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В даннiй роботi розглядається задача пошуку дiаметру групи парних пiдстановок по заданiй
системi твiрних. Вводиться поняття збалансованої парної пiдстановки та обчислюються
довжини елементiв, що є збалансованими чи близькими до збалансованих. За допомогою отриманих
довжин було отримано основний результат роботи — нижню оцiнку дiаметра знакозмiнної
групи по заданiй системi твiрних.

Ключовi слова: граф Келi, дiаметр графа, система твiрних, група парних пiдстановок.

In this paper we consider a specific case of the diameter search problem for finite groups, the
case where the system of generators is fixed. This problem is well-known and can be formulated in
the following way: find the diameter of a group over its system of generators. The diameter of the
corresponding Cayley graph is the diameter of a group over its specific system of generators.

The main object of the research is the alternating group with the system of generators consisting
of cycles having length three and the form (1, 2, k). This system of generators is a classical irreducible
system of generators of the alternating group. It is introduced the property of even permutations to be
balanced. We consider the set of balanced permutations and permutations close enough to balanced and
find minimum decompositions of them over defined system of generators.

The main result of the paper is the lower bound of the diameter of Alternating group over con-
sidered system of generators. The estimation is achieved using minimal decompositions of balanced
permutations.

Key Words: Cayley graph, diameter of graph, system of generators, alternating group.
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Introduction

The diameter search problem for a finite group G
can be formulated as follows. Find maximum of
diameters DS(G) for all system of generators S of
G. The interest to this problem was stimulated by
the paper of L. Babai and A. Seress [2]. Recent
results obtained in this direction can be found in
[3], [4], [5], [6].

One closely related problem is the mimimum-
length generators sequence. This search problem
can be formulated in the following way: for a finite
groupG, its system of generators S and an element
g ∈ G find the shortest generators sequence real-
izing g. It was shown in [7] that this problem is
NP-hard for permutations groups.

A partial case of the diameter search prob-
lem is the diameter search problem with respect
to a fixed system of generators. An exact formula
of the diameter of the symmetric group Sym(n)

with respect to the classical irreducible system of
generators {(1, k)}, k = 2, . . . , n in obtained in [1].

In this work it is considered the alternating
group Alt(n) of degree n > 3 and its classical irre-
ducible system of generators (1, 2, k), k = 3, . . . , n.
We introduced a specific type of even permuta-
tions that we call balanced permutations. For bal-
anced even permutations and close to balanced
even permutations it is constructed their mini-
mal decomposition. These minimal decomposi-
tions are used to estimate the lower bound of the
diameter of Alt(n) with respected to the men-
tioned system of generators.

Unless otherwise specified in the paper we de-
note a finite group byG and a system of generators
of G by S.

1 Preliminaries

In this section we recall basic definitions, that cor-
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respond to decompositions of elements. The defi-
nitions of strictly growing systems of generators
and groups-generators series were introduced in
[8].

The main object of research of the paper is
the alternating group Alt(n) of degree n with its
system of generators ((1, 2, 3), . . . , (1, 2, n)), n > 3.
We consider some useful elementary properties of
this system of generators and recall the trajectory
of a point over permutation’s decomposition. This
notion will be intensively used in the sequel.

1.1 Basic definitions, notations and
properties

Every element g of G can be decomposed as a
product

g =

l∏
k=1

sk

of generators from S for some natural l. The tu-
ple of generators (s1, . . . , sk) will be called a de-
composition of the element g over S. The length
|g|S of the element g over S is the length of the
shortest decomposition of g over S. The diameter
DS(G) of G with respect to S is the maximum of
lengths |g|S , g ∈ G. An element g ∈ G such that
|g|S = DS(G) is called a diameter element.

Let us introduce the operation of concatena-
tion over tuples of generators. Let π, τ be elements
from G and D = (d1, . . . , dm), T = (t1, . . . , tu) be
its decompositions over S correspondingly. Then
the concatenation ofD and T is the decomposition
(d1, . . . , dm, t1, . . . , tu) of the element π · τ .

In this paper we consider the right rule of per-
mutation’s multiplication: for every permutation
π, τ and for every natural number x we have:

(π · τ)(x) = τ(π(x)).

As usual, the support of a permutation π
in Sym(n) will be denoted by supp(π), i.e.
supp(π) = {x ∈ 1, n : π(x) 6= x} for some nat-
ural number n.

Fix a natural number n > 3. The group
A = Alt(n) is a permutation group on the set
1, n = {1, 2, . . . , n}. The elements of this set will
be called points. Let S = SoG(n) = {s3, . . . , sn)},
where sk = (1, 2, k), k > 3.

Let D = (i1, . . . , im) be a tuple of m > 1 nat-
ural numbers, each greater or equal than 3. We

will use notation [i1, . . . , im]S for the product
m∏
k=1

sik =

m∏
k=1

(1, 2, ik).

For simplicity we will identify the tuple D =
(i1, . . . , im) of indices with the tuple (si1 , . . . , sim)
of generators. Note, that the later forms a decom-
position of the permutation [i1, . . . , im]S over S.

