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TOPOLOGICAL STRUCTURE OF SIMPLE HAMILTONIAN FLOWS ON THE PROJECTIVE
PLANE AND THE KLEIN BOTTLE

For every non-orientable surface, there exists an oriented double cover. We consider flows whose lift to the double cover
are Hamiltonian flows with a Hamiltonian being a Morse function. By analogy with oriented manifolds, a flow is simple if there
are no saddle connections between different saddles within it.

To describe the topological properties of functions on two-dimensional manifolds, an invariant known as the Reeb graph
is used. In the case of simple Morse functions on closed oriented two-dimensional manifolds, this is a complete topological
invariant for stratified equivalence and topological equivalence of Hamiltonian flows. However, in our case, on a non-orientable
manifold, there is no function that generates a Hamiltonian flow. Therefore, the concept of the Reeb graph requires redefinition.

To investigate the topological properties of simple Hamiltonian flows on non-orientable surfaces, we describe the structure of
all possible atoms, which are analogous to the Bolsinov-Fomenko atoms for Morse functions and Hamiltonian flows on oriented
surfaces. In particular, there are five types of such atoms on non-orientable surfaces. We construct a complete topological
invariant, which is the Reeb graph with marked vertices and half-edges incident to the vertices, describe its properties, and
prove a criterion for the topological equivalence of flows. For the projective plane and the Klein bottle, we prove theorems about
the existence of flows with a given Reeb graph. For cyclic Reeb graphs on the Klein bottle, we describe an algorithm for their
enumeration. For all other types of Reeb graphs on the projective plane and the Klein bottle, we obtain recursive formulas for
determining their numbers. The results provide calculations of the number of topological structures of flows with no more than
eight saddles. The obtained results open up the possibility of studying the structures of Hamiltonian flows of greater complexity
on compact non-orientable surfaces.
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Introduction

For oriented closed surfaces, the trajectories of Hamiltonian flows coincide with the level sets (components of the level
curve) of the Hamiltonian function, which means that the topological structure of Hamiltonian flows is determined by the
topological structure of the functions. The functions in general position are simple Morse functions, where each critical
level contains one critical point, and this point is non-degenerate. For flows, simplicity means the absence of trajectories
connecting saddle points.

For every non-oriented surface, there exists a unique (up to homeomorphism) oriented double cover. Therefore, func-
tions and flows on non-oriented surfaces correspond to Z-invariant functions and flows on oriented surfaces. For example,
functions on the projective plane RP? (the Klein bottle K1) can be defined as even functions on the sphere S? (the torus
T?). However, such functions do not define a flow on a non-oriented surface, as they do not allow for the alignment of
movement directions along the level sets on the non-oriented surface. Conversely, if we use odd functions instead of even
ones, then the directions of movement along the trajectories of their Hamiltonian flows are consistent with the symmetry
with respect to the origin. It is precisely such flows, defined by odd Morse functions, that we consider in this paper.

If we collapse each component of the function level on a closed 2-manifold to a point, we obtain a graph known as the
Reeb graph (Reeb, 1946) or the Liapunov graph for the Liapunov function (de Rezende, & Franzosa, 1993). In the case
of simple Morse functions on closed oriented two-dimensional manifolds, this is a complete topological invariant for fibre
equivalence. If a linear order is given on the set of vertices, it becomes a complete topological invariant with respect to
topological equivalence. Automorphisms of Reeb graphs was described in (Kravchenko, & Maksymenkg, 2019).

In the case of non-orientable two-dimensional manifolds, as well as manifolds with boundaries, additional information is
needed to construct a complete topological invariant. Another way to determine the topological structure of Morse functions
is to use Morse vector fields with specified function values at critical points. Therefore, the topological classification of
Morse vector fields is closely related to the classification of functions and Hamiltonian flows.

The topological classification of Morse vector fields for closed surfaces was obtained in (Cobo, Gutierrez, & Llibre, 2010;
Oshemkov, & Sharko, 1998; Maksymenka, 2009; Neumann, & O’'Brien, 1976; Nikolaev, & Zhuzhoma, 1999; Prishlyak, &
Loseva, 2020; Wang, 1990; Yokoyama, 2022).

Moreover, topological invariants of Morse functions on surfaces were constructed in (Bolsinov, & Fomenkag, 2004;
Hladysh, & Prishlyak, 2019; Khohliyk, & Maksymenka, 2020; Maksymenka, 2006, 2020; Prishlyak, 2000; Sharka, 2003).
The object of research is flows on non-orientable surfaces that do not have connections between different saddles, and
whose preimages on a two-sided orientable cover are Hamiltonian flows for Morse functions.

The aim and objectives of the research is to investigate the topological properties of Reeb graphs of simple Hamiltonian
flows on the projective plane and the Klein bottle, and to count the number of their different structures for flows with no more
than 8 saddle points.
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The methods of the research are following: 1) Reeb and Liapunov graph methods, 2) atoms and molecules metod
according to Bolsinov-Fomenko, 3) topological graph theory, 4) combinatorial methods for enumerating trees.

The structure of the paper. In Section 1, we describe methods for defining flows on the projective plane and the Klein
bottle. In Section 2, we study the local structure of simple Hamiltonian flows on non-orientable surfaces. To do this, we
describe atoms that are analogous to the Bolsinov-Fomenko atoms for Morse functions. All atoms are divided into five types,
and the structure of flows on each type is described. In Section 3, we investigate a global invariant that is analogous to the
Reeb graphs of simple Morse functions. The properties of this graph are outlined in Theorem 1, while Theorem 2 provides
a criterion for the topological equivalence of flows using Reeb graphs. Section 4 describes all possible structures of simple
Hamiltonian flows on the projective plane (Theorem 3) and derives a formula for the number of Reeb trees (Lemma 1),
which is used to prove a recursive formula for the number of flows on the projective plane (Theorem 4). In Section 5, a
recursive formula for Reeb trees with two fixed leaves is derived. Section 6 describes all possible structures of Reeb graphs
on the Klein bottle. Theorem 5 proves the realization of the Reeb graph by a flow, and Theorem 6 addresses the number
of flow structures with a given number of saddles on the Klein bottle. Section 7 outlines a method for counting the number
of Reeb graphs with a cycle (the last type of flows on the Klein bottle). Section 8 presents examples and computational
results using the derived formulas.

