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ALGORITHMIC APPROACHES TO MODELING AND ANALYZING
ENDGAME POSITIONS IN BACKGAMMON

The final phase of the backgammon game, known as "races”, is considered. This phase is characterized by minimizing the
interaction of opponent's checkers and reducing the game process mainly to assessing the rate of moving checkers to the "home"
and their subsequent withdrawal from the board. The delvered analysis covers the specifics of this stage in various backgammon
variants, in particular in classic backgammon, using mathematical models and probability theory. The paper proposes methods
for optimizing strategies in the final phase of the game, which are based on a comprehensive analysis of possible game positions
and calculating the probabilities of the dices values. Special attention is paid to algorithmic approaches to decision-making, which
allow calculating the most effective game actions to achieve the optimal result.

The results of the study are valuable both for improving the game strategies of practicing players and beginners, and for
developing theoretical approaches to game analysis based on modeling and assessing the effectiveness of decision-making in
conditions of limited interaction between participants.

Keywords: backgammon, "races” stage, probability theory, total probability formula, simulation, optimal strategies,
doubling cube, pip-count, game optimization.
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Introduction

Backgammon is one of the oldest board games, gaining popularity both in Europe and the Middle East. Despite its centuries-
old history, this game remains relevant due to the variety of its variations, among which the most common are long nardy,
backgammon, tavli, etc. A special place among them is occupied by backgammon, which is the subject of numerous studies in
the field of game theory and probability theory, and also serves as the basis for holding international championships and online
tournaments. The main strategy of the game is to move checkers to the "home", or final area, with their subsequent withdrawal
from the board. However, the most intensive mathematical and algorithmic analysis concerns the final stage of the game, which
is known as "races" or "speed game". In this phase, the opponent's checkers cease to interact, and success is determined by
the player's ability to bring checkers correctly into the house for their subsequent withdrawal as quickly as possible.

The complexity of analyzing strategies in backgammon has repeatedly attracted the attention of researchers. In particular,
in the work (Witter, 2021) it was proven that the problem of determining the possibility of winning from an arbitrary position
belongs to the class of computationally complex ones, which explains the relevance of the search for approximate methods.
A significant contribution to the understanding of the stochastic aspects of the game was made by models of optimal strategies
for doubling bets, presented in the work (Blath, & Morters, 2001), which showed the effectiveness of decision-making under
uncertainty. A separate area of research is devoted to the "races" phase: in the article (Ross et al., 2007) mathematical
models for estimating the probabilities of winning were built and compared with the results of simulations. The work of Tesauro
played a key role in the development of the algorithmic approach, who used temporal difference learning methods and neural
networks to evaluate positions and improve strategies in the TD-Gammon project (Tesauro, 1995). In addition, an analysis of
the effectiveness of search algorithms, such as minimax and its variations, was presented in the works (Bell, 1997; Olsen,
2019), which confirms the promising application of optimization techniques in strategy simulation.

Thus, the analysis of "races", as a key phase of the backgammon game, has not only mathematical but also applied
significance, as it allows to construct highly efficient strategies. This paper examines in detail the methods of optimizing
strategies for this stage of the game with an emphasis on the use of modern analytical tools based on probability theory and
decision-making algorithms.

1. Mathematical model. The main concept

Pip-count (PC). Let the fields of the board be numbered from 1 to 24, so that the nearest field in the house is numbered
1, etc., and the field farthest from the house is numbered 24. Then the sum of the products of the number of checkers by the
numbers of the fields they occupy is called the pip-count or score. The opponent, to calculate his score, numbers the fields in
reverse order. Thus, in backgammon, before the start of the game, each player's score equals to

2:24+5-13+3-8+5:-6=167.
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In fact, the score is the minimum number of points that a player must roll (over a number of moves) to bring the checkers
into the house and then to withdraw them. It is said that a player who has a lower/higher score than the opponent is ahead/be-
hind in speed, respectively. The skill of quickly calculating the score is an important component of a player's skill, the technique
of such calculations can be found in (Kissane, 1992).

The roll. Each player's move is preceded by the roll of two dice. In this case, if the number of points on the dice matches
(for example, 3-3), then it is said that a "double" has been rolled, and the number of points rolled is doubled (i. e. in this case
the player has not two, but four moves of three points). The probability distribution of the number of points in one roll, taking
into account doubles, is given in Tab. 1.

