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QUANTILE ESTIMATORS FOR REGRESSION ERRORS IN MIXTURE MODELS WITH
VARYING CONCENTRATIONS

We consider the data described by the mixture model with variable concentrations. Models of mixtures of several components
naturally arise in the analysis of statistical data of medical, biological and sociological studies. In these models the observed objects
are selected from a finite set of subpopulations (components of the mixture) that have different distributions of the observed
characteristics. The concentrations of the components in the mixture (mixing probabilities) may vary from observation to observation.
In the considered data, the dependence between variables is described by a nonlinear regression model. The coefficients of this model
are different for different components. The distributions of the regression errors can also be different. Analysis of these distributions is
of significant interest in regression analysis. Quantile-quantile (QQ) plots are a tools of visually comparing error distributions with
known distributions. Such charts are useful in the model diagnostics. For homogeneous data, QQ-diagrams can be easily constructed
by the regression residuals. In a mixture model, in the presence of several regression models, the residuals cannot be determined
unambiguously. Therefore, there is a need to construct estimators for the quantiles of the distribution of residuals. To obtain estimators
of quantiles, one can use estimators of the functions of the corresponding distributions. Such estimators in models of mixtures with
variable concentrations are constructed using weighted empirical distribution functions (EDF). For independent observations, the
asymptotic behavior of the weighted EDFs is well studied. However, in the case of regression error analysis, the researcher is dealing
with residuals that are dependent across observations. Therefore, the task of the asymptotic study of weighted EDFs and the
corresponding estimators of quantiles in this case is relevant.

The paper considers the construction of weighted EDFs and quantile estimates for regression errors based on
observations from the mixture. Consistency of these estimators is demonstrated. To show the consistency results we applied
the asymptotic theory of weighted EDFs. Consistency of the estimators for distribution functions and quantiles of errors
distributions is de-monstrated. The results can be applied to construction of QQ-plots and model diagnostics.

K e y w o r d s: mixture with varying concentrations, nonlinear regression, residuals, quantiles.

AMS 2020 classification: 62G30, 62J02.

Introduction

The quantile-quantile (QQ) plot is a useful tool for analysis of random variables distribution, see Section 10.2 in (Gilchrist,
2000) . Standard technique of regression models residuals analysis includes QQ-plots drawling for residuals to analyze
departure from normality, see Section 6.4.1 in (Grol3, 2003). If the observed sample is homogeneous it is not difficult to define
empirical quantile as order statistics of the residuals. But it is a much more challenging problem when the observations are
drawn from a mixture of different components with different dependencies between observed variables.

In this paper we consider the model of mixture with varying concentrations (MVC) at which the mixing probabilities
(concentrations of the mixture components) are different for different observations. You can see (Maiboroda, & Sugakova,
2008) for general theory of MVC and (Pidnebesna, Fajnerova, Horacek, & Hlinka, 2023) on their applications to neurobio-
logical data analysis. Parametric models of regression mixtures with varying concentrations were considered in (Griin, &
Leisch, 2006). Nonparametric estimation for MVC regression models based on the modified least squares estimation is
discussed in (Maiboroda, & Miroshnychenko, 2020; Maiboroda, Miroshnychenko, & Sugakova, 2022).

QQ-plots for observations from mixture of regressions with varying concentrations were introduced in (Miroshnychenko,
2019). They are based on an estimator for regression errors quantiles which allows to perform estimation for each mixture
component separately. In (Miroshnychenko, 2019) performance of the proposed estimator was assessed by simulations.

The object of research is the estimator of regression errors distribution quantiles by data obtained from mixture with
varying concentrations.

The aim of the research is to derive conditions of consistency of this estimator.

To derive the estimator for quantiles we, at first, consider the weighted empirical distribution function (WEDF) based on
regression residuals. Consistency of WEDF as estimator of corresponding error distribution is demonstrated by the Vapnik —
Chervonenkis inequality. The estimator of quantiles is a transform of WEDF, so the WEDF consistency implies consistency
of the quantile estimator.