1. Flows on the Projective Plane and the Klein Bottle

The real projective plane RP? is the set of one-dimensional subspaces of three-dimensional Euclidean space. A one-
dimensional subspace is a line that passes through the origin. The distance between points in projective space is defined
as the sector between the lines that represent them. The projective plane can also be viewed as a quotient space of the
sphere S? under an equivalence relation where each equivalence class consists of a pair of antipodal points. In this case,
the sphere serves as a double-sheeted oriented cover over the projective plane. The projection of the sphere onto the
projective plane allows us to construct a flow on the sphere from a flow on the projective plane. The corresponding vector
field at symmetric points on the sphere is defined by opposite vectors.

If we cut out a regular neighborhood of any point from the projective plane, we obtain a set that is homeomorphic to
the Mobius strip. Additionally, the projective plane can conveniently be represented as a two-dimensional disk D? where
diametrically opposite points on the boundary are identified. In this case, the flow V' at opposite points must satisfy the
property in polar coordinates (p, ¢) such that V,,(1, ) = =V,(1, ¢ + ), Vo (1,¢) = Vi.(1, ¢ + 7). In particular, if the flow is
tangent to the boundary, then at opposite points it defines the same orientation of the boundary.

The Klein bottle K can conveniently be defined as a quotient space of the square [0, 1] x [0, 1] under an equivalence
relation generated by the following relations: (0,v) ~ (1,v),v € [0,1], (u,0) ~ (1 — u, 1),u € [0,1]. Then, the vector field
V = {V1,V2} on the Klein bottle is defined by a vector field on the square with coordinates (u,v) under the conditions
V(0,v) = V(1,v), Vi(u,0) = =Vi(1 — u, 1), Va(u,0) = Vo(1 — u, 1), u,v € [0, 1].

If we consider the torus as a surface of revolution in R?, then by identifying points that are symmetric with respect to the
center of symmetry of the torus, we obtain a Klein bottle. This allows us to view the torus as a double cover over the Klein
bottle. Therefore, vector fields on the Klein bottle correspond to vector fields on the torus that are symmetric with respect
to the center of symmetry of the torus.

Note that oriented double covers over non-oriented surfaces are uniquely defined up to homeomorphism.

By analogy with flows on the projective plane and the Klein bottle, we can define flows on other non-oriented closed
surfaces. For a non-oriented surface of odd genus, we attach empty handles to a sphere (taking the connected sum with
an even number of tori at pairs of symmetric points). On the resulting surface, we define a flow that is symmetric with
respect to its center of symmetry. After factoring by the action of the group Z/2Z as central symmetry, we obtain a flow
on a non-oriented surface of odd genus. Flows on non-oriented surfaces of even genus can be defined using a similar
construction, starting with a torus instead of a sphere.

2. Atoms of Simple Hamiltonian Flows on Non-Oriented Surfaces

Definition. A flow on a non-orientable surface is called Hamiltonian if its lift to the orientable double cover is a Hamiltonian
flow. A Hamiltonian flow on a non-orientable surface is called simple if each of its separatrices forms a loop, and the
Hamiltonian of the lift to the orientable double cover is a Morse function.

B\g//// =

saddle center

Fig. 1. Singular points of simple Hamiltonian flows
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Since in a Morse function the critical points are non-degenerate, they can be of three types: local minima (there exists a
coordinate system x, y such that in the neighborhood of this point the function f(z, y) = z>+y?), saddles (f(z,y) = 2> —y?),
and local maxima (f(z,y) = —2* — y*). For a saddle, the singular point of the Hamiltonian vector field is also a saddle,
X (z,y) = {y, =}, while for local extrema it is a center, X (z,y) = {—y, z} (see Fig. f).

Under the condition of simplicity of the flow, the trajectories entering and exiting a saddle point form loops. Therefore,
they create a graph that is homeomorphic to 8. The neighborhood of this graph is called the atom of the saddle point if its
boundary consists of closed trajectories of the flow and the neighborhood does not contain other singular points (except for
the point belonging to 8). If this neighborhood is oriented, then it is homeomorphic to a three-holed sphere (a sphere with
three holes), and in it, the flow is a Hamiltonian flow of a Morse function with one saddle point and constant on the boundary
components. We denote this atom as A, (Fig. B).

Fig. 2. Atoms of Saddle Points

Example 1. On the torus, as a surface of revolution (x = (2 + coswu)cosv, y = (2 + cosu)sinv, z = sinu), we
consider a Hamiltonian flow generated by the function f(z,y,2) = z. Then, the atom A, can be taken as the set
Ao = f71([-3/2,—1/2]). If, on the torus, we identify points that are symmetric with respect to the origin of coordinates, we
obtain the atom A, on the Klein bottle.

In other cases, we have unoriented atoms. There are two possible cases depending on the number of boundary
components of the atom. Each of these cases can be obtained from an oriented atom through the following procedure.
Consider a regular point on one of the loops. We draw a transversal to the flow that intersects the boundary of the atom at
two points. We cut the atom along this transversal and glue it back together, using a reflection that reverses the orientation
and is constant at the point of the loop. In the first variant, we apply this operation to one loop, and in the second — to each
of the loops.

Atom A;. If the neighborhood of one of the two loops of the atom is homeomorphic to a Mdbius strip, and the other
loop is homeomorphic to a cylinder, then the atom has two boundary components. Thus, the atom is homeomorphic to the
projective plane with two holes (or, equivalently, a Mébius strip with a hole). The double cover of this atom is a sphere with
four holes.

Example 2. An example of such a cover is the neighborhood U of the critical level (preimage of 0) of the function f(x,y, z) =
= 2% — 9® + zyz on the unit sphere z® + y* + 22 = 1, U = f~'([=0.01,0.01]) (Fig. ). If this function is extended to the
sphere so that each component of the complement to the atom contains one critical point that is a local extremum, then it
serves as a Hamiltonian for the Hamiltonian flow on the sphere. Upon identifying symmetric points, we obtain a Hamiltonian
flow on the projective plane with one saddle and two centers.

Atom A,. If the neighborhood of each of the two loops is homeomorphic to a Mébius strip, then the atom has one
boundary component. Therefore, the atom is an unoriented surface of genus 2 with one boundary component — the Klein
bottle with a hole. The double cover of this atom is a torus with two holes.