Table 1
Probability distribution of the number of points in one roll (two dice)
j 3 4 5 6 7 8 9 10 11 12 16 20 24
- 2 (3| A4 6 |5 422 11 1
J 36 36 36 36 36 36 36 36 36 36 36 36 36

This probability distribution has the following characteristics:
MU)=y=§z81mmﬁ)=a=@§z4zw.

Doubling cube. In backgammon there is a rule of doubling bets. Let the game be played at a single bet at start. A player
who has sufficient (in his subjective opinion) advantages in the position can say "double" before his roll. In this case, his
opponent must make one of two decisions - to surrender without further play (and pay a single bet) or to continue the game
at a doubled bet. There can be several doublings during the game. A double cube is a cube with degrees of 2 on its sides -
from 2 to 64 and which is an indicator of the doubling status. At the beginning, when the game is played at a single bet, the
cube is in the middle and this situation is called "our cube". If the player has accepted the offer to double, then the cube moves
closer to him on the board, and the upper face shows the current (doubled) bet value. In this case, he is called the "owner of
the cube", and the situation that has arisen is "my cube" (for the one who accepted the doubling) and "his cube" (for the
opponent), and only the "owner of the cube" has the right to further double.

2. Optimal doubling strategies

It turns out that the correct managing of the double cube (i. e., an adequate evaluation of situations in which the player
needs to double the bet himself, and either to accept to surrender as opponent doubles) is no less important than the ability
to make the right moves. This problem was first considered in (Keeler, & Spencer, 1975). Let W (t) be a standard Wiener
process and W(0) = 0.5, the observation of the process ends at time t,, when the value of the Wiener process trajectory
takes the value 1 (then it is considered that the 1st player won) or 0 (then the 2nd player won). Then at each time t the
conditional probability of the 1st player winning is equal to the value W (t), and the conditional probability of the 2nd player
winning is equal to the additional probability. For this situation, it is proved that the 1st player should double at the moment
when W (t) = 0.8. The second player should accept the double if W(t) < 0.8 and surrender if W(t) > 0.8. If the first player
doubled at W (t) = 0.8, then the second player is indifferent to whether to accept the double or surrender, in any case his
average loss is equal to the current bet. Due to the symmetry of the model, the critical doubling point for the second player is
obviously 0.2. But at the end of the game, situations may arise that are not adequate to the continuous game model. The
situations where this inadequacy is most evident are the so-called one-step and two-step games considered in (Tuck, 1980).

In subsequent works, it was shown that the "continuous game" model, although it plays a significant role in estimating the
threshold values of doubling and doubling acceptance, is not fully adequate, since the players' chances can change dramat-
ically during a single roll (Tuck, 1980).

One step game. Let the first player after his throw win with probability p and lose with additional probability. Such a model
is fully adequate to the real game situation in which the 2nd player has one or two checkers, which he will definitely throw
away if it comes to his turn, i. e. one checker in the cell 1,2 or 3 or two checkers 1 — 1 or 1 — 2. It is worth doubling for the 1st
player when his expected gain at doubling is greater than the expected gain if he does not double, i.e. 4p — 2 >> 2p — 1.
Then the first player in the situations "my cube" and "our cube" should double if p > 0.5. In this case, the 2nd player should
surrender if, having accepted the doubling, he loses more than by surrendering, i.e. 4p —2 > 1 orp > 0.75.

Two steps game. Let the first player after his roll win with probability p and with additional probability the move goes to the
second player. If the move has reached the 2nd player, he also makes a roll, after which he wins with (conditional) probability g,
otherwise the 1st player wins. Then the following result occurs. Consider the square [0; 1] x [0; 1], where the values of p and q are
plotted along the abscissa/ordinate axes, respectively. Let the square be divided into 4 regions by such curves.

0.5, = 0.75;
49 -2 1
%W)={£_1ﬁ5quaﬁ; M
0,q <0.5.
3724 05 o5,
4—2q’1=""
Pr(q) =469 -3
- 05<g<0.75;
661_2,05_61_075,
0,q < 0.5.