We will use notation
π︷ ︸︸ ︷

a→ b for π ∈ A and
a, b ∈ {1, 2, . . . , n} such that π(a) = b. Moreover,
if for some permutation τ ∈ A and a point c ad-
ditional equality τ(b) = c holds then we use the
following notation:

π︷ ︸︸ ︷
a→ b =⇒

τ︷ ︸︸ ︷
b→ c .

This notation can be naturally generalized for
products of arbitrary number of permutations.

1.2 The trajectory of a point over a
decomposition

Let π ∈ A be a permutation. Fix a decomposition
D = (i1, . . . , im) of π over S. We assume that
m > 3. Let a ∈ {1, 2, i1, . . . , im}. We will define
the trajectory of a over the decomposition D as
follows.

For arbitrary points c, d and k ∈ 1,m such
that sik(c) = d we will use notation

c
k−→ d.

Then in the graph of the action of the generating
system S on 1, n the decomposition D defines the
unique path of the form

a = a0
1−→ a1

2−→ a2
3−→ . . .

m−→ am = π(a).

Definition 1.1. The trajectory of the point a in
the permutation π over the decomposition D is a
tuple Tr(a, π,D) := (j1, . . . , jt) of all indices from
D, such that exactly one condition

ajk = 1 or ajk−1 = 2

holds, 1 6 k 6 t.

In other words, the trajectory of a is the tuple
of all positions in D, such that in the graph of the
action corresponding generator defines the arrow
that either starts in 2 or terminates at 1. Since
m > 3 the trajectory is well defined.

In many cases we can use more compact form
of the path of a point. For arbitrary k, l ∈ 1,m,
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k < l, such that 2 = s−1ik (ak) 6= ak = . . . = al−1 6=
sil(al−1) = 1, ak 6= 1, 2, we will use notation

ak
k,l
=⇒ ak.

Note that in this case both k, l ∈ Tr(a, π,D).
The following properties of the trajectory

Tr(a, π,D) = (j1, . . . , jt) hold:

1) ajk 6= 2 for every k ∈ 1, t;

2) ajk = ajk+1−1 if and only if ajk
jk,jk+1
====⇒ ajk is

well defined in the path of a over D.

We will omit the following parts of the path
of a in π over D:

1) the initial part of the path up to the first
occurrence of a, if a 6= 1, 2;

2) the closing part of the path after the last
occurrence of π(a), if π(a) 6= 1, 2.

Let π ∈ A be a permutation with decompo-
sition D = (d1, . . . , dm) over S, m > 3 and p
be a point from {1, 2, d1, . . . , dm}. We will say
that the point p has trivial path in π over D if
|Tr(p, π,D)| 6 2.

2 Length of permutation over S

In this section we provide estimations of
lengths of permutations over system of generators
S. We introduce the special type of permutations,
which we call balanced. We show that the mini-
mum length is reached for balanced permutations
and permutations, which are close to balanced, ac-
cording to number of unfixed points.

We also provide the minimum decomposition
classification for special permutations: odd cycles,
products of two odd or even cycles, some cases of
products of three cycles. We separately consider
cases according to action on points 1, 2.

In this section we fix some natural number
n > 5 and consider permutations from the alter-
nating group A.
2.1 Length estimations over system of

generators S

Let π ∈ A be a permutation, D = (d1, . . . , dm)
be its decomposition over S, p be some point from
{d1, . . . , dm}. Note that if the point p has trivial

path in π overD, then, based on [9, Proposition 2],
the path of the point p over D has the form

p
1−→ p

2−→ . . .
x−1−−→ p

x−→
x−→ 1

x+1−−→ 2
x+2−−→ π(p)

x+3−−→ . . .
m−→ π(p),

where x is the first position of p in {d1, . . . , dm}
and x + 2 is the last position of π(p) in
{d1, . . . , dm}.

Let π ∈ A be a permutation with the de-
composition D = (d1, . . . , dm) over S, p ∈
{d1, . . . , dm} be a point.

Definition 2.1. We will stay that the point p is
mixing point in π over D if there are two conse-
quence positions j1, j2 ∈ 1,m, j1 < j2 of the point
p such that:

j2 − j1 — odd number

Let π ∈ A be a permutation. Recall that every
permutation π can be decomposed into the unique
product of independent cycles up to its multiplica-
tion order. In this article we consider cycles with
the length greater or equal 2. We denote the set
of independent cycles of π by IC(π).

Let c be a cycle from IC(π) andD be a decom-
position of π over A. Denote {d ∈ D|d ∈ supp(c)}
by P (c,D)— the set of positions of points from cy-
cle c in the decomposition D, which are not equal
to 1, 2.

Proposition 1. Let π ∈ A be a permutation,
c ∈ IC(π) be a cycle with the length > 2 and
1, 2 6∈ supp(c). Then:

|P (c,D)| > |c|+ 1.

Moreover, if |P (c, d)| = |c|+1 then every point
from c appears only once in D, except only one
point, which is appeared twice. One of this double-
point’s positions is the minimum and another is
the maximum over the positions of points of cycle
c over D.