Example 3. In local coordinates u, v on the torus, the double cover is the neighborhood of the preimage of 0 of the function
f(u,v) = sinu+sinv, u € [0,27],v € [0, 27]. The atom A, is obtained from [0, 27] X [0, 7]/ ~, where (u,0) ~ (27 —u, ), u €
[0, 27], by removing a neighborhood of the point (7/2,7/2). The field of the skew gradient of the function f defines a
Hamiltonian flow on A;. By extending it to the flow on the removed neighborhood, we obtain a Hamiltonian flow on the
Klein bottle with one saddle and one center.

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMWU. 2(81)/2025 ~ 63 ~

Q

Y4

Fig. 3. Atom A;. The gray region is the image of U by the orthogonal projection of the hemisphere

Definition 1. A closed trajectory is called regular if it has a neighborhood homeomorphic to S* x [0, 1]. A closed trajectory
is called singular if its regular neighborhood is homeomorphic to a Mdbius strip.

The atom of the center is called its regular neighborhood, the boundary of which is a closed trajectory. We denote it as
C. Thus, C is homeomorphic to D? (Fig. H).

An atom B (Fig. f]) be called a regular neighborhood of a singular closed trajectory, the boundary of which is a regular
closed trajectory of the flow. Thus, B is homeomorphic to a Mdbius strip.

Fig. 4. Atoms B and C

Example 4. If we consider the function f(xz,y, z) = z on the sphere 5% = {(xz,y, 2) : > + 4> + 2® = 1}, then its Hamiltonian
vector field is symmetric with respect to the origin. After identifying diametrically opposite points on the sphere, we can
distinguish two atoms:

1 2
B={(y,2) €8s <3~  C={@y2)e8 >3} ~.

As the last example shows, there exists a Hamiltonian flow on the projective plane without saddles. From the Poincaré-
Hopf theorem, it follows that on the projective plane, the number of centers is one more than the number of saddles, while
on the Klein bottle, the number of centers equals the number of saddles. Since every Morse function on a closed manifold
has extremum points, the simple Hamiltonian flow contains at least one center. Therefore, on the Klein bottle, every simple
Hamiltonian flow contains a saddle.

3. Reeb Graph
Definition 2. A fiber of a simple Hamiltonian flow be one of the following sets: 1) a regular fiber is a regular closed trajectory;
2) a singular fiber is either a singular closed trajectory or the union of a singular point along with its separatrices.

Definition 3. The factor space M/ ~ is called a Reeb graph, where z1 ~ z2 if 1 and z2 belong to the same fiber. In this
graph, for each vertex of degree 1, the type of the corresponding atom (As, B, or C, meaning that vertices of degree 1
are colored in three colors) is indicated, and for each vertex of degree greater than 1, one of the incident edges is marked.
Marked edge for a vertex v of the Reeb graph is the edge, which corresponds to two or three hyperbolic sectors of a singular
point, that corresponds to v. Reeb graphs are equivalent if there exists an isomorphism between them that preserves the
type of vertices of degree 1 and the marked incident edges for vertices of degree greater than 1.

Let N(A;) (N(B), N(C)) denote the number of vertices in the Reeb graph corresponding to A; (B, C) atoms, V be the
total number of vertices, and E be the total number of edges.

Theorem 1. The Reeb graph of a simple Hamiltonian flow on a connected non-orientable surface has the following prop-
erties:
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1) the graph is connected, and the degree of the vertices does not exceed 3;
2) the non-orientable genus g of the surface can be computed using the formula:

g=N(A1)+2N(A2) + N(B) +2(E -V +1). (1)

Proof. 1) The Reeb graph is a factor space of a connected manifold, and therefore it is connected. Since the vertices of
the Reeb graph correspond to singular fibers, their degrees are the same as those of the corresponding atoms in the Reeb
graphs: one for Az, B, C, two for Ay, and three for Ao.

2) If all atoms are removed from the surface, we obtain a disconnected union of cylinders. Therefore, the surface can
be viewed as a union of these sets glued together. Each Md&bius strip increases the genus by 1. Thus, gluing each of the
atoms A; or B increases the genus by 1. The atom A, is a union of two Mdbius strips, so its gluing increases the genus
by 2. Hence, if the Reeb graph is a tree, the genus of the surface is determined by the number of atoms A, A3, B. Any
graph can be obtained from a tree by connecting pairs of vertices with edges. Adding such an edge to the Reeb graph
is equivalent to adding a blank handle to the surface (removing two disks and gluing a cylinder to the boundaries of the
holes). This operation increases the oriented genus of the surface by 1 or the non-oriented genus by 2. This accounts for
the presence of the last term in the sum. O

Remark 1. For Morse-Smale fields and Lyapunov graphs, analog of Theorems [i was proven in (de Rezende, & Franzosa,
1993).

Theorem 2. Two simple Hamiltonian flows on non-oriented closed connected surfaces are topologically equivalent if and
only if their Reeb graphs are equivalent.

Proof. The proof scheme is analogous to the proof for the oriented case (Bolsinov, & Fomenka, 2004). First, we prove the
topological equivalence of flows on the atoms, and then we extend the obtained homeomorphisms to the complements of
the atoms (cylinders).

The isomorphism of Reeb graphs defines a bijection between atoms and their boundary components. We fix a Rie-
mannian metric on the manifold, which in the neighborhoods of singular points coincides with the Euclidean metric of the
coordinate system in which the Hamiltonian H (z,y) = £22 + y2. Then, the trajectories orthogonal to the flow, along with
the flow trajectories, can be used to construct a local coordinate system, and the topological equivalence of flows can be
defined through the convergence of coordinates.

Let = be a double covering, H be a Hamiltonian, p be a saddle point, x,y be local coordinates in a neighborhood
of the point p, in which H(z,y) = 2? — 3°, the atom A is a component of 7(H '(—¢,¢)), ¢ > 0, containing p = (0,0);
U ={(z,9) : |2® —y?| < ¢, |zy| < €} is a neighborhood of the point p; b C A is the singular fiber; ; are the components
of [z? — ¥?| < e, |zy| = €; a; are the components of b\ Int(U) (in Fig. B, U is the region filled with trajectories, 3; is an
arc perpendicular to the flow at the boundary of this region, and «; is an arc of the critical level in the region not filled with
trajectories). Note that the curves xy = const are orthogonal to the trajectories of the Hamiltonian field lying on the curves
z2 — 3% = const. In U, the homeomorphism is defined by the equality of the corresponding coordinates of points. We then
extend this homeomorphism to the atom A. For this, we define homeomorphisms for «;. Since the components A \ U
are homeomorphic to a; x 3;, and homeomorphisms are constructed on each of «; and f3;, they define a homeomorphism
for a; x B; and for A. Similarly, the homeomorphism from the atoms extends to the cylinders. The consistency of the
constructed homeomorphisms on each of the segments follows from the isomorphisms of Reeb graphs. O

4. Simple Hamiltonian Flows on the Projective Plane

To obtain the number of topologically non-equivalent Hamiltonian flows, we calculate the number of Reeb graphs with
a given number of vertices that correspond to saddle critical points.

