbayarompb pPo3pPo6IeHHS HOBUX MIP PU3UKY, sIKi MOXymb Kpauwje epaxoseyeamu cucmemHi
pu3uku Ha ¢piHaHcosux puHkax. Kpim mozo, iHmezpayisi MawWUHHO20 Hag4YaHHSI ma WMy4YHO20 iHmMesekmy 3 mpaduyiliHumMu MipaMu pu3uky
gidkpueae Moxnueocmi 0nsi nideuwjeHHs1 moyHocmi ma HadiliHocmi npo2Ho3sie. L|i docnidxeHHs € saxnueumu dnsi nobydoeu cmilikiwux ¢iHaH-
cosux cucmem i 3abe3ne4yeHHs1 eKOHOMi4HOT cmabinbHocmi.

Knw4yoBi cnoBa: esmponilina Mipa pusuky, EVaR, mecmyeaHHsi Ha peanbHux daHux, HopmanbHuli po3nodin, po3nodin Jlannaca.
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