Proof. Let D = (d1, . . . , dm) be the decomposi-
tion of π and c = (i1, . . . , il). Then there is the
sequence {jk,1, jk,2 : k ∈ 1, r} of positions of points
from D such that for every k ∈ 1, l:

Tr(ik, π,D) = (jk,1, . . . , jk,2),

where djk,1 = ik, djk,2 = ik+1. The minimum
count of positions in D, which are represented
points from (i1, . . . , il), can be archived only if the
end of one trajectory will be the begin of another:

. . . < jk−1,2 = jk,1 < jk,2 = jk+1,1 < . . .
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Note, that this sequence is ordered as natural num-
bers. Hence, there is one t ∈ 1, l: jt−1,2 6= jt,1
(jl,2 6= j1,1 in case t = 1).

The last means, that for the cycle c, the de-
composition D should consist at least l+1 points
such that:

1) only one point from i1, . . . , il will be pre-
sented twice and has the minimum and the
maximum position over positions of points
from i1, . . . , il;

2) other points from i1, . . . , il will be presented
in decomposition only once.

As the result, we have:

|P (c,D)| > l + 1.

The proof is complete.

Corollary 1. Let π ∈ A be a permutation,
c1, . . . , cr ∈ IC(π) be cycles and 1, 2 6∈ supp(ci),
i ∈ 1, r. Then:

r∑
i=1

|P (ci, D)| >
r∑
i=1

|ci|+ r.

Moreover, if
r∑
i=1
|P (ci, D)| =

r∑
i=1
|ci| + r then

the decomposition D will have exactly |ci| + 1 po-
sitions for points from ci, i ∈ 1, r.

Proof. Directly implies from Proposition 1.

Corollary 2. Let π ∈ A be some permutation,
{c1, . . . , cr} = IC(π) and 1, 2 6∈ supp(π). Then:

|π|S >
r∑
i=1

|ci|+ r.

Moreover, if |π|S =
r∑
i=1
|ci|+r then the decom-

position D will have exactly |ci| + 1 positions for
points from ci, i ∈ 1, r.

Proof. Directly implies from Corollary 1

Proposition 2. Let π ∈ A be a permutation with
the decomposition D = (d1, . . . , dm), c1, . . . , cr ∈
IC(π) be cycles, 1, 2 6∈ supp(ci), i ∈ 1, r.

Let the following conditions are hold:

1) the decomposition D contains exactly
r∑
i=1
|ci|+r positions of points from c1, . . . , cr;

2) every point from (d1, . . . , dm), which is dif-
ferent from points of ci, i ∈ 1, r, is not the
mixing point in π over D.

Then all positions from P (ci, D) are odd or even
at the same time for every i ∈ 1, r.

Proof. Let c = (i1, . . . , il) be one of cycles from
c1, . . . , cr with the length l > 2. Note, that cycle
c has exactly l+1 positions in D, based on condi-
tion 1. Similar to proof of Proposition 1 we have
sequence of positions {(jk,1, jk,2) : k ∈ 1, r} such
that:

Tr(ik, π,D) = (jk,1, · · · , jk,2),

. . . < jk−1,2 = jk,1 < jk,2 = jk+1,1 < . . .

Without loosing of generality, we can assume that
the point i1 appears twice in D.

Suppose, that positions of points of c are not
all odd or even. Then there is at least one t ∈ 1, r
that jt,1, jt,2 have different parity. The last means
that there is at least one mixing point p with po-
sitions u1, u2 in π over D such that:

Tr(it, π,D) = (jt,1, . . . , u1, u2, . . . , jt,2),

where p = du1 = du2 . Condition 2 states that
there is another cycle g from c1, . . . , cr that g has
mixing point p. Based on Condition 1 and Propo-
sition 1: u1, u2 are the first and the last positions
of points of g. Note, that they also have different
parity. Similar to cycle c, there will be found an-
other mixing point for g, which will correspond to
another cycle.

It is enough to note, that:

1) every cycle, which positions of points are not
all odd or even, requires to have another cy-
cle with mixing point in the range of its po-
sitions;

2) on each step, range of positions is decreas-
ing:

{j1,1, . . . , jl,2} ⊃ {u1, . . . , u2} ⊃ . . . ;

3) number of cycles are limited.

From this we have, that at some moment there
is no mixing point for cycle, which positions of
points are not all odd or even. Contradiction.

As the result, all positions of cycle ci are even
or odd at the same time for every i ∈ 1, r.
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2.2 Balanced permutations

Let C be the set of pairwise different cy-
cles with length greater or equal 2. The value∑
c∈C
|c|+ |C| we denote by L(C).

Note that if π is a permutation from A, then
value L(IC(π)) is even number, because:

1) if π consists of odd cycles

(a) and its number is even, then
∑

c∈IC(π)

|c|

and |IC(π)| are even numbers, so, its
sum is also even;

(b) and its number is odd, then
∑

c∈IC(π)

|c|

and |IC(π)| are odd numbers, so, its
sum is even number.

2) if π consists of even cycles, then the num-
ber of even cycles are even, so,

∑
c∈IC(π)

|c| +

|IC(π)| is even number;

3) all other cases is a combination of the previ-
ous two.

Let π be a permutation, 1, 2 6∈ supp(π).

Definition 2.2. We say that π be balanced permu-
tation if 1, 2 6∈ supp(π) and there exists separation
IC(π) into uncrossed sub-sets C1, C2 such that:

L(C1) = L(C2).