We begin calculations for graphs that are trees, having vertices of degree one (type C) and three (type Ao), with one
of the degree-one vertices serving as the root. Such graphs are Reeb graphs of Morse functions ( and their Hamiltonian
flows) on the 2-disk (the root is correspond to the boundary fiber). We orient all edges according to the following rules: 1) if
the edge is incident to the root, then it is directed away from it, 2) if the marked edge for a saddle vertex is entering it, then
two other edges are outgoing from it, 3) if the marked edge is exiting from a saddle, then two other edges are incoming to
the saddle.

Since a vertex of degree 2 is not a source or sink on the graph, the orientation of one of the edges incident to it determines
the orientation of the second edge. Similarly, at a vertex of degree 3, the condition that the marked edge has the opposite
orientation to the other two edges allows the orientation of one edge to determine the orientation of the other two incident
edges. Since the tree is a connected graph, the orientation of one edge sequentially determines the orientations of the
edges adjacent to it, then the orientations of the edges adjacent to the adjacent ones, and so on, until the orientation of all
edges of the graph is determined.

Lemma 1. The number K, of Reeb graphs that are rooted trees with k saddle points (vertices of type Ao) and other vertices
of type C can be computed using the following recursive formulas: Ko = 1,

n—1
Kap =3 KiKon 1 foreven k=2n; (2)

=0

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMWU. 2(81)/2025 ~ 65 ~

2 n—1
Kopt1 = % + 32 KiKon—; forodd k =2n + 1. (3)
=0

Proof. If k=0, then the tree has no saddles. Such a graph is unique. It has two vertices and one edge connecting them.
From now on, we assume that £ > 0.

Consider the saddle v closest to the root of a rooted tree G with k£ saddle points (vertices of type Ap) and other vertices
of type C. ltis a vertex of degree 3. We cut the graph by v. We obtain three connected components. One of them is the
edge e connecting v to the root. The other two components (A and B) can be viewed as rooted Reeb graphs, where the
root is v. Let us assume that the number of vertices |V4| of no fewer than the number of vertices V| of B (|Va| > |VB]).

Then there are three possibilities:

1) the marked edge to a vertex v is e;

2) the marked edge belongs to A4;

3) the marked edge belongs to B.

Multiplying by 3 in formulas (2) and (3) is to indicate which subgraph with the marked edge is connected to.

If K = 2n, then the number of graph vertices is different (|V4| > |Vz]), and A cannot be isomorphic to B. The number
of non-isomorphic trees with 7 saddles is equal to K;, and with 2n — 1 — 7 saddles is equal to K2,,—1-;, so the total number
of trees G of this type is equal to K; K»,—1—;. By considering all possible values of i, we obtain formula (2).

If k = 2n + 1 and |V4| > |Vg|, then we have similar products as in the case of k = 2n. Let’s consider the case of
[Val = |VB| = n in more detail. If edge e is not marked, then we relabel the graphs so that the marked edge belongs to
graph A. Since each of the graphs can be chosen in K,, ways, there are K2 graphs G of this type. If edge e is marked,
then two cases are possible: 1) graph A is not isomorphic to graph B, 2) graphs A and B are isomorphic. In the first case,
we have K, (K, — 1)/2 non-isomorphic graphs, and in the second case, K,, graphs. Summing everything together, we
obtain formula (3). O

The results of the calculations of the number of Reeb rooted trees on RP? are presented in Tab. fi.
From theorem [i] it follows:

Corollary 1. The Reeb graph on the projective plane has the following properties:
1) the graph is a tree;
2) the graph has no vertices of type A, and only one vertex of type A, or B.

Proof. In formula (fll), all four summands are non-negative, therefore, since the genus of the projective plane is g = 1, it
follows that E — V 4+ 1 = 0 (which is a criterion for a connected graph to be a tree), N(Az) = 0, and one of the following
holds: 1) N(A1) =1, N(B) =00r2) N(A1) =0, N(B) = 1. O

Theorem 3. Let a graph G be given, which is a connected tree with vertices of degree 1 colored in two colors (B, C), and
has one of two types:

1) it has a single vertex of degree 2 (type A:), while the remaining vertices have degrees 1 and 3, all vertices of degree
1 are of type C, and for the vertex of degree 2 and the vertices of degree 3, one incident edge is marked to each;

2) all vertices have degrees 1 or 3, one of the vertices of degree 1 is of type B, while the remaining vertices of degree
1 are of type C, and for the vertex of degree 3, one incident edge is marked to it.

Then there exists a simple Hamiltonian flow on the projective plane, whose Reeb graph is equivalent to G.

Proof. In the first case, we construct the atom A, and the flow on it as in Example §. The vertex of degree 2 splits the graph
into two rooted trees — the Reeb graphs of simple Morse functions on a two-dimensional disks, constant on the boundary.
We consider the Hamiltonian flows generated by these functions. By attaching disks to the boundary of A;, we obtain an
undirected surface with the desired flow on it.

In the second case, we start with the atom B in Example , and then, as in the first case, we construct the flow on the two-
dimensional disk and attach this disk to the boundary of B. We smooth the obtained flows as it is done in (Gutierrez, [1986;
Neumann, 1978). Since the field is smoothed at the gluing points and, according to these works, the topological structure
of the flow is preserved during smoothing, the smoothing process actually consists of smoothing the Hamiltonian function.
Consider a neighborhood of the edge as a collar S* x [0, 1) with a Hamiltonian on it H1 (s, t) = Hi (t) for the first of the glued
surfaces and S* x (—1,0] with a Hamiltonian H»(s,t) = Ha(t). Here, S* x {0} is a common boundary for both surfaces.
Let’s define the Hamiltonian function on the glued surface as H(s,t) = Hi(s, t) for the points of the first surface. And for the
points of the second surface, H(s,t) = Ha(s,t) + H1(0) — H2(0) if H1(0)H3(0) > 0 and (s,t) = —Ha(s,t) + H1(0) + H2(0)
if H1(0)H%(0) < 0. On the set S* x (—1,1) we have H(s,t) = H(t) and this function is monotonic and smooth except at
point ¢ = 0. Smoothing it at 0, we obtain the desired Hamiltonian function. O

Remark. Theorem 3 also holds in the other direction: if G is the Reeb graph of a Hamiltonian flow on the projective
plane, then it is of type 1) or 2). This follows directly from Theorem 1.