)
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0.75,q = 0.75;

8q—3 (3)
5<9g<0.75;

8q—2'05_q_0 5;

IQ(Q)— 1
1—— 025<ag<05:
’ =q= ;

kO,q < 0.25.

Then the correct behavior of the 1st player will be as follows. In the region "left and above" Py (q) it should not be double
in any case. In the region enclosed betweenP,(q) and Pi(q), it should be double in the situation "our cube" and not double
in the situation "my cube". In the region "right and below" P;(q) it should be doubled in any case (see Fig. 1).

The correct behavior of the 2nd player is to accept doubling if the point (p, q) lies "to the left and above" and to surrender
if "to the right and below" the curve Py(q). In more detail, how the inequalities, with respect to expected winnings, give rise to
the above-described curves Pp(q), Pr(q), Po(q), was considered in (Tuck, 1980).
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Fig. 1. Diagram of reasonable ddubiing and accepting dotjbling zones

Applying the results to backgammon gives the following practical rules. In a one-step game, player 1 should double if he
has one checker left in any position or two checkers in positions 2 — 5 or better. Player 2 should surrender if player 1 has
one checker left in any position or two checkers in positions 1 — 4 or better. Otherwise, player 2 should accept the double.

For example, in a one-step game in position 2 — 5, although player 1's probability of winning is g ~ 0.528, player 1 should
double, and player 2 should accept the double. This "increased aggressiveness" of player 1 is explained only by the fact that
his chances of winning, although only slightly exceed % are in a "double now or never" situation, i. e. he will not have a chance

to wait for a more favorable situation, as in the continuous game model (Keeler, & Spencer, 1975).

3. Single checker model

In (Ross et al., 2007) the "one-checker model" in the tempo game was considered. This means the following. Let the
players' checkers not interfere with each other, the players have scores S, and Sz, respectively, and after the roll, each player
substracts the number of points that were rolled from his score. The player who first withdraw all his points wins. Such a
model would be adequate if the players had one checker each, and these checkers moved to their homes on a "large board".
But, as noted above, the score is the minimum number of points that a player must throw to remove the checkers from the
game. In reality, it may be necessary to throw more points. For example, let a player have two checkers in positions 2 and 3
(totally 5 points), and throws 1 — 6 (7 points). Although the number of points thrown out formally exceeds the score, it is not
enough to throw both checkers off the board.

As a result, one checker remains on the board, which will be withdrawn on the next move. If the player has a large number
of checkers in positions 1 and 2, this will also lead to the fact that the real amount of points that will be needed to withdraw all
the checkers will exceed the score, since in one throw you can remove at best 2 or 4 checkers (if a double did not fall out/fell
out, respectively). For example, let there be 3 checkers left on 1 and 2 on 2 (i. e. the total score is 7). Then it is not important
for the player whether large numbers will be present in the throw. For example, let 6 — 5 be thrown out, but only 2 checkers
can be removed. The next throw 5 — 4 can remove 2 more checkers. Then 5 — 3 the last checker is removed. So for throwing
5 checkers with a score of 7, throwing 11 + 9 = 20 points turned out to be not enough. The thrown points are obviously used
inefficiently. Another factor that leads to inefficient use of discarded points at the stage of discarding checkers is "holes in
positions". For example, let a player have 5 checkers in positions 5, 3 and 1: formally the score is 45, but there is a hole in
position 4 and, having discarded 4, the player can only move checkers from 5 to 1 (see Fig. 2).

A clear explanation of the inefficiency of using the points on the rolled dices can be the following situation. Suppose you
have a sum of money in notes of different denominations. Suppose you periodically need to buy goods for different amounts,
but the seller never gives change. If at first you may have no problems finding the required amount without change, then later
you have to overpay, and the actual amount of money spent exceeds the total cost of the purchased goods.
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121110 9 8 7 6 5 4 3 2 1
Fig. 2. Possible situation on the final stage of the game

In (Lamford, 2002) it was delivered a set of heuristic rules for calculating the "add-on" to the formal value of a count.
Although these rules are not strictly substantiated, simulations show that they are adequate.

Let's return to the one-checker model. Its main advantage is the significant reduction in the state space (from 1.7 - 107 to
180) and the fact that, taking into account the above-mentioned corrections, the model adequately estimates the real game
in terms of tempo.