1. Results

Let us consider a statistical data set at which observed subjects O, ..., O,, can belong to one of M different sub-
populations (mixture components). The true number «; of the population which O; belongs to is unknown, but we know the
probabilities

p?;n =P{r; =k},
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which are called the mixing probabilities or concentrations of the k-th component in the mixture.

For each subject O; we observe a set of real valued variables &; = (Y;, X, ..., X{), where Y is the response and X,

i =1,...,d are regressors of the regression model
}/J:g(x]7/l9(nj))+sj7j:1>7n7 (1)
where g : R x © — R is a known regression function, X; = (X}, e ,Xj‘-i)T, 9" € © € R™ is a vector of unknown

regression parameters for the k-th mixture component, ¢; is an error term.
In what follows we assume that &; are independent random vectors and that X; and ¢; are conditionally independent
forfixedx; =k, k=1,...,M. Let
F(z) = Ple; < | r; = k}

be the cumulative distribution function (CDF) of the error term for the k-th component. We assume that
Elej| ks = k] = /xpg’“)(dx) =0.

Functions Fé’“)(a:) are unknown, our aim is to estimate them and corresponding quantiles by the observations ¢;, j = 1,n.

We will also denote the CDF of X; for the kth component by Fi* (x) = P{X; < x | x; = k}. Note that F,{*’ and F{*’,
k=1,..., K does not depend on ;.

The model represented by () is a mixture of regressions with varying concentrations. It is a partial case of the model
of mixtures vith varying concentrations (Maiboroda, & Sugakova, 2008).

The usual way to estimate CDFs of components in MVC models is to use weighted empirical CDFs with the minimax
weights aﬁn. These weights are defined as

M
ko1 (m-+k) m
Ajin = m mZZI(_l) Yem;nPjins )

where My

r,= (Zp;,npé,n> 5
J=1 i,l=1
Yiemsn 1S the (k, m)th minor of I',,. Of course, we assume here that detT',, # 0.
Minimax properties of CDF estimators with weights a%.,, are discussed in section 2.1 of (Maiboroda, & Sugakova, 2008).

To construct estimators for F*) we need first to estimate unknown parameters 9*)in (). In (Maiboroda, & Miroshnychenko,

2020) a modified least squares estimator (mLSE) is considered for this purpose. The mLSE f‘}flk) for 9*) is defined as a
stationary point of the weighted LS functional

JS(PY) = Za?,n(}/? - g(xj77))27
=1

where v = (7%,...,7™) € O. l.e. 1951’” is a solution to the system of equations
81.]5@) =0,i=1,...,m.

It is shown in (Maiboroda, 2020) that under suitable assumptions mLSE @flk) is a y/n consistent estimator to 9*), i.e. the

sequence \/ﬁ(@ﬁf) —9®), n=1,2,... is stochastically bounded.

In what follows @Ef) can be any \/n-consistent estimator to 9*, not necessarily the mLSE.

With {955“) at hand we can define residuals for the kth component regression model
o (k)
UM =¥; = g(X;9,"). (3)

Due to consistency of 195?, for large n, U;k) is near to ¢; if k; = k. But if the jth subject does not belong to the kth
component, U](k) can be very far from ¢;. To suppress the influence of wrong components we use the mimimax weightings.
So our estimate to Fa(k)(a:) is

PP (@) =" ab, U < 2}, (4)
j=1

where 1I{ A} is the indicator function of an event A.
The quantile of level a (0 < « < 1) for the CDF F™*) is defined as

Q¥ (a) =inf{z eR : F¥(z) > a}. (5)
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To estimate ék)(a) we replace the true CDF by its estimator:
QP () =inf{z eR : F®(z) > a}. (6)

We will start formulation of main theorems introducing some notations and assumptions. Let

I'eo = lim ll“n,

n—oo N,

assuming that this limit exists.
For a function h : RY — [0, 4+00) and a > 0 we will say that the Assumption G, , holds if forall m =1,..., M

/ (h(x))* F{™ (%) < o0 7)

and
l9(%; 1) — 9(X;v2)| < R(X) |71 — 72
for all x € R? and all v,, v, € ©.

