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NOBYAOBA MATEMATUYHUX MOOENEN 3BYOAXEHHSA
XPECTONOAIBEHMUX NOBEPXHEBUX XBUJIb ¥ BOI1 Y BOKAJIAX NMPU
BUNMPOMIHIOBAHHI BOKAJIAMU 3BYKOBUX XBUJb

IMosicHeHo nosiey i cmpykmypy xpecmomnodi6HuUx xeusib Ha 8iNbHili mosepxHi piOuHU, sika Micmumbcsi y 60KaJsi, w0 eunpomi-
HIO€ 38yKO8I xeusi. BcmaHoeieHo, uj0 OCHOBHUM PEXUMOM KoslueaHb 60Karny € auMyuweHa xeusisi i3 Yomupma ey3namu, PieHOMIpHO
po3mawogaHuMu 83008 UUNTIHOPUYHOI CKIsiHOi cmiHku. Konu makuli 60kas Yacmkoeo 3anoeHumu piduHor (Wo 3MiHIe Yac-
momy 3eyKy), MOXHa criocmepizamu uje 0OHy AueoguXxHy ocobiueicmb: Cki1a0HUll 8i3ePYHOK X8UJIb Ha 8ifIbHill No8epxHi piGuHuU.
3a docmamHbo20 oceimiieHHsI MOXXHa noba4yumu xeusi, 6e3nocepedHbo 3yMo8JieHi 8ibpayiero cmiHKu 8 pexumi 3 yomupma ey3-
JlaMu, w0 pyxarombCsi 8 OKPY)XHOMY HarnpsiMKy 3 micto x weudkKicmo, wo U naneyb, sskuli pyxaembscsi. O9Hak y yili KapmuHi
domiHyromb mak 3eaHi xpecmonodibHi xeuni abo kpatioei xeusi, 2pebeHi sskux nepneHOUKysAPHi 00 CKIsTHOI cMiHKU, Wo eibpye.
Xo4a xpecmonodi6Hi xeusni 6ynu onucaHi uie ®apadeem (1831), doci He icHyesano meopemuyHo20 06rpyHmyeaHHs1 MoXaueocmi
iXHb020 36ydxeHHs1 y 60Kani, uy0 sunPoMiHroOe 38yKoei xeuJti.

lporoHoeaHa cmammsi 3aMOBHIOE U0 NMPO2asIuHy: Mosiey xpecmornodibHux xeusb y 60karsi, Wo eunpoMiHioe 38yKoei xeuri, Mame-
Mamu4HO ornucaHo y euansidi pe3oHaHCHUX KonueaHb. [risi xpecmonodibHuUX xeusib OMPUMaHO HeJliHiliHi napamMempuYHi pieHsIHHSI, W0
ix onucyroms. [obydoeaHo Aei mamemamu4Hi modei. [lepwa meopemuyHa Modesib onucye nosiey xpecmornodibHuUx xeusib, e Ha
einbHili noeepxHi piGuHU HasieHa NNuwe oOHa eflacHa Mo0a, a dpyay Modesib 3acmocosyemo Ao cumyauii, Konu MaeMo wjoHaliMeHwe 0ei
abo mpu enacHi Modu. KonueaHHs1 8inbHOI NoeepxHi 3a HabNIWKeHHSIMU 3 MPbOMa eJ1IaCHUMU MoOamu eidobpaxkaromb OCHOBHI pucu
Xeusibo8UX 8i3epyHkKie, sIKi criocmepizarombCsi eKcriepuMeHmasbHo y 60okarti, Wo eunpoMiHIoe 38yKoeai xeurti.

Kno4yoBi cnoBa: xpecmonodibHi xeuni, 6oKkanu, uj0 urpoMiHoMb 38yK08i Xeurti, napamempu4HuUli pe3oHaHc, UMYWEeHI
KosiueaHHs1 6okana.

Knacudikauis BignosigHo ao AMS 2020: 62H30, 34C60.