Let p;(s) —the probability to withdraw s points in exactly i moves, i > 0. Let p,(0) = 1,p;(0) =0,i = 1. Let p(s) be a
vector with components p;(s), starting from zero, sh(d@) be a vector shift operator that adds a zero component to the left, so
that wo sh((ag, ..., an)") = (0,ay, ..., a,)T. Let the vectors §(0), ..., (s — 1) have already been calculated. Then, based on law
of total probability and the principle of dynamic programming

B(s) = sh(Tismip(s — )+, (4)
where m; — the probability of rolling a sum i on the dice. Let P(S) be a vector whose components are equal to
Pi(s) = YL_1 pk(s) be the probability that it will take no more than i moves to withdraw s points, F(k,s) be the probability
that A wins, provided that A has k, and B has s points, and the move belongs to A. Since at least 3 points are withdrawn in
one move, the maximum index of the 7(s) non-zero component does not exceed [s/3] = ceil(s/3). Then, according to the
law of total probability

H (6)

F(k,s) = X pj(s)P; (k).

To make a decision about doubling or accepting/not accepting the offer to double, it would be useful for the player to know
the value of this function. It is clear that directly calculating in the head the sums of the products of the position numbers by
the number of checkers is hardly acceptable. For such calculations, there are various alternative methods that can be divided
into two main types. One method is similar to the method of products applied to calculating the sample mean in statistics. Let
us divide the player's positions into zones of 3 positions in the zone, so that positions 1 — 3 are considered the minus first
zone, 4 — 6 are zero, 7 — 9 are the second, etc., and the maximum zone number is 6, although in a tempo game, as a rule,
the player's checkers are no further than the 3rd zone. Let k; be the sum of the products of the number of checkers in each
zone by the zone number (this sum is much easier to calculate than k). In each zone, from the number of checkers that are
further away, we subtract the number of checkers that are closer than the "average" position of the zone, and denote the
resulting sum for all zones by k, Then

Another method is based on dividing the set of checkers into clusters (if possible, symmetrical) and further calculating the
number of checkers in a cluster on the "coordinates of the centers of mass" (Kissane, 1992). The use of these methods will
not only considerably simplify the procedure for calculating the current pip count, but you can also use it as a training tool for
improving oral calculation skills.

The authors found three different methods for calculating F(k, s) in the literature that are of theoretical interest but are
inconvenient or extremely inconvenient in a real game.

In (Keeler, & Spencer, 1975) the following table of probabilities of a player's winning (in percentages) is given, constructed
based on Monte Carlo simulations (Tab. 2).

Table 2
Player's winning probability (in percents)

k 0 5 10 15 20 25 30
s—k
20 70 81 91 96 98 99 99
40 65 76 85 92 95 97 98
60 62 72 80 87 92 95 97
80 60 68 77 86 91 94 95
100 58 67 76 83 87 91 94
120 57 67 76 82 86 89 93

A more complete table was given in (Zadeh, & Kobliska, 1977). Here the calculation of elements was based on the principles of
dynamic programming. The authors performed simpler calculations using formula (5) and the similar results are obtained.
In article (Lamford, 2002) the following formula was delivered

_ enoy o 900+k+400L o
P(k,s) = 50% +7k+7“25 %, Ae L =s — k.

This formula is based on the fact that the function P(k,s) is convex in both of its parameters, and the dependence is
sought in the form of a hyperboloid, and the parameters were selected by the least squares method, and turns out to be quite
accurate (gives an error within 2 % for k <40 and less than 1 % for 100 < k < 150).

In (Ross et al., 2007) a method for estimating F(k,s) was proposed, based on the central limit theorem for recovery
processes, formulated as follows: if independent identically distributed random variables with mean p and variance o2 are
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summed up until a sum equal to T is reached, then the number of terms has an asymptotically normal distribution with mean
E and variance i—: .
Thus, to withdraw k points, the following number of throws will be needed:
n~N (E f’z_k)
N w' w3 )’
s—k+u/2_\/ﬁ> (6)
Vs+k a)

However, even at the assumption, that a player has phenomenal computational abilities and can calculate the value of
F (k, s) using one of the formulas (or study Table 1 and perform linear interpolation), the main question still remains open — to
double or not to double?