Theorem 1. Assume that the following conditions hold.
(1) detT' > 0.
(2) Assumption Gy, . holds with some function h and o > 2.
(3) There exist probability densities fI" (x) for F\™ and fI*(x) are bounded on R, form =1,..., M.

@™ m=1,...,M are /n-consistent.
Then

sup |FF) (z) — ) (z)| 25 0 as n — oo
z€R

forallk=1,..., M.
Theorem 2. Assume that the conditions of Theorem [ hold and function F® (z) is strictly incresing in some neighbourhood
of Q& («) then

lem(oe) LN ng(a) asn — oo.

2. Proofs
To prove the theorems we need two lemmas.

Lemma 1. Let h: R? — [0, +00) be some function. Assume that ([#) holds for some o > 0andm =1,..., M.
Then
‘max h(X;) = op(n'/®).

Proof. This is a simple corollary of lemma 2 in (Maiboroda et al., 2022). O

Now, let ¢; j = 1,...,n be a sample of MVC model, i.e.

M
P{G <z} = phaFM(@).

k=1

Denote by F(k;n(x) the weighted empirical CDF of the form

n

~(k k
ER (@) =>"a1{¢; < o},

j=1
Lemma 2. There exists such a random variable A < oo a.s. that

sup [E1) () — F{P ()] < AVnlnn sup [a¥)]|

z€R Jj=1,...n
foralln=1,2,....
Proof. See corollary 2.2.4 in (Maiboroda et al., 2008). O
Proof of Theorem . Let
zj =¢€j + g(X]‘, 19<N]>) - g(X]‘, 19<k))a
~ (k)
8 = g(X;,9™) — g(X;,9,, ).
Then by (B)

UP = (X, 9% + &5 — g(X;,9%) = 25 + 6.
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Let A,, be some nonrandom numerical sequence, A,, — 0 as n — oo. Consider a random event

Ap ={ sup || < An}.
j=1,....N

=1,...,

Assume that A,, holds. Then
{z; <z — A} < ﬂ{U;k) <z}=Iz; <z -6} <z <z +Ap}.

So
UM <2} 1z <} <Mz <z +An} -z <z - A} =I{z — A<z <z + A}

Let
FZ(Z'? Z ai,I{z; <z}
Assumption (1) of the Theorem implies that there exists a Ca < oo such that

max \%,n Ca/n.

Jj=1,...,n,m=1,..

So, by (B),

sup |F{7) (z) — FF) (2)] SupZ|a3n|ﬂ{w—A <z <=w +An}<c—supZI{x—A <zi<z+An},

5

j=1

if A,, holds.
Let

1 n
= Z I{z; < x}.
Jj=1
We will show that

Where_.mzl ?1p]nvpn_(p,"'7ﬁA{)T
Leta,, € R™*" be the matrix a.,, = (aJ},,)75 2" and p = (pj,) 755" Then (B) is equivalent to
a;nr:zl = Pin-
Let for any natural r, u,. = (1,1,...,1)T € R". Then with the equality Zi‘f:lp;’?n = 1in mind we have

a;nrnur - p;nur = Upn

and
Tou, =np;.

So M a5, = 1 and by the definitions of £, (z) and F () we obtain (f).
So, by Lemma ] and (8)) we obtain that, for some random variable A < oo,

\Fn(m) — F(z)] < Abp,
where
M
=> " FM (@)
m=1

Fi™(z) = P{z; < x| Kj = m},

Combining (f{0) and (f[2) we obtain

Sliplﬁflk)(w)— ()] < Ca(Falz + An) = Fulz = An)) <

M=

<G, ( (T +A) — (x—An)+2A€n)<Ca

1

3
I

Let us bound
J(@,Ap) = F™ (2 + Ay) — F™ (@ — A).
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Form=1,..., M let
0™ = g(X;,9) — g(X;,9%)),