BcTtyn

Ycim Bigomuii 3ByK, kUi Buaae 6okar, Wwo BUNPOMIHIOE 3BYKOBI XBWUIi, KON 3BOSIOXKEHUI NaneLlb PIiBHOMIPHO pyXaeTbCsl
no obigky Gokany, Buknukawoun noro Bibpauito. Lle siBue ctano temolo 6araTbox AocnigkeHb, BinblwicTb 3 skMx Gynu
eKkcrnepvMeHTanbHUMK i 3ocepeKyBanucs Ha reHepaldii 3ByKOBMX XBWIb Ta NMPY>XHi Aedopmalii Bibpytoyoro 6okany. byno
BCTaHOBJIEHO, LLO OCHOBHUM PEXUMOM KoNunBaHb BGokany € BUMYyLLEHa XBUNS i3 YOTUPMa By3namu, piBHOMIPHO po3TalloBa-
HUMM B3J0BX LUNIHAPWUYHOT CKNSIHOT CTiHKWM. Konu Takmi 6Gokan, Lo BUNPOMIHIOE 3BYKOBI XBUIi, YACTKOBO 3aMOBHUTU PiUHOI0
(Lo 3MiHI0E YacTOTy 3BYKY), MOXHa CrOCTepiraTv CKNagHUi BisepyHOK XBUIb Ha BiNbHin NOBEPXHi pianHn (puc. 1).

Puc. 1. Xpectonogi6Hi xBuni 6ina kparo 6okany, 1o BUNPOMiHIOE 3BYKOBI XBuUNi

Mpwn ocBITNEHHI MOXHa NobaunTn xBUNi, 6e3nocepeaHbO 3YMOBIIEHI BiOpauieto CTiHKM Bokana B pexuMmi 3 YoTupma By3-
namu, Lo pyxarTbCs B OKPY>XHOMY HanpsiMKy 3 Ti€to X LWBMAKICTHO, Wwo v naneup (Krasnopolskaya, & Heijst, 2018). OgHak y
i KapTUHi JOMiHYIOTb Tak 3BaHi XpecTonoAiOHi XBuni, rpebHi siknx NnepneHanKynapHi 4o BiGpykYOoi CKNsHOT CTiHKK. Lli kopoTki
HepyxoMi xBuni 6ynu onucati we ®apageem (Fraraday, 1831).

1. OcHOBHI pe3ynbTaTn

[ns Toro, wob npoaHanidyBaTh XBWni Ha BiMbHii NOBEPXHI piauHK y 6okani, Wo BUNPOMIiHIOE 3BYKOBI XBuni (puc. 1), 3pobrumo
Oesiki NpUNyLLEeHHsT Woao reomMeTpil AinsiHku Tedii (Krasnopolskaya, & Heijst, 1996; Krasnopolskaya, & Heijst, 2018): yauonogioHy
EMHICTb 3aMiHUMO LMMIHAPUYHUM KOHTEAHEPOM pajiycoM R 3 Kpyrnum nepepisoMm i NOCKMM ropusoHTanbHUM AHOM (puc. 2).
CTiHKa unniHapa 34jiCHIOE KONMBAaHHSA MO ApYrii MOAi B OKPY)XHOMY HarnpsiMKy, TOGTO i3 3anexHicTio cos(20) Big asymyTarnbHoi

koopauHaTu 9 .
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Puc. 2. FeomeTpisi 06'ekTa

PosrnsHemo B TakoMy KOHTEWHEpI PiAnHY 3 BiflbHOIO MOBEPXHED. PyX piguHM onucyeMo B LUMIHAPWUYHIA cucTeMi koopau-
HaT (7,0, x), Bicb O x cnpaAMoBaHo Bropy. PiguHa mae cepefHio rmubuHy d , cepeHe NONOXEHHS BiNbHOI NOBEPXHi Npuit-

HAaTo x =0, Ang aHa pesepsByapa x = —d . CTiHKka umMniHapa 34iiCHIOE rapMOHiYHI KONMBaHHSA 3 YaCcTOTOK M Tak, Lo Ti pagiyc
amiHioeTben sk R (x,0,7) = R+y(0,x,¢), ae y Mae Takuit Burnsaa:
x:acos(ZO)cos[nx/(Zd)]cos(a)t). (1)
UneH cos(20) Bignoeigae Apyrii BnacHii mogi KonvBaHb LWNIHAPWYHOT CTIHKW, a — aMnniTyAa KonvBaHb LMniHApa.
Mpunyckaemo, Wo piavHa € HEB'A3KOK | HecTUcNMBOK. KpiM TOro, BBaXkatouu, Lo iHAYKOBaHWIN PyX PiAUHU He € 06epTanbHUM,
none WBKAKOCTI vV MOXHa 3anucati B TepMiHax noTeHuiany WenaKocCTi (l)(r, 0, x,t) ,8e v =V¢ . BusHauarnbHe piBHSHHS Anst
¢ Mae Bumaa:
Vio=0 (2)
Ha (0<r<R+y(6,x,t), 0<0<2n, -d <x<{), ae {(r,0,7) — nepemilieHHs BinbHOI NOBEPXHi.