4. Tips for doubling

Instead of calculating the probabilities of winning, the authors calculated the "advice to double" and "advice to accept
doubling" matrices using dynamic programming and presented the data in a form convenient for practical use.

In (Buro, 1999) the concept of "equity" (E) is considered, which means a dimensionless quantity equal to the ratio of the
expectation of the win to the current bet, which varies in the range from 1 (if the player is sure to win) to -1 (if he loses). Let
us assume that both players behave rationally, that is, they double their bets, fold, or accept the doubling in such a way as to
maximize the mathematical expectation of their winning.

Let's take a look at these functions: ED,, (k, ), Eqy, (k, $), Emy (K, ), EQur (K, 8), Egyr (K, 8), Egyr (K, 5).

Here the subscript my /our corresponds to the situation my cube/our cube respectively. The superscript is 0 if the player did not
double, and 1 if he doubled in this situation (assuming that in all subsequent situations the players will be rational). Let

Epmy(k,s) = max (E,?w(k, s), Eqy (k, s)), ()
Eour (k,s) = max(EQy - (k, s), Egur (k. 5)) (8)

rational choice of the player at this step. For all introduced functions, we define initial values corresponding to the final (trivial)
game situations:

F(k,s) = P(ng —ng = 0)~d><

E(0,)) =1, 9)
E(i,0) = —1, (10)
ELHN=EQR)=EGBH=1, (11)
where i,j > 0.
/ 11 1 \
-1 1 1
Ex(i,)=]| —1 1 1
—1 elements that are
-1 not calculatedi Yyet
First, let's calculate the elements of the matrices E7,,,, then Eg,,...
Epy(k,s) = X2 X523 mimj By (k= D4, (s =4, (12)
Ey(,5) = min (1, =2 5241 By (s, (k = 1)), (13)
E(())ur(k; s) =- 313 Tj Eour (s, (k= )4, (14)
Egur(k,s) = Eqy (K, 5). (15)

These formulas may be explained as follows. Consider (12). Let in the situation (k, s) the 1st player not double. Then the
first player withdraw some (random, according to his roll) number of points i from his k. The second player has no opportunity
to double, he makes a throw and withdraw (random, according to his roll) number j, and so, the score becomes equal to
((s =), (k= 4), and the move again passes to the first player. By virtue of the assumption of optimality of all subsequent
steps E becomes equal to E,,,,, ((k —1i),,(s — j),), averaged over the probabilities of possible throws of both players. If the
1st or 2nd arguments of the function become zero, this means that the 1st or 2nd player wins. If both arguments become
zero, this means that the 1st player wins, since it was previously determined that, although formally, after the 1st argument
becomes zero, the 2nd player makes a "useless" throw.

Consider (13). Let in the situation (k,s) "my cube" the 1st player doubled. If the 2nd player surrenders, then E = 1. If the
2nd player accepts the double, then the 1st player withdraw (random, according to his roll) points, the bet will double, the
move and the right to double will pass to the 2nd player. Thus, for the 2nd player the situation will be (s, (k —i),), my cube,
i. e. E will be equal to E,,;,, ((k —1i);,(s —j);). Averaging over all possible throws and taking into account that the values of
E are always equal in magnitude and opposite in sign for the opponents, we will obtain for the 1st player
E = —2Ep, (s, (k —i),).

Based on the assumption of rationality of the players, the 2nd player will choose the one of the two actions (surrender,
accept) that corresponds to the minimum of the two terms (13).

Consider (14). Let in the situation (k,s) and "our cube" the 1st player did not double. Then similarly to (12) the 1st player
withdraw some (random, according to his roll) number of points i from his k, while the 2nd player gets into the situation, "our
cube". Therefore, for the first player the value of E is taken with the opposite sign.

Consider (15). The consequences of doubling in the situations "my cube" and "our cube" are the same, all considerations
are similar to (13), so Ej,,-(k,s) = Eny(k, s), so both matrices may be denoted as E*(k, s).