Proposition 3. Let π ∈ A be a permutation.
Then the permutation π be balanced permutation
if and only if:

|π|S = L(IC(π)).

Proof. Necessity. Based on Corollary 2:

|π|S > L(IC(π)).

For every cycle c = (i1, . . . , ix) we have its rep-
resentation in the permutation’s decomposition in
the following way:

[. . . , i1, t1, i2, t2, . . . , ix, tx, i1, tx+1, . . .]S ,

where c ∈ IC(π) and {t1, t2, . . . , tx+1} are some
points. We identify cycle cl = (i

(l)
1 , . . . , i

(l)
l ) ∈

IC(π) with every cl ∈ IC(π). Let C1 =
(cl1 , . . . , clm1

), C2 = (cr1 , . . . , crm2
) be sub-sets

from definition of balanced permutations. We use

the similar form of cycle’s decomposition, as it was
in Proposition 1.

Then π can be decomposed over S in the fol-
lowing way (without loosing of generality, we as-
sume here that l1 < r1):

π = [i1
(l1), i1

(r1), . . . , il1
(l1), ir1

(r1), i1
(l1), ir1+1

(r1),

. . . , ilm1

(llm1
), irm2

(rm2 ), i1
(lm1 ), i1

(rm2 )]S .

The last means that the statement is correct,
because proposed decomposition is a decomposi-
tion of π with length:

L(C1) + L(C2) =
∑

c∈IC(π)

|c|+ |IC(π)|.

Sufficiency. Let D be a decomposition of π such
that the length of D equals

∑
c∈IC(π) |c|+ |IC(π)|.

Note that the permutation π satisfies conditions of
Proposition 2 with all cycles from IC(π) and no
other points, different from them. From Propo-
sition 2 it follows that all positions of points of
cycle c are odd or even at the same time for every
c from IC(π). Construct the sub-sets C1, C2 in
the following way: if cycle c has odd positions of
its points in D, then we put c into C1, otherwise —
into C2.

As the result:

•
∑
c∈C1

|c|+ |C1| — number of odd positions;

•
∑
c∈C2

|c|+ |C2| — number of even positions.

In the end, it is enough to note that
∑

c∈IC(π)

l +

|IC(π)| =
∑
c∈C1

|c|+ |C1|+
∑
c∈C2

|c|+ |C2| is always

even number for any permutation from A. As the
result: ∑

c∈C1

|c|+ |C1| =
∑
c∈C2

|c|+ |C2|,

which means that the permutation π is bal-
anced.

Lemma 1. Let π be some balanced permutation,
p be a natural number greater 2 and 6∈ supp(π).
Then if there exists separation IC(π) into un-
crossed sub-sets C1, C2 such that:

L(C1) =
|π|S
2

+ 1 and L(C2) =
|π|S
2
− 1 (1)

then:
|π · sp2|S = |π|S + 1.

Otherwise:

|π · sp2|S = |π|S + 2.
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Proof. Note that |π · sp2|S > |π|S + 1 based on
Proposition 1. Also note that π · sp2 = [π]S · [p, p]
with the length equals |π|S + 2, so: |π · p2|S 6
|π|S + 2. Let |π|S = m.

Suppose that there exists the decomposition
D = (d1, . . . , dm, dm+1) of π · sp2. Note that
p 6∈ supp(π) and π is balanced, so, there exist
paths:

1→ . . .→ p, p→ . . .→ 2 and 2→ . . .→ 1.

Based on [9, Lemma 9], the point p can be
placed on the mth position without increasing de-
composition’s length:

π · sp2 = [d1, . . . , dm−1, p, dm+1]S ,

where there is no other p in d1, . . . , dm−1.
Consider different cases of value of dm+1.

1) Let dm+1 = p. Based on [9, Proposition 1],
we have:

π = [d1, . . . , dm−1, p, p]S ·[p]S = [d1, . . . , dm−1]S ,

which means that |π|S 6 m−1 — contradic-
tion.

2) Let dm+1 6= p. Note that there are exactly
m positions for cycles of π. From Proposi-
tion 2 it follows that all positions of points
of cycle in D should be even or odd numbers
at the same time for every cycle from IC(π).

Let C1 be the set of cycles, which are placed
on odd positions and C2 be set of cycles,
which are placed on even positions in D.
Note that there are exactly m

2 + 1 positions
for C1 and m

2 − 1 for C2. It is enough to
note, that:

(a) cycles from C1 can be placed in decom-
position on odd positions;

(b) cycles from C2 can be placed in decom-
position on even positions

if and only if the equality (1) is hold. In this
case, we have (without loosing the general-
ity, we assume that l1 < r1):

π = [i
(l1)
1 , i

(r1)
1 , i

(l1)
2 , i

(r1)
2 , . . . , i

(l1)
l1
, i

(r1)
l1

,

i
(l1)
1 , i

(r1)
l1+1, i

(l2)
1 , i

(r1)
l1+2, . . . , i

(lm1 )

lm1−1
, i

(rm2 )
1 ,

i
(lm1 )

lm1
, p, i

(lm1 )
1 ]S ,

which prove that:

|π · p2|S = m+ 1 = |π|S + 1.