Mpunyckatouun, WO BB NOBEPXHEBOrO HATArY HE € HE3HAYHUM, AMHAMIYHI Ta KiHeMaTUYHI rpaHUYHi YMOBM AN BiNbHOT
noBepxHi MoxHa 3anucatun y Burnsagi (Frolov, & Krasnopolskaya, 1987; KpacHononbckas, & LUeeu, 1993; Shvets, &
Krasnopolskaya, 2008):

5 +g§z%[V2§—%VC-((VC)2 VQ)}+F([) sa x={(r,6,1) (3)

0, =Vo V{+, sa {(r.0,¢), 4)
Ae g —rpaBiTauiiHe npuckopeHHs, T — noBepxXHeBUA TUCK NOBITPS — piaguHa, P — ryCTUHA PiAWHK, a F(z) — dpyHKUiA Yacy
(Lamb, 1932). MigpsakoBi iHOeKCcK BKa3yoTb Ha YacTkoBe AndepeHLitoBaHHS.
LLBnakicTb HopmanbHoi Teuil JopiBHIOE HymMio Ha AHi pesepsyapa: ¢ =0 3a x = —d . Ha cTiHui umniHapa dopmMynioeTbes
kiHemaTuuHa ymoBa ¢, =y, +VOVy 3a r=R+%(0,x,7), Togi sk ¢, < 3a r=0.
HouinbHo npunycTnTy, WO BibpaujiiHa CTiHKa LumniHapa iHAYKYE XBUINbOBY KapTuHY B PiaWHIi, Aka Moxe ByTn onncaHa B TepMiHax
HOPMarbHUX MO i3 XapaKTepHUMM BriacHUMU yacToTamun. Posknagemo noteuian (7,0, x,¢) i nepemiwenHst {(r,0,¢) no nosHin

cucTeMi BNacHMX (pyHKUIN, WO BM3HAYaloTbCA MiHIMHOW Teopieto. MNoKpoKOBO NiHiMHA Ta HeniHiHa Teopii po3rnsHyTi B pOGOTI
(Krasnopolskaya, & Heijst, 2018).

PosrnsHemo gani XxBunboBy KapTUHY, sika peaniyeTbCs Npy napaMmeTpUYHOMY Pe30OHaHCI 3a 4acToTH 30ymMKeHHs o (ams. (1)).
[na napameTpuyHOro pe3oHaHcy yacTtoTa 30yaxeHHs ® 3rigHo 3 (1) mae GyTu:

o=20 /s ana s=1,2,3,4,..., (5)

nm

Ae , — BRacHa 4Yactota BracHoi popmm moan ¥, (n>4; m=1,2,3,...). KonneaHHa noBepxHi Ansa Uiei pe3oHaHCHOi

nm

moawm 3anucyemo sik (=C v, (r,0)/N, ,npe vy, (r,0)=J (k, r)cosn®=\y; J, — dyHkuis Beccens i-ro nopsiaky

nepLuoro pogy, a k,, — KopeHi piBHaHHA J| (knm R) =0. Kpim Toro, BnacHi 4actoTu KonuBaHb BiflbHOT NOBEPXHi PiAVHM Y
©6okani Bu3Havaemo 3a cpopmyrnoto (Krasnopolskaya, & Heijst, 2018):

1/2
o, = ng,.j +%k;]tanhkijd} . (6)

YpaxoByum CyTTEBY HENIHIMHICTb L€l MaTteMaTuU4Hoi 3agadi, M1 6yAeMo BUKOPUCTOBYBATU Manui 4ogaTHWUIA napameTp,
< 2
SKUI BU3HAYaEMo Tak: E=aw,, /g .
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MU Wwykaemo pesoHaHcHi piwenHs §, (f), Wwo MoxyTb 6yTU iCTOTHILUIMMMK 3@ amnniTyan KorvBaHb CTiHkv Bokana a i

11/4

ctaHoBnATe O(€ 7). 3 ornsay Ha ue Ans pesoHaHCHOT aMnmiTyau XpecTornofibHUX XBUMb MOXHA OTPUMATU PIBHAHHS Y

BUrNAAi:
2 2

Cnm +0)im Cnm _(YIZ _3Y13 +’Y15)¢nm Cnm +Y13 Cnm nm
-0.5v,,C,, (cos20t + 1)+ oy, {,, sin 2wt =0, @)

nm
e KoediuieHTn aoaaHKiB Cnm i Cnm Y PiBHSAHHI (7) NnepioanyHO 3MiHIOKTLCA B Yaci, TOMy BOHU MOXYTb MPUBOAWTU O Napa-