Based on the calculated matrices E, we construct matrices of advice regarding doubling Db,,,, (k,s) Ta Db, (k,s) and
accepting doubling Ac(k,s). If in this situation it is advisable to double, then Db, (k,s) = 1, if it is advisable not to double,
then Db, (k,s) = 0. In a similar way, Ac(k,s) = 1 or 0, depending on accepting double is advisable or not. Then

Dby (k,5) = x (E*(k,5) = Efy (k,9)), (16)
Dbour (k, S) = X(El(kl S) 2 E((J)ur(k' S))
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The sign of the non-strict inequality in these formulas is explained as follows. Let the 2nd player be hopelessly behind, for
example, k = 10,s = 100 (in this case they say "there is no theory"). Then, obviously, all values in (16) are equal to each
other and equal to 1. Obviously, in this position one should double and this is the end the game, the outcome of which is
predetermined. If the inequality were strict, then the game would continue until the very end. When calculating the matrix
Ac(k, s) one should take into account that the optimal behavior of the 2nd player has already been taken into account when
calculating E'(k,s), therefore

Ac(k,s) = y(E*(k,s) < 1). (17)

It turns out that in each row of the matrices Db, (k,s), Dby, (k,s) there are zeros at the beginning, and starting from
some number - ones. Accordingly, in Ac(k,s) there are first ones, then zeros. Let us construct the vectors db,,, (k) and
dboy, (k), in which the k -th component is equal to the index of the first one in the row of the matrices Db,,, (k,s) and
Db, (k,s) respectively. Let us also set the k -th component of the vector ac(k) equal to the last one in the k -th row of the
matrix Ac(k,s). Then let

dbsy (k) = dbpy,y, (k) —k,
db;ur(k) = dbou'r (k) - k;
ac*(k) =actk) — k
vectors characterizing the minimum advantage for doubling and the maximum possible lag for accepting it. It turns out that
the components of these vectors form non-decreasing numerical sequences that can be compactly presented in the form of
a table (see Tab. 3). It makes no sense to put the data for k < 22 into the table, since in this case the required number of
throws depends strongly on the position

Table 3
Doubling Tips Table
Minimal advantage Minimal advantage Maximum lag
for doubling at our cube for doubling at my cube for accepting a doubling
k s—k k s—k k s—k
22-27 0 23-27 1 23-26 3
28-32 1 28-33 2 27-31 4
33-38 2 34-38 3 32-37 5
39-45 3 39-44 4 38-44 6
46-53 4 45-51 5 45-51 7
54-62 5 52-60 6 52-59 8
63-72 6 61-69 7 60-68 9
73-82 7 70-79 8 69-78 10
83-93 8 80-89 9 79-88 11
94-105 9 90-100 10 89-98 12
106-117 10 101-111 11 99-110 13
118-129 11 112-124 12 111-122 14
130-143 12 125-136 13 123-134 15
144-157 13 137-150 14 135-148 16
158-170 14 151-163 15 149-161 17
164-170 16 162-170 18

Let us consider the analysis of another possible scenario of the end of the game using dynamic programming. Let oppo-
nents A and B have m and n checkers respectively in position 1. With each move, the players discard 2 or 4 checkers with
probabilities 5/6 and 1/6 respectively (if a double doesn't rolled or rolled respectively). Let us consider the following equiv-
alent model.

Let k = [mT”] ,S = ["T”] be conditional points, so,that one or two conditional points can be deducted (if double is rolled
on dices or not respectively) for one roll. Since m,n < 15, then k,s < 8. Next, similarly to the previous case, the matrices
E,Db, Ac are calculated, but now j =1 or 2 with probabilities 5/6 Ta 1/6 respectively.

The results of the calculations can be formulated as easy-to-remember advice: in the "my cube" situation, double, if k < s
abo k = s < 4, in the "our cube" situation, if k < s or k = s < 8. However, the advice to double in situations (7,7) and (8,8)
gives a small benefit on average, but increases the risk, since

EL,.(88)—ES, (88) =1.6-1073,EL,.(7,7) — ES,(7,7) = 7.2 - 1073,
So whether to double or not in this situation is a matter of risk appetite. It should also be noted that for these results to apply,
it is not necessary for all checkers to be on 1. For example, the position "1 checker on 4, 3 on 3, 6 on 2 and 5 on 1" is not
significantly worse than 15 on 1", so all the above considerations can be applied to it.