If there are no such separation of IC(π) into
C1, C2, then there is no decomposition D of
π · p2 with length m+ 1. As the result:

|π · p2|S = m+ 2 = |π|S + 2.

The proof is complete.

Lemma 2. Let π be an balanced permutation,
p1, p2 > 3, p1 6= p2, such that p1, p2 6∈ supp(π).
If there exists a separation IC(π) into uncrossed
sub-sets C1, C2 such that

L(C1) =
|π|S
2

+ 2 and L(C2) =
|π|S
2
− 2 (2)

or

L(C1) =
|π|S
2
− 1 and L(C2) =

|π|S
2

+ 1 (3)

then
|π · (1, 2)(p1, p2)|S = |π|S + 3.

Otherwise

|π · (1, 2)(p1, p2)|S = |π|S + 4.

Proof. Let |π|S = m. Then |π · (1, 2)(p1, p2)|S >
m + 3 based on Proposition 1 and Corollary 1.
Also note that π · (1, 2)(p1, p2) = π · [p1, p2, p2, p1]S
with the length equals m+4, so: |π ·p2|S 6 m+4.

Suppose that there exists the decomposition
D = (d1, . . . , dm+3) of π·(1, 2)(p1, p2) over S. Note
that p1, p2 6∈ supp(π) and π is balanced, so, there
exists paths:

p1 → . . .→ p2 and p2 → . . .→ p1.

Based on [9, Lemma 9], the points p1, p2 can
be placed on the last positions of decomposition.
There are 2 possible options:

1) π · (1, 2)(p1, p2) = [d1, . . . , dm−3, p1, dm−1
, p2, dm+1, p1, dm+3]S ;

2) π · (1, 2)(p1, p2) = [d1, . . . , dm−2, p1, dm
, p2, dm+2, p1]S .
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Note that there are no other p1, p2 in decomposi-
tion. We consider each case separately.

Case 1. There are exactly m positions for
cycles of π. Based on Proposition 2, all positions
of points of the cycle in D should be odd or even
numbers at the same time for every cycle from
IC(π).

Let C1 be the set of cycles, which are placed
on odd positions and C2 be the set of cycles, which
are placed on even positions. Note that there are
exactly m

2 + 2 positions for C1 and m
2 − 2 for C2.

The last one take place if and only if the equation
(2) is hold.

If such C1, C2 exist, then, similar to previous
proves (without loosing the generality, we assume
that l1 < l2) we have the following decomposition:

π = [i
(l1)
1 , i

(r1)
1 , i

(l1)
2 , i

(r1)
2 , . . . , i

(l1)
l1
, i

(r1)
l1

, i
(l1)
1 , i

(r1)
l1+1,

i
(l2)
1 , i

(r1)
l1+2, . . . , i

(lm1 )

lm1−3
, i

(lm2 )
1 , i

(lm1 )

lm1−2
, p1, i

(lm1 )

lm1−1
, p2,

i
(lm1 )

lm1
, p1, i

(lm1 )
1 ]S ,

which prove that:

|π · (1, 2)(p1, p2)|S = m+ 3 = |π|S + 3.

If there are no such sub-sets C1, C2, then there is
no decomposition D of π · (1, 2)(p1, p2) with the
length m+ 3 over S. As the result, we have:

|π · (1, 2)(p1, p2)|S = m+ 4 = |π|S + 4.

Case 2. There are exactly m positions for
cycles from IC(π). Based on Proposition 2, all
positions of points of cycle in D should be even or
odd for every cycle from IC(π).

Let C1 be set of cycles presented on odd po-
sitions and C2 be set of cycles presented on even
positions. Note that for C1 there are exactly m

2 −1
positions and m

2 +1 for C2. The last one take place
if and only if the equation (3) is hold.

If such C1, C2 exist, then, similar to previous
proves (without loosing the generality, we assume
that l1 < l2) we have the following decomposition:

π = [i
(l1)
1 , i

(r1)
1 , i

(l1)
2 , i

(r1)
2 , . . . , i

(l1)
l1
, i

(r1)
l1

, i
(l1)
1 , i

(r1)
l1+1,

i
(l2)
1 , i

(r1)
l1+2, . . . , i

(lm1 )
1 , i

(rm2 )

lm2−1
, p1, i

(rm2 )
rm2

,

p2, i
(rm2 )
1 , p1]S ,

which prove that:

|π · (1, 2)(p1, p2)|S = m+ 3 = |π|S + 3

If there are no such sub-sets C1, C2, then there
is no decomposition D of π · (1, 2)(p1, p2) over S
with length m+ 3. As the result, we have:

|π · (1, 2)(p1, p2)|S = m+ 4 = |π|S + 4

Lemma 3. Let π be some balanced permutation,
p1, p2, p3 > 3 be pairwise different natural num-
bers such that p1, p2, p3 6∈ supp(π). If there exists
a separation IC(π) into uncrossed sub-sets C1, C2

such that:

L(C1) =
|π|S
2

+ 2 and L(C2) =
|π|S
2
− 2

or:

L(C1) =
|π|S
2
− 1 and L(C2) =

|π|S
2

+ 1

then:
|π · (1, p1)(p2, p3)|S = |π|S + 4

Otherwise:

|π · (1, p1)(p2, p3)|S = |π|S + 5

Proof. It is enough to note that:

π · (1, 2)(p2, p3) · (1, 2, p1) = π · (1, p1)(p2, p3),

so based on strong growing propositions from [9]:

|π · (1, p1)(p2, p3)|S = |π · (1, 2)(p2, p3)|S + 1

If Lemma’s conditions are succeed, then, based on
Lemma 2 we have:

|π · (1, 2)(p2, p3)|S = |π|S + 3,

which means that:

|π · (1, p1)(p2, p3)|S = |π|S + 4

If Lemma’s conditions are succeed, then, based on
Lemma 2:

|π · (1, 2)(p2, p3)|S = |π|S + 4,

which means that:

|π · (1, p1)(p2, p3)|S = |π|S + 5
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Lemma 4. Let π be a balanced permutation,
p1, p2, p3 > 3 be pairwise different natural num-
bers such that p1, p2, p3 6∈ supp(π). If there exists
continuous separation IC(π) into uncrossed sub-
sets C1, C2 such that:

L(C1) =
|π|S
2

+ 2 and L(C2) =
|π|S
2
− 2

or:

L(C1) =
|π|S
2
− 1 and L(C2) =

|π|S
2

+ 1

then:
|π · (2, p1)(p2, p3)|S = |π|S + 4

Otherwise:

|π · (2, p1)(p2, p3)|S = |π|S + 5

Proof. It is enough to note that:

(1, 2, p1) · π · (1, 2)(p2, p3) = π · (1, p1)(p2, p3),

so based on strong growing propositions from [9]:

|π · (2, p1)(p2, p3)|S = |π · (1, 2)(p2, p3)|S + 1

If the conditions of the lemma are satisfied, then,
based on Lemma 2 we have:

|π · (1, 2)(p2, p3)|S = |π|S + 3

The last means, that:

|π · (2, p1)(p2, p3)|S = |π|S + 4

If conditions of the lemma aren’t satisfied, then,
based on Lemma 2, we have:

|π · (1, 2)(p2, p3)|S = |π|S + 4

The last means, that:

|π · (2, p1)(p2, p3)|S = |π|S + 5

Lemma 5. Let π be balanced permutation,
p1, p2, p3, p4 > 2 be pairwise different natural num-
bers such that p1, p2, p3, p4 6∈ supp(π). If there
exists a separation IC(π) into uncrossed sub-sets
C1, C2 such that:

L(C1) =
|π|S
2

+ 2 and L(C2) =
|π|S
2
− 2

or:

L(C1) =
|π|S
2
− 1 and L(C2) =

|π|S
2

+ 1

then:

|π · (1, p1, 2, p2)(p3, p4)|S = |π|S + 5

Otherwise:

|π · (1, p1, 2, p2)(p3, p4)|S = |π|S + 6

Proof. It is enough to note that:

π ·(1, p1)(p3, p4)·(1, 2, p2) = π ·(1, p1, 2, p2)(p3, p4),

so based on strong growing propositions from [9]:

|π · (1, p1, 2, p2)(p3, p4)|S = |π · (1, p1)(p3, p4)|S +1

If the conditions of the lemma are satisfied, then,
based on Lemma 3:

|π · (1, p1)(p3, p4)|S = |π|S + 4,

The last means, that:

|π · (1, p1, 2, p2)(p3, p4)|S = |π|S + 5

If the conditions of lemma aren’t satisfied, then,
based on Lemma 3:

|π · (1, p1)(p3, p4)|S = |π|S + 5,

The last means, that:

|π · (1, p1, 2, p2)(p3, p4)|S = |π|S + 6

Lemma 6. Let π be a balanced permutation,
p1, p2, p3, p4 > 3 be pairwise different natural
numbers such that p1, p2, p3, p4 6∈ supp(π). If
there exists a separation IC(π) into uncrossed sub-
sequences C1, C2 such that:

L(C1) =
|π|S
2

+ 2 and L(C2) =
|π|S
2
− 2

or:

L(C1) =
|π|S
2
− 1 and L(C2) =

|π|S
2

+ 1

then:

|π · (1, 2, p1, p2)(p3, p4)|S = |π|S + 5

Otherwise:

|π · (1, 2, p1, p2)(p3, p4)|S = |π|S + 6
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Proof. It is enough to note that:

π ·(2, p2)(p3, p4)·(1, 2, p1) = π ·(1, 2, p1, p2)(p3, p4),

so based on strong growing propositions from [9]:

|π · (1, 2, p1, p2)(p3, p4)|S = |π · (2, p2)(p3, p4)|S +1

If the conditions of the lemma are satisfied, then,
based on Lemma 4 we have:

|π · (2, p2)(p3, p4)|S = |π|S + 4

The last means, that:

|π · (1, 2, p1, p2)(p3, p4)|S = |π|S + 5

If the conditions of the lemma aren’t satisfied,
then, based on Lemma 4 we have:

|π · (2, p2)(p3, p4)|S = |π|S + 5

The last means, that:

|π · (1, 2, p1, p2)(p3, p4)|S = |π|S + 6

Lemma 7. Let π be a balanced permutation, c be
odd cycle with length u, c is independent to π and
1, 2 6∈ supp(c). Then if there exists a separation
IC(π) into uncrossed sub-sets C1, C2 such that

L(C1) =
|π|S
2

+
u+ 1

2
and L(C2) =

|π|S
2
− u+ 1

2

then
|π · c|S = |π|S + (u+ 1).