METPUYHOro pe3oHaHcy, peLuta koedilieHTiB € nocTiHumn. CTOCOBHO 3afadi, Ky po3rnsfaemMo, Lie 03Hayae, Lo Ha BinbHii
NOBEPXHi MOXYTb BUHUKATN Pe30HAHCHI XpecTonoAibHi XBWMi 3 HEHYNbOBMMU aMMliTy4amu Ta i3 4acTOTOK KonuBaHb, 6nu-
3bKOI [0 . [TpoTe Papagen BU3HAUMB, LU0 Ha BifbHin NOBEPXHi piAMHM y B6okani, LWo BUNPOMIHIOE 3BYKOBI XBWITi, CoCTepi-

raemMo XBuni 3a cybrapMoHiiHOro pesoHaHcy, TobTo i3 YyacTtoTolo /2.
MMig yac posrnsay XBMnbOBOI kKapTUHKM, 306paXeHoi Ha puc. 1, MOXHa NOMITUTU HasABHICTb YOTUPLOX BY3MiB, Mavxe pis-
HOMIPHO PO3TaLLOBaHMX MO GiYHil CTiHUi. MOXHa CTBEpKyBaTK, LLO Ui BY3nu NMOB'A3aHi 3 KONMBaHHAMU ckna no mMofi cos(20).

OpHak Taka 4YoTMPMBY3MOBa CTPYKTYypa B MOBEPXHEBIV XBUMNBOBIW KapTuHi MOxe ByTn pe3oHaHCHUM edeKkToM XpecTonogio-
HUX XBWUIb, 3yMOBMEHUM PE30OHAHCHUM 30yXKEHHAM LLie ABOX A0AATKOBMX Pi3HUX BMACHMX MOA Ha BiNbHi NOBEPXHi pignHu,
Lo 30yaKyHTbCA 0OgHOYacHO. MNpUYoMy BriacHi YacToTK LiMX MOA 3a40BOMbHSTL YMOBY pe3oHaHcy (5) 3 AeskMMmu HeBenu-

KUMM BiAXUMEHHSIMW, TOMY LLO CMIEKTP YacToT € Ayxe WinbHum. OTxe, sKwo moda W, (1 >4 ) 3a40BOMbHSE YMOBY pe3o-

HaHcy (5) i3 BMacHO 4acToTon ®

nm ?

TO NErko i MOXNMBO BU3HAYUTK ABi iHLWI MOAW 3 BNACHUMMU Yucriammu (n—2)p Ta

n+2

(n+2)h Taki, Wwo ,, O, = O, 3a uiei yMOBU KONMMBAHHSA BiNbHOI MOBEPXHi PiAVHM MOXHa anpoKcumyBaTh

HaCTYMHUMU TPbOMa pe3oHaHcHUMK BriacHumu mogamu: (= v /N, +C,(H)p Viayp ! Ny, + ng)h Wiy ! Moy

3 ornsiay Ha Le OTPUMaHO CUCTEMY PiBHSIHb

- R - . _ o
i(,l_z)p+ O, ), € nnp=Cum A(yay, acosSOHE,, V) asinwr-C,, oM, ,, acosot=0;

n-2

2 o o

nm +® nm>nm Z;(n—z)pAnm acos i — g(n-*—Z)hB

nm nm

acosmt + &(H)p V. asinot+

nm

+8 ooy Vi asinor =&, 00, acosoi=§,, 00,,,,acosor=0;
E-‘(n+2)h + (Dz(n+2)h §(11+2)p - E-‘nm A(n+2)h acoswi+ &nm I/(n+2)h asin®s— &nm wM(zHZ)h acoswt =0 ’ (8)

LLIO OMKCYE NOB'A3aHI KONMBAHHSA NPY NapameTPUYHOMY CYBrapMOHIHOMY pe3oHaHci, konn ®= 20, = 2(0(”_2)17 = 203(