Theorem 4. The number of topologically non-equivalent simple Hamiltonian flows with k saddles on the projective plane
RP? can be calculated using the formula

k—1
NRP*), = K + Y KKy 1.

1=0
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Proof. Since the projective plane is a non-orientable surface of genus 1, the flow must contain either 1) one singular closed
trajectory, or 2) one atom A;. In the case of a singular closed trajectory, it corresponds to a vertex B on the Reeb graph,
which we consider as the root. Therefore, the number of such flows is equal to K.

In the second case, the complement to the atom A; is a disconnected union of two two-dimensional disks. On each
of them, we have a Hamiltonian flow. The complete topological invariant of such flows is the rooted Reeb graphs (the root
corresponds to the boundary of the 2-disk). We order these two 2-disks: the first disk lies in one sector of the saddle point
of the atom A, while the second disk lies in three sectord of this point. Since the flow on the second disk does not depend
on the flow on the first disk, and the total number of saddle points on these two 2-disks is equal to k£ — 1, the total number
of flows satisfies the formula from the theorem. O

The results of the calculations of the number of simple Hamiltonian flows on RP? are presented in Tab. fi.

Table 1
Numbers of rooted trees and simple Hamiltonian flows on RP2
k 011 2 3 4 5 6 7 8
Ky 112 6 25 | 111 | 540 | 2736 | 14396 77649

NM®RP?), | 1 3] 10| 41 185 | 898 | 4560 | 23985 | 129415

5. Reeb Graphs with Two Fixed Leaves

For a tree with two fixed leaves and with one and three degree vertices, we orient all edges according to the following
rules: 1) if the edge is incident to the first leaf, then it is directed away from it, 2) if the marked edge for a saddle vertex is
entering it, then two other edges are outgoing from it, 3) if the marked edge is exiting from a saddle, then two other edges
are incoming to the saddle. We say that the isomorphism of the graph preserves the order of leaves if it maps the first fixed
leaf to first fixed leaf an second fixed leaf to the second one.

Lemma 2. Up to isomorphism that preserves the order of leaves, the number L;, of Reeb graphs that are trees with two
ordered fixed leaves and k saddle points (saddles have degree three, and all other vertices have degree one) can be
computed using the following recursive formula: Lo = 1,

Ly =3(LoKi-—1+4+ L1 Kk—2+ ...+ Lik_1Ko).

Proof. If k = 0, there is one graph with one edge: Lo = 1. Suppose k£ > 0. Just as in the previous theorem, consider the
saddle point v closest to the first fixed leaf. It is a vertex of degree 3, since k£ > 0. We cut the graph at v. This results in
three connected components. One of them is the edge connecting v to the first leaf. The other two components can be
viewed as the rooted Reeb graph G1 and a graph G5 with two ordered fixed leaves, where the root (the first leaf) is v.

Again, we have three options for selecting the marked edge in v, which explains the presence of the multiplier 3 in the
formula:

1) in both graphs, the edges incident to v are outgoing (the marked edge does not belong to either G; or G3);

2) this edge is outgoing in G1, while it is incoming in G2 (the marked edge belongs to G1);

3) it is incoming in G2, while it is outgoing in G (the marked edge belongs to G-).

The first and second graphs are not isomorphic, as the first has two fixed leaves, while the second has only one (the
root). Therefore, the number of non-isomorphic original graphs with such subgraphs equal the number of non-isomorphic
subgraphs multiplied together. This gives the desired formula. O

Example. In the case k = 1 the graph has the shape of the letter Y. At the vertex of degree 3 there are three options for
choosing the incident edge corresponding to the vertices of degree 1: 1) the first fixed vertex, 2) the second fixed vertex,
3) a non-fixed vertex. Therefore L, = 3.

Furthermore, we need the concept of a monotonic graph. A monotonic graph is a Reeb graph of a simple Morse function
with two fixed leaves v1, v2 and each saddle vertex of the simple path from v; to v2 has the marked edges belonging to the
path. This means that an orientation can be assigned to the graph that is consistent with the fixed edges, and the path from
v1 to v, is directed (the restriction of the Hamiltonian to them is monotonic). Let M} denote the number of non-isomorphic
monotonic graphs with & saddles (up to isomorphism that can preserve or change the order of the fixed pair of vertices)
and let M, denote the number of non-isomorphic monotonic graphs with k£ saddles up to isomorphism, which preserves the
order of the fixed pair of vertices (the orientation of the path from the first to the second vertex).

Let’s find a recursive formula for M}, similar to Lemma 2. There exists a unique graph without saddles — a segment.
Therefore, My = Mg = 1. Let k>0 and v;v be an edge incident to v;. Then v is a vertex of degree 3 belonging to the path
from v; to vs. It divides the graph into three parts: 1) the edge vi1v, 2) a monotone graph with two fixed leaves v and v,
3) a tree with root v. The monotone graph and the rooted tree have a total of & — 1 saddle vertices. Therefore, the following
formula holds:

M =2(MoKg-1+ MiKi_2+ ...+ Mp_1Ko).

Let’s find the number of monotone graphs with k& saddles for which there exists a graph isomorphism onto itself that
swaps fixed leaves and preserves the distinguished edges. This isomorphism has an invariant vertex or edge. If itis a
vertex, then it has degree 3 and one of the edges is distinguished, and therefore its image under the isomorphism is also
a distinguished edge, which is impossible, because each saddle vertex has only one distinguished edge. Therefore, the
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invariant is an edge. It divides the graph into two isomorphic subgraphs, which are monotone. Therefore, the number of
such graphs is equal to M;, ;. Taking this into account, we have Mg = %Mk for odd k, and M = w for even k.
The results of calculations using these formulas are shown in Tab. 2.