Otherwise

|π · c|S = |π|S + (u+ 2).

Proof. Note that |π · c|S > |π|S +(u+1) based on
Corollary 1. Also note that:

|π · p2|S 6 |π|S + |c|S = |π|S + (u+ 2),

as product of two elements of A.
Suppose that there exists decomposition D =

(d1, . . . , dm, dm+1

, . . . , dm+u+1) of π · c with |π|S = m. Note that
c is independent to π, 1, 2 6∈ c and π is balanced.
Then, without loosing of generality, we can assume
that for cycle c = (c1, . . . , cu): ci has trivial path
in π · c over D.

Based on rules of Multiplication of permuta-
tions by generators [9]: all points of cycle c can
be placed on the last positions of decomposition,
corresponding to its cycle order. As the result, we
have the 2 options:

1) π · c = [d1, . . . , dm−u, c1, dm−u+2, c2, . . . ,
dm+u−2, cu, dm+u, c1]S .

2) π · c = [d1, . . . , dm−u, dm−u+1, c1,
dm−u+3 . . . , cu, dm+u−1, c1, dm+u+1]S .

Note that there are no other points of c in decom-
position, based on Corollary 1. In both cases there
are exactly m positions for cycles of π. Based on
Corollary 2: every cycle from IC(π) should be
presented only on odd or even positions in decom-
position D.

Let C1 be set of cycles presented on odd po-
sitions and C2 be set of cycles presented on even
positions. Note that there are exactly m

2 +(u+1)
positions for C1 and m

2 − (u+ 1) for C2. The last
one takes place only if there exist sub-sets C1, C2

from lemma’s condition. We will show that in case
if the first lemma’s conditions are satisfied, then
can be constructed the decomposition of π with
corresponding length. The second case can be sim-
ilar constructed.

If such C1, C2 exist, then similar to previous
proves:

π = [i
(l1)
1 , i

(r1)
1 , i

(l1)
2 , i

(r1)
2 , . . . , i

(l1)
l1
, i

(r1)
l1

, i
(l1)
1 , i

(r1)
l1+1,

i
(l2)
1 , i

(r1)
l1+2, . . . , i

(ly)
x , i

(rm2 )
1 , i

(ly)
x+1, c1, . . . , i

(lm1 )

lm1
,

cu, i
(lm1 )
1 , c1]S ,

where x some position for cycle in group C1 with
length y. Provided decomposition proves that:

|π · c|S = m+ (u+ 1) = |π|S + (u+ 1)

If there are no such sub-sets C1, C2, then there
is no such decomposition D of π · c with length
m+ (u+ 1). As the result, we have:

|π · c|S = m+ (u+ 2) = |π|S + (u+ 2)

Lemma 8. Let π be balanced permutation, c be
odd cycle with length u, c is independent to π,
1, 2 6∈ supp(c) and p be some natural number
greater 2, p 6∈ supp(π), supp(c). If there exists
a separation IC(π) into uncrossed sub-sets C1, C2

such that:

L(C1) =
|π|S
2

+
u+ 1

2
and L(C2) =

|π|S
2
− u+ 1

2

then:

|π · c · (1, 2, p)|S = |π|S + (u+ 1) + 1

Otherwise:

|π · c · (1, 2, p)|S = |π|S + (u+ 2) + 1
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Proof. It is enough to note that from strong grow-
ing propositions of [9] it follows:

|π · c · (1, 2, p)|S = |π · c|S + 1

If the conditions of the lemma are satisfied, then
based on Lemma 7 we have:

|π · c|S = |π|S + (u+ 1)

The last means, that:

|π · c · (1, 2, p)|S = |π|S + (u+ 1) + 1

If the conditions of the lemma aren’t satisfied, then
based on Lemma 2 we have:

|π · c|S = |π|S + (u+ 2)

The last means, that:

|π · c · (1, 2, p)|S = |π|S + (u+ 2) + 1

3 Lower bound of diameter of alternating
group

Theorem 3.1. Let n be a natural number, n > 7.
Then:

DSoG(n)(Alt(n)) >


[n−24 ] · 6 + 2 if nmod 4 = 3

[n−24 ] · 6 + 4 if nmod 4 = 0

[n−24 ] · 6 + 5 if nmod 4 = 1

[n−24 ] · 6 if nmod 4 = 2

Proof. Remind that series of subgroups Alt(n)
with system of generators SoG(n) are stable and
strong growing according to properties of SoG(n)
described in [9]. The last means that diameter ele-
ments can be found only in case if every generator
from SoG(n) will be presented in its decomposi-
tion. So, the diameter element should move non-
identical every point from 3 to n. Consider every
case separately.