Discussion and conclusions

This paper provides a comprehensive analysis of the final stage of backgammon game ("races"), a phase characterized
by minimal interaction between players' checkers and the outcome depending first of all on the speed of the checkers' move-
ment. During the study:

1. A mathematical model of the game process is proposed to assess the effectiveness of decisions, based on the pip-
count indicator, which allows quantitatively assessing the player's advantage.

2. Optimal strategies for using the double cube are created based on probabilistic calculations and dynamic programming
principles. It is shown that the critical points of doubling and accepting doubling depend on the probabilities of winning, mod-
eled as Wiener processes.

3. Practical algorithms for evaluating game positions, in particular for one-step and two-step games, have been found.
The results confirm the importance of accurate probability calculations in decision-making.

4. Recommendations for doubling down and accepting doubling down in various game situations have been developed,
allowing players to maximize their advantage in the game.
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The obtained results demonstrated the possibility of increased accuracy of modeling of "races" phases by reducing the
state space through the localization of critical moments and the use of the central limit theorem. The practical consequences
of the work are the simplification of strategic decision-making in competitive conditions and the creation of a basis for improv-
ing training methods for players.

The results of the study confirmed the high importance of using probabilistic and mathematical models for effective eval-
uation of positions in the "races" phase. The proposed pip-count calculation method and its adaptation to backgammon allow
for accurate prediction of the winning chances. Such calculations are especially relevant for sophisticated positions.

Future research could be aimed at expanding the model to adapt to individual playing styles of opponents and take into
account psychological aspects of decision-making. Another promising direction is the integration of the developed methods
into artificial intelligence to automate learning and analysis of game data.

Authors' contribution: Serhii Dotsenko — conceptualization, methodology; Georgi Dimitrov — methodology, theoretical foundations of
the study; Anastasiya Vecherkovskaya — methodology, source analysis, preparation of a literature review; Ilgor Makushenko — methodology,
data collection and verification, empirical research.

Sources of funding. This study was conducted at the author's own expense and partially funded by Taras Shevchenko National
University of Kyiv.

References

Bell, P. (1997). Backgammon: Winning with the doubling cube. The Gammon Press.

Blath, J., & Mérters, P. (2001). Backgammon, doubling the stakes, and Brownian motion. https://plus.maths.org/content/backgammon-dou-
bling-stakes-and-brownian-motion

Buro, M. (1999). Efficient approximation of backgammon race equities. International Computer Chess Association Journal, 22(3), 133—142.
https://doi.org/10.3233/icg-1999-22303

Keeler, E. B., & Spencer, J. (1975). Optimal doubling in backgammon. Operations Research, 23(6), 1063—-1071. https://doi.org/10.1287
/opre.23.6.1063

Kissane, J. (1992). Cluster counting. https://bkgm.com/articles/McCool/cluster.html

Lamford, P. (2002). Improve your backgammon. Gloucesters Publishers plc.

Olsen, M. (2019). Cube like a boss — Patterns, intuition & strategy. Backgammon Galaxy.

Ross, A., Benjamin, A., & Munson, M. (2007). Estimating winning probabilities in backgammon races. In S. Ethier, & W. Eadington (Eds), Optimal
Play: Mathematical Studies of Games and Gambling (pp. 269-291). Reno: Institute for the Study of Gambling and Commercial Gaming.

Tesauro, G. (1995). TD-Gammon, a self-teaching backgammon program. In Alan F. Murray (Ed.), Applications of Neural Networks (pp. 267—
285). https://doi.org/10.1007/978-1-4757-2379-3_11

Tuck, E. O. (1980). Doubling strategies for backgammon-like games. Journal of the Australian Mathematical Society Series B, 21(4), 440—
451. https://doi.org/10.1017/s0334270000002137

Witter, R. T. (2021). Backgammon Is Hard. In D. Z. Du, D. Du, C. Wu, & D. Xu (Eds), Lecture Notes in Computer Science: Vol. 13135.
Combinatorial Optimization and Applications (pp. 484-496). Springer. https://doi.org/10.1007/978-3-030-92681-6_38

Zadeh,N., & Kobliska, G. (1977). On optimal doubling in backgammon. Management Science, 23(8), 853-858.
https://doi.org/10.1287/mnsc.23.8.853