Example. If k=1, then the monotone graph with two fixed leaves has the form of the letter Y. Then, the marked edge for
vertex 3 can be incident to either the first leaf or the second. If the isomorphism preserves the order of the leaves, then
these two options are different, and if it can change the order of the leaves (the orientation of the path from one leaf to the
other), then they are isomorphic. Therefore, M; =2 and M{ = 1.

Table 2
Numbers of trees with two fixed leaves and monotonic graphs
k 01 2 3 4 5 6 7
Ly 113 1] 15| 81 | 462 | 2700 | 16074 | 96876
M, | 1] 2] 8 |36 | 178 | 918 4904 | 26824
M,f 101 5 |18 | 93 459 2470 13412

6. Simple Hamiltonian Flows on the Klein Bottle

A vertex of a graph is called an R-vertex for a cycle in the graph if the marked edge for this vertex does not belong to
the cycle.

Since the non-orientable genus of the Klein bottle is 2, it follows from Theorem f that:

Corollary 2. The Reeb graph on the Klein bottle has one of the following types:

a) the graph is a tree containing two vertices of degree 2, and the vertices of degree 1 are of type C;

b) the graph is a tree containing one vertex of degree 2, one vertex of type B, and the remaining vertices of degree 1
are of type C;

c) the graph is a tree that does not contain vertices of degree 2, has two vertices of type B, and the remaining vertices
of degree 1 are of type C;

d) the graph is a tree that does not contain vertices of degree 2, has one vertex of type A», and the remaining vertices
of degree 1 are of type C;

e) the graph has one simple cycle, this cycle contains an odd number of R-vertices, and all vertices of the graph are
either of type C' or of degree three.

Proof. As noted earlier, the condition E — V' + 1 = 0 for a connected graph is equivalent to it being a tree. Therefore, we
have the first four options. In the fifth option, £ = V/, which is equivalent to the existence of a cycle in the graph. In this
case, the first three summands in the formula (fl]) are zero. If the cycle is cut at an interior point of an edge, we obtain a Reeb
graph that is a tree and defines a Hamiltonian flow on the cylinder. We fix one of the boundary components of the cylinder.
Projecting one base of the cylinder onto the other allows us to compare the orientations on them. If the orientations are the
same, then after gluing the bases, we obtain a torus; if they are different, we obtain the Klein bottle. Moving a point along
the cycle on the Reeb graph, we compare the orientations of the corresponding closed trajectories with the orientation of
the initial one. Passing through R-vertices changes the orientation to the opposite, while other vertices do not change it.

Therefore, to obtain a Klein bottle after gluing, there must be an odd number of R-vertices on the cycle. O
K; B
PR
Ay A,
L, | Li K,
L
A ! 4
op B 2
K;
(a) (b) (c) (d)

Fig. 5. Five types of Reeb graphs on Kl (each edge denotes a tree without A;, As, B-vertices)

Theorem 5. Let a graph G be given, which has one of the five types from the previous theorem. Then there exists a simple
Hamiltonian flow on the Klein bottle, the Reeb graph of which is equivalent to the graph G.

Proof. For each vertex of the graph, we construct an atom corresponding to the neighborhood of this vertex and a flow
on it as was done in the examples of atoms. Each edge of the Reeb graph corresponds to a cylinder S* x [0, 1], on
which a Hamiltonian flow is defined, generated by the projection onto the second factor. We attach the cylinders to the
corresponding boundary components of the atoms, ensuring that the directions of movement along the trajectories on the
boundary component of the cylinder and the boundary component of the atom coincide. We smooth the obtained flow as
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it is done in (Gutierrez, 1986; Neumann, 1978). The Hamiltonian is smoothed like proof of Theorem 3. As a result, we
obtain a closed surface that is non-orientable for the first four types of graphs due to the presence of a non-orientable atom.
In the last type, the non-orientability of the surface is justified in the proof of the corollary. According to formula (), the
genus of the surface is equal to 2. Thus, we have a flow on the Klein bottle. On the non-orientable atoms, this flow lifts to
a Hamiltonian flow on the double cover as in the examples, while on the orientable atoms and disks, it is duplicated twice
for each of the lift copies. Therefore, the constructed flow is Hamiltonian with the given Reeb graph. O

Theorem 6. The number N(KI); of topologically non-equivalent simple Hamiltonian flows on the Klein bottle can be
computed using the following formula for even k = 2m or odd k = 2m + 1 numbers of saddles:

N(Kl)r = N(KI)j + N(K1);, + N(K1)§;, + N(K1)i + N(K1)5,
where the number N (K1)} of Reeb graphs containing two A:-vertices (degree 2) is computed using the formula

N(K)g=2 >  KKL,+ > KL+ >  KLjKy
i+j+n=k—2 2(i4j+1)=k 2i42j4+n=k—3

the number N (K1)} of Reeb graphs having one A,-vertex and one B-vertex is computed using the formula

N(KD; =2 > KLy
itj=k—1

the number N (K1), of Reeb graphs having two vertices of type B is computed using the formula

e 1 _
N(KDi = 5Lk + L + m;:k LiK;), k=2m,

1
N(Kl)j = =(L LiKj), k=2 L
(KD)R 2(k+2i+j2+1:k ) m+

the number N (K1)¢ of Reeb graphs that have one vertex of type As is calculated using the formula
N(KD)f = Ky-1;

and N (K1)§ is the number of Reeb graphs that contain a cycle.
Here, in all sums, i, j,n > 0 and the sums are taken over these indices.

Note that the cases (a)—(e) of the flows from the theorem correspond to Fig. B (a)-(e).