3a HasiBHOCTi NapamMeTpUYHOI HECTIKOCTI PO3B'A3KM Takmx cuctem ByayTb HeoOMexeHOo 3pocTaTy. FAKLLO X 40 CUCTeMU O0-
OaTy HeniHinHWIA onip, TO PO3B'A3KM 0OMEXYITbCA 11 Y ha3oBOMY NPOCTOPI 3'ABMAIOTLCA aTPaKToOpW, a Lie 03Hadvae, Wwo Ha
BiNbHil MOBEPXHi MOXYTb BUHMKATW pPe30HaHCHI XpecTonofibHi xBuni 3 HeHynboBuMKU amnnityaamu. Kpim Toro, amnnityga
KonuBaHb y NepLUii Mogeni Ha NOPSAOK MeHLLa, HiX y Apyrin. [ins pe3oHaHCHOT Moau B NepLuUin moaeni piBHAHHS Mae BUrnsag,
(7), a 'y opyrin mogeni Mu Ans pe3oHaHCHOI Moau OoTpMManu cucteMy piBHsiHb (8). Y (7) yactoTa BABidi Ginblia 3a YacToTy
KonunBaHb NoBepxHi 3rigHo 3 (8). Apyra modenb nepenbavae 30ymKeHHs] NPUHANMHI ABOX Pe30HaHCHMX (hOPM OJHOYACHO:

6e3 36yaKkeHHs Moan 3 BMACHUMKM YuCnamu n, m, iHwa moaa \f abo v ,,,, He byae peanisoByeaTuca. fka i3

n+2)h "

n=2p
OBOX po3pobneHnx Mogernen BignoBigae peanbHOMY BMNaaKy, MOXHA BU3HAYMTU €KCNEPUMEHTArNbHO, BUMIPSIBLUM YaCcTOTK
Bibpauin umniHapa i NOpPIBHABLUM iX i3 BNACHUMK YacToTaMu CNoCTepexXyBaHUX XpeCcTONoAibHUX XBUIb.

Lunckycis i BUCHOBKM

OTxe, y cTaTTi NOSCHEHO MOSBY i CTPYKTYPY XPECTOMNOAIGHMX XBUIb HA BiNbHI MOBEPXHI PigvHK, sika MICTUTBCA B Gokari, Lo
BUMPOMIHIOE 3BYKOBI XBUIi. XpecTonofibHi XBuni Ha NoBepXHi BOAM MatoTb rpebHi, nepneHanKynsipHi CTiHUi Gokana, sika Bibpye,
LLIO NPUBOAUTLCH B PyX 3BOMOXEHUM MarbLEM, SKUIA PIBHOMIPHO pyXxaeTbCs B3AOBX Kpato 6okana. 3rigHo 3 ekcnepyMeHTansHUMm
OOCTMKEHHAMM, NMO3AOBXHI XBWINi Ha CTiHLi 6oKana mMatoTb YoTUpKY By3nu (TOGTO OXONMoTh ABi XBUMI) B a3UMyTarnbHOMY Hanpsi-
MKy. [1nsi MaTemMaTU4HOro NOSICHEHHSI NMOSIBM XPECTONOAIOHUX XBUIb BYNo BUBEAEHO ABA TUMW HEMIHIMHMX NApaMEeTPUYHKX PIBHSIHb.

BHecok aBTopiB: tOpin opcbkuin — 36ip i nepeBipka ekcnepumeHTanbHUX AaHnx; TeTsaHa KpacHononbcbka — KoHLUenTyanisawis, Teope-
TWUYHI JOCTiXKEHHHS, NOACHEHHS pe3ynbTaTiB.

Mopsika, pxxepena diHaHcyBaHHA. PoboTa BMKOHYBanach 3rigHo 3 nnaHoM dpyHaamMeHTanbHUX 60aKeTHUX AOCNioXKEHb.

Cnu1cok BUKOPUCTaHUX Axepen

KpacHononbckas, T. C., & Wseu, A. 0. (1993). CeolicTBa NnapameTpuyeckmx KonebaHuii XuakocTu B LMnMHapudeckux 6akax. MpuknadHas mexaHuka, 29(9),
52-61.

Pponos, K. B., & KpacHononbckas, T. C. (1987). 3ddekT 3ommepdenbaa B cuctemax 6e3 BHyTpeHHero aemndupoBanust. [IpuknadHas mexaHuka, 23(12), 2-7.

Fraraday, M. (1831). On a peculiar class of acoustical figures and on certain forms assumed by groups of particles upon vibrating elastic surfaces. Philosophical
Transactions of Royal Society of London, A121, 299-340.

Krasnopolskaya, T.S., & Heijst, G.J.F. van. (2018). Fluid surface waves in a partially filled ‘singing wine glass. EJM/B Fluids, 67, 116-124.
https://doi.org/10.1016/j.euromechflu.2017.08.011

Krasnopolskaya, T. S., & Heijst, G. J. F. van. (1996). Wave pattern formation in a fluid annulus with a vibrating inner shell. Journal of Fluid Mechanics, 328, 229-252.