1) Let nmod 4 = 3. The last means that count
of points from 3 to n can be presented as:
n− 2 = 4 · k + 1 for k = n−2

4 . Consider the
following element:

a = (1, i1, 2) · (i2, i3)(i4, i5) . . .

(in−5, in−4)(in−3, in−2),

with some combination (i1, . . . , in−2) from
(3, . . . , n). Remind that series of subgroups
Alt(n) with system of generators SoG(n)
are homogeneous according to properties of
SoG(n) in [9]. So, without loosing of gener-
ality, the chosen of combination has no effect
on its length over SoG(n).

Note that b = (i2, i3) . . . (in−3, in−2) is bal-
anced permutation as a product of 2k trans-
positions with length 2. So,

|b|S = 2 · 2k + 2k = 3 · 2k = 6 · k

Moreover, every cycle has the length 2, so
it cannot achieved condition for L1, L2 in
Lemma 1. Hence, for a = (1, i1, 2) · b by
Lemma 1:

|a|S = |b|S + 2 = 6 · k + 2

2) Let nmod 4 = 0. The last means that count
of points from 3 to n can be presented as:
n− 2 = 4 · k + 2 for k = n−2

4 . Consider the
following element:

a = (1, 2)(i1, i2) · (i3, i4)(i5, i6) . . .

s(in−5, in−4)(in−3, in−2),

with some combination (i1, . . . , in−2) from
(3, . . . , n). Remind that series of subgroups
Alt(n) with system of generators SoG(n)
are homogeneous according to properties of
SoG(n) in [9]. Without loosing of general-
ity, the chosen of combination has no effect
on its length over SoG(n).

The permutation b = (i3, i4)(i5, i6) . . .
(in−5, in−4)(in−3, in−2) is balanced, |b|S =
6·k and cannot archived condition for L1, L2

in Lemma 2. Hence, for a = (1, 2)(i1, i2) · b
by Lemma 2:

|a|S = |b|S + 2 = 6 · k + 4

3) Let nmod 4 = 1. The last means that count
of points from 3 to n can be presented as:
n− 2 = 4 · k + 3 for k = n−2

4 . Consider the
following elements:

a1 = (1, i1)(i2, i3) · (i4, i5)(i6, i7) . . .

(in−5, in−4)(in−3, in−2),

a2 = (2, i1)(i2, i3) · (i4, i5)(i6, i7) . . .
(in−5, in−4)(in−3, in−2),

a3 = (i1, i2, i3) · (i4, i5)(i6, i7) . . .
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(in−5, in−4)(in−3, in−2),

with some combination (i1, . . . , in−2) from
(3, . . . , n). Remind that series of subgroups
Alt(n) with system of generators SoG(n)
are homogeneous according to properties of
SoG(n) in [9], so without loosing of general-
ity, the chosen of combination has no effect
on its length over SoG(n).

The permutation b = (i4, i5)(i6, i7) . . .
(in−5, in−4)(in−3, in−2) is balanced, |b|S =
6·k and cannot archived condition for L1, L2

in Lemmas 3, 4 and 7. As the result, we
have:

|a1|S = |(1, i1)(i2, i3) · b|S = 6 · k + 5

|a2|S = |(2, i1)(i2, i3) · b|S = 6 · k + 5

|a3|S = |(i1, i2, i3) · b|S = 6 · k + 5

4) Let nmod 4 = 2. The last means that count
of points from 3 to n can be presented as:
n − 2 = 4 · k for k = n−2

4 . Consider the
following elements:

a1 = (1, i1, 2, i2)(i3, i4) · (i5, i6)(i7, i8) . . .

(in−5, in−4)(in−3, in−2),

a2 = (1, 2, i1, i2)(i3, i4) · (i5, i6)(i7, i8) . . .

(in−5, in−4)(in−3, in−2),

a3 = (1, 2, i1)(i2, i3, i4) · (i5, i6)(i7, i8) . . .

(in−5, in−4)(in−3, in−2),

a4 = (i1, i2)(i3, i4) · (i5, i6)(i7, i8) . . .

(in−5, in−4)(in−3, in−2),

with some combination (i1, . . . , in−2) from
(3, . . . , n). Remind that series of subgroups
Alt(n) with system of generators SoG(n)
are homogeneous according to properties of
SoG(n) in [9], so without loosing of general-
ity, the chosen of combination has no effect
on its length over SoG(n).

Again, b = (i5, i6)(i7, i8) . . . (in−5, in−4)(in−3, in−2)
is balanced, |b|S = 6 · (k − 1) and cannot
archived condition for L1, L2 in Lemmas 5,
6 and 8. As the result, we have:

|a1|S = |(1, i1, 2, i2)(i3, i4) · b|S = 6 · k

|a2|S = |(1, 2, i1, i2)(i3, i4) · b|S = 6 · k

|a3|S = |(1, 2, i1)(i2, i3, i4) · b|S = 6 · k

|a4|S = |(i1, i2)(i3, i4) · b|S = 6 · k

Note that in case n = 10 there is element

a5 = (1, 2)(i1, i2)(i3, i4, i5)(i6, i7, i8) ∈ Alt(n)

with same length as for a1, a2, a3, a4, |a5|S =
10 by Lemma 2.
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