Proof. Case a. (Fig. B (a)). Two atoms A; divide the surface into three parts: two 2-disks and one cylinder. If the cylinder
lies in one hyperbolic sector of one of the atoms A; (which we call the first), and in three hyperbolic sectors of the second
atom A;, then we have a natural ordering of the atoms. Therefore, the number of possible flows in this case is equal to

k—2
SkKL = E KiK;Ln.
itjtn=k—2

The cases where the cylinder lies in one hyperbolic sector of each atom and where it lies in three hyperbolic sectors
of each of the A, are identical, so we only consider the first case and multiply the resulting number of flows by 2. We fix
the order of the A; atoms. The number N of Reeb graphs up to isomorphism that preserve an unordered pair of vertices
is equal to the sum of the number N; of such graphs for which there is no isomorphism that swaps the vertices, and the
number N, of such graphs for which the specified isomorphism exists. If we fix the order of the pair of vertices and consider
graph isomorphisms that preserve this order, we obtain K = 2N; + N, graphs. Thus, N = (K + N»)/2. Considering the
doubling of the total number, we have that the number of non-isomorphic graphs equals the sum of the number of graphs
with an ordered pair of fixed vertices (A1) up to an isomorphism that preserve order of the vertexes and the number of self-
symmetric graphs up to an isomorphism. As before, up to an isomorphism that preserves the given order of A;-vertices,
the total number of Reeb graphs is equal to Sf(}fL. Changing the order of the A; atoms leads to a rotation of the orientation
on the cylinder and the symmetry of the Reeb graph.

With an odd number of saddles, the symmetric graph can have one fixed edge (Fig. @ (a1) ). This edge divides the
graph into two identical parts, each consisting of one root tree A and one tree with two fixed leaves B. Their total possible

number is
> KL
2(i+j+1)=k
If instead of the edge, C is invariant under symmetry subgraph (Fig. B (a2) ), then there is a vertex v, which devide the
Reeb graph onto 3 part, one of which is C. Other parts are isomorhic. Each of them consists of a root tree A and tree with
two fixed leaves B. The number of Reeb graphs of such a type is equal >, ., 3 K:L; Kn. We add this to the total
number of flows. Thus, we obtain the first formula.
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A e+ B |- Bleq A A e B B leq A
A1 Al Al Al
(a1) (a2)

Fig. 6. Symmetric graphs with two A, vertices (V(A) =, V(B) =4, V(C) =n)

Case b. The Reeb graph in this case does not allow symmetries that change two fixed points: the vertices A; and
B. The vertex A; divides the Reeb graph into two parts: a root tree and a tree with two fixed leaves. The tree with two
fixed leaves has a canonical orientation, generated at vertex B by the movement from vertex B to A;. Therefore, the total
number of Reeb graphs is the sum of the products of K; and L;. The total number of saddles in these trees is k — 1. Since
at vertex A; there is the possibility to marking each of the two incident edges, we double the total sum.

Case c. We consider two vertices B as marked leaves. The symmetry of the graph that swaps them can occur in two
cases: 1) when there is no fixed vertex under the symmetry (possible only with an even number of saddles), 2) when there
is a fixed tree. In the first case, graphs with such symmetries are determined by their halves, so their number equals L,,.
In the second case, the complement to the tree consists of two isomorphic graphs with two leaves. Their common vertex
is also a saddle (and is an R-vertex). Therefore, the total number of such graphs equals

> LK.

2i4j+1=k

All together gives the desired formulas.
Case d. We consider vertex A, as the root, thus we have a rooted tree with £ — 1 saddles, and the number of Reeb
graphs equals Kj,_1. O

7. Reeb graphs with a cycle

For Reeb graphs that have a cycle, the number of vertices in the cycle, with the marked edge not belonging to the cycle,
is odd. If the cycle is a loop (Fig.[d.1), then the vertex of the loop is the root of the complement to the loop. In the Reeb
graph, the loop corresponds to a monotonic graph, and the complement to the loop are rooted trees. Since the graph can
have symmetry that change orientation of the loop, the number of monotonic trees is calculated as ;. Thus, the number
of such graphs is

k—1

S
S MEKi.
1=0

In other cases, when calculating the number of graphs, one should consider the possible symmetries of the graph
relative to the cycle (Fig. Be). An algorithm for finding all cyclic Reeb graphs with n saddles can be constructed according
to the following scheme:

1) We find this number separately for each odd m (m < n) of R-vertices on the cycle. We represent the cycle as a
regular m-gon. The symmetries of the graph correspond to the symmetries of the m-gon. They are divided into two types:
a) axial symmetries — the axis passes through a vertex and the center of the opposite side (Fig. .11 and 14), b) rotations
— cyclic permutations of the vertices (Fig. [§.10 and 15).

2) R-vertices (vertices of the m-gon) partition the Reeb graph into rooted trees and monotonic graphs (Fig. Be). Thus,
each vertex of the m-gon corresponds to a rooted tree, and each edge corresponds to a monotonic graph. The total number
of saddle vertices in the rooted trees and monotonic graphs equals n — m. We count based on the maximum number & of
saddle vertices in each rooted tree and monotonic graph. We first consider the case when one vertex of the m-gon has k
saddles. Then only the symmetry relative to the axis passing through this vertex is possible. If n —m — k is odd, then there
are no self-symmetric graphs, so the total number is half the sum of the products K; and M, corresponding to the sides
and vertices of the m-gon:

M, ... M;,.

m

1
S(n—m—k) =5 > Ki ...K;
ig+...+ipm_1+J1+.. . Fim—1=n—m—k

Here iy = k. If n — m — k is even, then there are graphs with an axis of symmetry, which are determined by their half, that
is, a graph with % vertices. In this case, the number of non-isomorphic Reeb graphs equals

S(n—m—k)+ S(%m’k).

If we have two vertices with the same number &, then there is a unique axial symmetry that maps one vertex to the other.
Therefore, the calculations are analogous to the case of one vertex with k. In the case of three vertices with the same &
and m being a multiple of three, in addition to axial symmetries, cyclic permutations are also possible. In this case, the
graphs that are invariant under such permutations are defined by graphs with %’"*’“ saddles. Here we assume that each
0< i <k
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Separately, we consider the case when the maximum number of vertices on an edge (in a monotone graph) equals k,
while on all root trees it is less than k. If there is only one such edge (monotone tree), then the number of Reeb graphs of this
type equals M;.S(n—m—k) for odd k, and taking into account the symmetries relative to this edge — (M + My, /2) S (n—m—k)
for even k. If we have two or more edges with a maximum number of &, then the possible symmetries are accounted for
similarly to those in the case of vertices.