OTtpumaHo pepakuicto xypHany / Received: 29.10.25
NMpopeueH3oBaHo / Revised: 17.03.26

CxsaneHo go apyky / Accepted: 16.04.26
Ony6nikoBaHo / Published: 05.06.26

Cepriit JOLEHKO', kaHg. ¢hi3.-maT. Hayk, Aou.
ORCID ID: 0000-0003-2913-3790
e-mail: sergei204@knu.ua

Feoprin AIMITPOB?, a-p dinocodii
ORCID ID: 0000-0002-4785-0702
e-mail: g.dimitrov@unibit.bg

AHacTacis BEYUEPKOBCbKA', kaHa. Tex. HayK, Aol
ORCID ID: 0000-0003-2054-2715
e-mail: a.vecherkovska@knu.ua

Irop MAKYLUEHKO', kaHa. ¢hi3.-maT. Hayk
ORCID ID: 0000-0002-4313-4936
e-mail: igormakushenko@knu.ua

'KuiBcbKkMi HauioHanbHMit yHiBepcuTeT imeHi Tapaca LLlesueHka, Kuie, YkpaiHa
2yHiBepcuTeT 6ibnioTekozHaecTBa Ta iHhopMauiiHuX TexHonorin, Codis, Bonrapis

ANFOPUTMIYHI NIAXOAU OO MOAENIOBAHHSA TA AHATNI3Y ®IHANBHUX MNO3ULIA Y TPl B HAPOU

Po3sansinymo kiHyegy ¢pa3sy epu e Hapdu, sidomy sik "races"” abo "epa 3a weudkicmro", w0 xapakmepulyemncsi MiHimizayieto e3aemModii wawok
cynpomueHukie ma 38e0eHHSIM i2p0e0o20 npouyecy nepesaxHo Ao oyiHKU weudKocmi nepemMiljeHHs1 8J1lacHUX wawok y "dim" i iXxHbo20 nodanbuio20
sueedeHHs1 3 dowku. [fpedcmaeneHuli aHani3 onucye cneyugiky uiei cmadii e pizHuUx eapianmax Hapd, 30kpema U y Kiacu4HUX KOPomKux Hapoax
(backgammon), i3 3acmocyeaHHsIM MameMamu4Hux modesneli i meopii limogipHocmeli. 3anponoHoeaHo Memodu onmuMi3sayii cmpameeil y kiHyesil
¢pasi epu, wo 6a3yromuscsi Ha KOMIJIEKCHOMY aHasli3i MOXJ/IUuUX i2poeux mpaekmopili ma po3paxyHKy limosipHocmeli eunadiHHs 3Ha4YeHb 2paslbHUX
Kyb6ukie. Okpemy yeazy npudineHo anzopummid4HuUM nidxodam 0o yxeasieHHs piuweHb, o daromb 3Mo2y obyucnroeamu HalieghekmueHiwi izposi Oii
0Ons docsizHeHHS1 ONMUMasibHO20 pe3ynbmamy.

Pe3ynbmamu docnidkeHHs € YiHHUMU sIK Orsi 800CKOHaIIeHHs1 i2posux cmpameeili 2pasuie-npakmukie i Hoeaykie, mak i Ansi po3eumKy meopemuyHux
nidxodie do aHani3y i2op Ha ocHoei ModestoeaHHs Ui OUiHKU eghekmueHOCMI NPUliHAMMS pilWeHb 8 yMoeax 06MexxeHOI 83aeMOdii M) y4acHUKaMU.

Knw4yoBi cnoBa: Hapdu (backgammon), ghasa "races”, kopomki Hapdu, meopisi imosipHocmeli, MamemMamu4He MOOesIl08aHHsI, onmu-
ManbHi cmpameeil, aneopummivyHuli aHanis, 0abn-ky6 (doubling cube), pip-count, iepoea onmumizayis.

ABTOpM 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CnoHcopu He Gpanu yyacTi B po3pobneHHi AocniaxeHHs; y 36opi, aHanisi umn
iHTepnpeTauii AaHWX; Y HanMcaHHI pyKonucy; B pilleHHi Nnpo ny6nikauito pe3ynbTartis.
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