F{™(z) = P{n{™ < x| 5; = m},

£i™ be the PDF of F{™. Observe that
Fz(m>(ac) =P{z; <z |K; =m}

=Pl 40 <o iy =mh= [ F(@ - 0F™ @)

since X; and ¢; are conditionally independent for fixed «; and
) / ) (@ — )FS™ (dr) < 5,

where

= | 1aX Su
¢ =1,....M tEﬂgf ( )

So
J(x, Apn) < 2A5cy,

So from (fi0) we obtain ) )
sup |[EM) — BR) (1) < Co(2MepAn + 2A4,) (13)

zER

(If A,, holds).
Let us choose A, to obtain
P{A,} —» 1lasn — oco. (14)

Assumption (2) implies |d;] < h(Xj)|{9flk> —9®|. By Lemmalfi],

and by Assumption (4), |{9ff) — 19(Iv>| — Op(nfl/2).
S0 |6;] = op(n'/*~/2) and with A = n'/*~1/2 we obtain (fd). Equations (@) and (i) imply

sup |[F{¥) (z) — B8 (2)] 25 0as n — o.
zER

Since 77 = 0, we obtain F(k>( )= Fa(k)(x), so Lemma J yields

sup |EX) (z) — F¥| 250, as n — .
zER

Combining the last two convergences we obtain the statement of the Theorem. O
Proof of Theorem . By the definition of Q{* (), if F{* (z) > «, then Q™ (a) < . So
P{QM () <2} > P{F (x) > a}. (15)

Let us consider any z > Q™ (). By Theorem fl, P{F{" (z) > F* (z) — 6} — 1asn — oo for all § > 0. By the assumption
of Theorem B, F¥) () > a. Letting § = F*) () — a we obtain P{F* (z) > a} — 1. So

P{OP¥ (a) <z} = 1forz = QP (a). (16)
Now consider any z < Q% (). If Q% (@) < x than

Sy = sup E(t) > .

t<z
— o _ k) _ (k) gy _ (k) (k)
Putd = a— F, J, = sup, |E3" (t) — FX¥)(t)|. Then Su;n < sup,., FX*(t) + J, and P{|J,| > 6} — 0 by Theorem fi. So
P{OW (a) < 2} < P{Suin > a} < P{FF(z) + Jo > a} = P{J,, > 6} = 0,

as n — oo. Combining this with (f{f) we obtain the statement of the Theorem. O

Discussion and conclusions
We discussed estimators for error terms distributions and quantiles in mixture of regressions models and show their
consistency. The results can be applied to construct QQ-plots for visual analysis of these distributions.
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OLIHKW KBAHTMNIB PO3MOAITY NOXUBOK PEMPECII
Y MOAENAX CYMIWWEW 31 3AMIHHUMWU KOHLIEHTPALIIAMU