Lamb, H. (1932) Hydrodynamics. Cambridge Univ. Press.

Shvets, A. Yu., & Krasnopolskaya, T. S. (2008). Hyperchaos in piezoceramic systems with limited power supply. Solid Mechanics and its Applications, 6, 313-322.

ISSN 1728-3817



DIBUKO-MATEMATUYHI HAYKMU. 1(78)/2024 ~ 69 ~

References
Fraraday, M. (1831). On a peculiar class of acoustical figures and on certain forms assumed by groups of particles upon vibrating elastic surfaces. Philosophical
Transactions of Royal Society of London, A121, 299-340.
Frolov, K. V., & Krasnopolskaya, T. S. (1987). Sommerfeld effect in systems without internal damping. Soviet Applied Mechanics, 23(12), 1122—-1126.
Krasnopolskaya, T. S., & Heijst, G. J. F. van. (1996). Wave pattern formation in a fluid annulus with a vibrating inner shell. Journal of Fluid Mechanics, 328, 229-252.
Krasnopolskaya, T. S., & Shvets, A. Y. (1993). Parametric resonance in the system: Liquid in tanks +electric motor, Internashinal Appllied Mechanics, 29(9),
722-730.
Krasnopolskaya, T.S., & Heijst, G.J.F. van. (2018). Fluid surface waves in a partially filled ‘singing wine glass. EJM/B Fluids, 67, 116-124.
https://doi.org/10.1016/j.euromechflu.2017.08.011
Lamb, H. (1932). Hydrodynamics. Cambridge Univ. Press.
Shvets, A. Yu., & Krasnopolskaya, T. S. (2008). Hyperchaos in piezoceramic systems with limited power supply. Solid Mechanics and its Applications, 6, 313-322.
OTpumaHo pepakuiet xypHany / Received: 11.03.24
NMpopeueH3oBaHo / Revised: 25.04.24
CxBaneHo po Apyky / Accepted: 20.05.24

Yuriy GORSKIY, Leading Engineer

ORCID ID: 0000-0004-8195-1373

e-mail: yuragv@ukr.net

Institute of Hydromechanics NASU, Kyiv, Ukraine

Tetiana KRASNOPOLSKAYA, DSc (Phys. & Math.), Prof.
ORCID ID: 0000-0002-6197-092X

e-mail: krasnopolska1005@gmail.com

Institute of Hydromechanics NASU, Kyiv, Ukraine

CONSTRUCTION OF MATHEMATICAL MODELS OF THE SURFACE CROSS-WAVES EXCITATION
IN FLUIDS IN "SINGING GLASSES" WHEN THE GLASSES EMIT SOUND WAVES

The appearance and structure of cross-shaped waves on the free surface of the liquid contained in the 'singing glass' is explained. It was found
that the main mode of vibration of the glass is a forced wave, with four nodes evenly spaced along the cylindrical glass wall. When such a singing
glass is partially filled with a liquid (which changes the frequency of sound), one can observe another amazing feature: a complex pattern of waves
on the free surface of the liquid. With sufficient illumination, one can observe waves directly caused by the vibration of the wall in the four-node mode
moving in the circumferential direction at the same speed as the moving finger. However, this picture is dominated by so-called ‘cross waves' or
‘edge waves', the crests of which are perpendicular to the vibrating glass wall. Although cross-shaped waves were described by Faraday (1831), until
now there was no theoretical justification for the possibility of their excitation in a 'singing glass’. This paper fills this gap: the appearance of cross
waves in a 'singing glass' has been mathematically described as resonant oscillations. Non-linear parametric equations describing them were
obtained for cross-shaped waves. Two mathematical models were built. The first theoretical model describes the appearance of cross-shaped waves,
where only one eigenmode is present on the free surface of the liquid, and the second model applies to the situation where at least two or three
eigenmodes are present. The oscillations of the free surface in approximations with three eigenmodes reflect the main features of the wave patterns
observed experimentally in the 'singing glass".

Keywords: cross-waves, singing glasses, parametric resonance, forced vibration of glass.

ABTOpU 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CNoHcopu He Bpanu yyacTi B po3pobneHHi 4ocniaxkeHHs; y 36opi, aHanisi umn
iHTepnpeTauii AaHWX; y HanMcaHHI pykonucy; B pilleHHi npo ny6nikauito pesynbTarTis.
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