8. Examples
Let us illustrate how the number N(Kl)ﬁC is obtained using the example of graphs with 6 saddles.

MF Ks M3 K> M K M5 =
Ks_; K K, K,
1 2 3 4 5 6 7 8

Kl Kl Kl Kl Kl
() , M, M$ + K,

Ml K1 K1 Ml K1
9 10 11 12 13 14 15 16

Fig. 7. Cyclic Reeb graphs with 6 saddles (the marked edges represent trees)

All possible types of cyclic graphs with no more than 6 saddles are shown in Fig. . Since R-vertices correspond to
saddles, the following cases are possible: 1) one R-vertex, 2—15) three R-vertices, 16) five R-vertices. In the first case,
the R-vertex divides the Reeb graph into a monotonic graph (loop) and a tree. Since the graph may have symmetry, we
have M;° possible graphs for the loop, taking symmetry into account. For the tree, there are K5_; graphs. In total, in the
first variant, we obtain Zf;o M?P Ks_; = 1529 cyclic graphs. In the case of three R-vertices, graphs 4, 6, 8, 9, 12, and 13
have no symmetries. Therefore, the number of cyclic graphs is determined as the product of the corresponding numbers.
Additionally, symmetries are considered for graphs 2, 3, 5, 7, and 11. In the case of 14, with a fixed K;, we have two
options when the graphs are symmetric to themselves, and two when they are symmetric to each other. Thus, taking K;
into account, there are a total of 6 cyclic graphs of this type. Graph 10 can have both axial symmetries and symmetries
with cyclic permutations of vertices (rotation by 27/3). To find the number of options, we denote the graphs with K as G
and G-. In a cyclic graph, there can be from 0 to 3 graphs G;. Therefore, there are 4 cyclic graphs of type 10. For type 15,
symmetries and cyclic permutations are also possible. We fix the direction of traversal of the cycle. In relation to it, there
are two possible situations: 1) all monotonic graphs are the same, 2) two are the same, and the third is of a different type.
Thus, there are only two cyclic graphs of type 15. In summary, we find 147 cyclic graphs with three R-vertices. In the case
of type 16, we have 5 R-vertices. If the sixth (non-R) vertex lies on the monotonic graph, then there is exactly one variant
up to symmetry. If it belongs to the tree, then there are 2 variants. In total, there are three cyclic graphs with 5 R-vertices.
Overall, we have 1679 cyclic graphs with 6 saddles.

Results of Calculations

Using the obtained formulas and the described algorithm, the number of Reeb graphs of each type was found, as well
as the total number of flow structures with no more than 8 saddles. The results of the calculations are presented in the
Tab. B.

Table 3
Numbers of simple Hamiltonian flows on the Klein bottle

k 1 2 3 4 5 6 7 8

a 0] 3 16 89 530 3214 19575 | 120407

b 2|10 | 54 | 308 | 1800 | 13016 | 64584 | 392938

c 219 45 | 254 | 1422 | 8400 50058 | 303211

d 1 2 6 25 1M1 540 2736 14396

e 1 3 14 62 316 1679 8987 49348
N(Kl), | 6 | 27 | 135 | 738 | 4179 | 26849 | 145940 | 880300

9. Discussion and conclusions
A topological classification of simple Hamiltonian flows on the projective plane and the Klein bottle has been obtained.
All possible topological structures of flows with no more than 8 saddles have been described. A recursive formula has

ISSN 1728-3817



DI3BUKO-MATEMATUYHI HAYKMWU. 2(81)/2025 ~ 71~

been derived for determining the number of topologically non-equivalent flows with a given number of critical points on the
projective plane. Flows on the Klein bottle have been divided into five types; for the first four types, recursive formulas have
been obtained to find the number of their possible structures, while for the last type, an algorithm for finding such structures
has been described.

The results obtained may be useful for further research on the topological properties of Hamiltonian flows on various
surfaces.
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~ T2~ B 1 CH MUK Kuiecbkoro HauioHanbHoro yHisepcurety imeHi Tapaca LleBueHka

Mpome e Hawomy sunadky, Ha HeOpPiEHMOBHOMY MHO208UQi He iCHY€e ¢hyHKUiT, ujo Nopodxye 2aminbmoHosuli nomik. 3 o020y Ha ye NOHsIMMs
2pagha Piba nompebye nepesusHayeHHs1.

Ans docnidxeHHs1 mononoziYyHuUx enacmueocmell MPOCMUX 2aMi/lbIMOHOBUX MOMOKi8 Ha HEOPIEHMOBHUX MOBEPXHSIX OMUCAHO CMPyKmMy-
Py 8cix MoxJiueux amomie, Wo € aHas020M amomie BosiciHoea-®omeHka Onsi ¢pyHkyili Mopca ma 2aminbmoHo8ux NMomokie Ha opiecHmMoeaHux
noeepxHsix. 30Kpema, Ha HEOPiEHMOBaHUX MOBEPXHSIX € N’AMb munie makux amomis. [Mo6ydoeaHo NogHuUll mornosoz2i4yHuUll iHeapiaHm, wo €
2paghom Piba 3 MapKyeaHHHSIM (1020 8epwuH ma iHyudeHmHux 00 eepwuH nigpebep, onucaHo lioeo enacmueocmi ma Ao8odeHO Kpumepill
monosoziyHoi ekeieaneHmHocmi nomokie. [ns npoekmueHoi naowuHu ma naswku Knelina mu doeodumMo meopemu npo icHyeaHHs1 MOMOokKie
i3 3a0aHum 2paghom Pi6a. [Ons yuknidyHux 2paghie Pi6a Ha nnsiwui KneiiHa onucaHo anzopumm Onsl iXHbO20 nepepaxyeaHHsl. [ns ecix iHwux
munie 2pagpie Pi6a Ha npoekmueHiii nnowuxi ma nnswyi Knelina ompumaHo peKkypcueHi ¢popmyu 0151 3HaxodXeHHs1 ixHbo20 Yucna. HaeedeHo
pe3ynbmamu o64ucsieHb Yucsia mornoJsio2iYyHUX cmpykmyp rnomokie 3 He 6inbw HiX eocbma cidnamu. OmpumaHi pesynsmamu eidKkpuearoms
Moxnueicmb AocniOKeHHs1 cmpyKmyp 2aMinbmoHo8uXx nomokie 6inbwoi cknadHocmi Ha KOMMaKMHUX HeopieHMo8aHUX MO8EePXHSIX.

Knw4yoBi cnoBa: mononozidyHa ekeieaneHmHicms, 2pagh Pi6ba, knacudikayis, HeopicHmMoeHa noeepxHsi.

ABTOpYM 3asBNSAOTb NPO BIACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopy He Gpanu yyacTi B po3pobneHHi gocnigxeHHs (y 36opi, aHanisi
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