Y cmammi po3sansHymo OaHi, ujo onucyrombscsi MOOesUIr0 cymiwi 3i 3MIHHUMU KoHUeHmpauismu. Modeni cymiwel KinlbKOX KOMMOHeHMm
npupo-0HO 8UHUKalomMb Mid 4ac aHanizy cmamucmu4yHux daHux meduko-6ionoz2iyHux ma coyionozi4Hux docnidxeHb. B yubomy eunadky o6’ekmu
crocme-pexeHHs1 eubuparomb 3i CKiH4eHHO20 Habopy nidnonynsyili (komMnoHeHmie cymiwi), siKi Matomb Pi3Hi po3nodinu crocmepexysaHux
xapakmepu-cmuk. KoHueHmpauii komnoHeHmie y cymiwi (limogipHocmi 3MiwyeaHHs) MOXymb 3MiHO8amuchb 8i0 crnocmepexeHHss 00
crocmepexeHHs1. Y docnidxyeaHux 0aHuUX 3anexHicmb MK 3MiHHUMU onucyembcsi Modesnnto HeniHiliHoi peepecii. Koegiyienmu yiei modeni €
Pi3HUMU Onsi pi3HUX KOMMoHeHmie. Po3nodinu noxu6ok pezpecii makox Moxyms 6ymu pisHumu. BueyeHHs1 yux po3nodinie eidiecpae 3HayHy
posib y pezpeciliHoMy aHanisi. [ns ei3yanbHo20 nopieHsiHHA po3nodinie noxubok 3 eidomumu posnodinamu eukopucmosyroms Oiazpamu
KkeaHmMunb-keaHmusb (QQ). Taki diazpamu € saxnueum 3acobom diazHocmuku pezpeciliHoi Modeni. [Jns odHopidHUx daHux QQ-diazpamu 3py4yHO
6ydyeamu, euKkopucmo-eyr4u 3anuwku pezpecii. Y modeni cymiwi 3a HasieHOCcmi KinlbKOX pezpeciliHux modesell 3a/uwWKu HEeMOX/1ugo
8U3Hayumu o0Ho3Ha4yHo. ToMy euHukae nompe6a y nobydoei oyiHok Ons1 keaHmusnie po3nodiny 3anuwkie. [Jsi ompumaHHs1 OYiHOK KeaHmuJslie
MOJ}Ha cKopucmamuchb ouyiHkaMu yHKyili eidnoeioHux posnodinise. Taki oyiHku y modensix cymiwel 3i 3MiHHUMU KOHUeHmpauissmu 6ydyrombcs
3 BUKOPUCMAaHHSIM HagaHMaXxeHUX eMnipuyHuUx pyHKYit po3nodiny (Heghp). ns He3anexHuUx cnocmepexeHb acumMnmomuy4Ha nosediHka Heghp
dobpe docnidxeHa. OOHak y eunadKy aHanizy noxub6ok OOCniOHUK Ma€ cripasy i3 3anuwkamu, siki € 3a5eXXHUMU Ons pi3HUX crocmepexeHb. 3
o2nsdy Ha ye, 3ada4a acuMnMomu4yHo20 O0CiOKeHHs Hedbp i 8ionoeiOHUX OYiHOK KeaHmuIlie y uboMy eaunadKy € akmyasibHO.

Y nponoHoeaHili po6omi po3ansHymo nobydosy Heghp ma oyiHOKk keaHmuisie Onsi NToOXuboK pezpecii 3a crrocmepexeHHAMU i3 cymiwi i do-
eedeHo ixXH KOHcucmeHmHicms. [ins no6ydoeu oyiHOK euKkopucmoeyembscsi Heghp 3 MiHIMaKCHUMU HagaHMaXKeHHsIMU, sIKi po3paxoeyrmbcs 3a
KOHUeHmpauissMu KoMnoHeHm y cymiwi. [jnsa doeedeHHs1 KOHCUCMEHMHOCMI OUiHOK 8UKOPUCMaHO acUMNMOMUYHY Meopiro makux Heghp, 30Kpe-
Ma HepieHicmb BanHuka — YepeoHeHkica. BusHa4eHO yMo8u KOHCUCmeHmMHocmi oyiHoK ¢byHKUili po3nodiny ma keaHmurnie noxu6ok pezpecii y
modesnsix cymiwel 3i 3MiHHUMU KouyeHmpauisasmu. OmpumaHi oyiHKu MoXXymb 6ymu eukopucmadi onsi nobydoeu QQ-diazpam Ons eizyanbHo20
aHanizy po3nodiny noxu6ox.

Knwo4yoBi cnoBa: Modens cymiwi 3i SMIHHUMU KOHUeHmpauisamu, HeniHiliHa peapecisi, 3auwKu, KeaHmMuili.

ABTOpPU 3asBNSAOTL NPO BIACYTHICTL KOHMiKTY iHTepeciB. CnoHcopu He Gpanu yyacTi B po3pobneHHi gocnimkeHHs; y 36opi, aHanisi
4n iHTepnpeTauii AaHWX; Y HanucaHHi pyKonucy; B piLleHHi npo nybnikauito pesynbTaTiB.
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