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The system of stochastic differential equations describing a nonautonomous stochastic density-
dependent predator-prey model with Holling-type I functional response disturbed by white noise, centered
and non-centered Poisson noises is considered. So, in this model we take into account levels of predator
density dependence and jumps, corresponding to the centered and non-centered Poisson measures. The
existence and uniqueness theorem for the positive, global (no explosions in the finite time) solution of
the considered system is proved. We obtain sufficient conditions of stochastic ultimate boundedness and
stochastic permanence in the considered stochastic predator-prey model.
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1 Introduction of the predator. The deterministic autonomous

Rosenzweig-Mac’Arthur model ([1]) has a form
Predator-prey interaction is a basic mechanism for

two species dynamics. The predator-prey model dzy(t) = x1(t) al—blxl(t)—L(t)) dt, W
1

1+mxy(t)
usually described by the system of differential B rew (t)
equations dy(t) = xo(t) ( —a2 + 1+mx1(t)) dt,
dzi(t) B _ c is the maximum ingestion rate; m > 0 is the
dxcét(t) =10 (@ =bii (1) = f(3 (0, 22(1))z2(0) half-saturation.
ai = —2(t)as + K f(1(t), 22(t))22(1), In the paper [2| the stochastic version of

predator-prey model (1) is considered in the

where x1(t), x2(t) represent the population densi- X
following form

ty of prey and predator respectively at time ¢,
a; > 0 is the growth rate o.f.prey, b1 > '0 dy (¢ —J:l(t) <a1—b1$1 1_ff7f£t)(t))dt
measures the strength of competition among indi- 1
viduals of species x1, as > 0 is the death rate 1(t)

of predator z2, Kk > 0 denotes the conversion dza(t) = 2( t) —ag + ﬁffb;(lt() )) dt
coefficient, f(z1,2z2) is the functional response +o9xo(t)dws (1),

(2)
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where w1 (t) and wy(t) are mutually independent
Wiener processes. In [2] the authors proved that
there is a unique positive solution to the system
(2), deduced the conditions that there is a stati-
onary distribution of the system, which implies
that the system is permanent and obtained the
sufficient conditions for the system that is going
to be extinct.

Population systems may suffer abrupt envi-
ronmental perturbations, such as fires, hurricanes,
earthquakes, etc. So it is natural to introduce Poi-
sson noises into the population model for descri-
bing such discontinuous systems. There are consi-
derable pieces of evidence in nature that predator
species may be density-dependent. So we need
to take into account levels of predator density

dependence.
In this paper, we consider the non-
autonomous density-dependent predator-prey

model with Holling-type II functional response,
disturbed by white noise and jumps generated
by centered and non-centered Poisson measures.
This model is driven by the system of stochastic
differential equations

dai (1) =wi(t) | (~1)* (ai(t)
dt + oy(t) 2 (t)dw; (t)
i (dt,dz)
i (7 )ve(dt,dz),

_ ci(t)rz—i(t)
1+m(t)z1(t)

t_)ﬁl

l’i(O) =x;0>0,1=1,2.

where x;(t7), i 1,2 is a left limit of
zi(t),i = 1,2, ba(t) > 0 is the predator density
dependence rate, ca(t) = ker(t), wi(t),i = 1,2
are independent standard one-dimensional Wi-
ener processes, v;(t,A),i = 1,2 are independent
Poisson measures, which are independent on
wi(t),z' = 1,2, ﬁl(t,A) Vl(t,A) — tHl(A),
Elvi(t,A)] = tIL;(A),i = 1,2, II;(A),7i = 1,2 are
finite measures on the Borel sets A in R.

To the best of our knowledge, there have been
no papers devoted to the dynamic properties of
the stochastic predator-prey model (3).

In this paper, we prove that the system (3)
has a unique, positive, global (no explosion in a
finite time) solution for any positive initial value,
and that this solution is stochastically ultimately
bounded. The sufficient conditions for stochastic
permanence is deduced. It is worth noting that
the impact of centered and non-centered Poisson
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noises to the stochastic non-autonomous predator-
prey models is studied in the papers [3] — [5].
In the following we will use the notations

X(t) = (z1(t), 22(t)), Xo = (w10, 720),

[ X(0)] = /23 () + 23(1),

R% = {X e R?*: z1 > 0,29 > 0},

a;(t) = a;(t) + A 0i(t, z)a(dz),
ﬁi<t>="2“>+ﬁ£m~<t,z>—1n<1+%<t,z>>]nl<dz>
—H{ In(146;(¢, 2))|a(dz),i = 1,2.

t
i) =1 [ re)as
fe =Timinf f(2), f* = hﬁi‘jp f(t).

For the bounded, continuous functions f;(t),t €
[0, +00),i = 1,2, let us denote

1,2.

fisup = sup fi(t)vfiinf = inf fi(t)ai
=0 t>0

2 Existence and uniqueness
solution

of global

Let (2, F,P) be a probability space, w;(t),i =
1,2,¢t > 0 are independent standard one-
dimensional Wiener processes on (2, F,P), and
vi(t, A),i = 1,2 are independent, Poisson measures
defined on (2, F,P) independent on w;(t),i =
1,2. Here E[;(t, A)] = tIL;(A),i = 1,2, 5(t, A) =
Z/i(t,A> — tHl(A),l = 1, 2, HZ(),Z = 1,2 are finite
measures on the Borel sets in R. On the probabi-
lity space (2, F,P) we consider an increasing, ri-
ght continuous family of complete sub-o-algebras
{Fi}t=0, where F; = o{w;(s),vi(s,A),s < t,i =
1,2}.
We need the following assumption.

Assumption 1. It is assumed, that a;(t),b;(t),
Ci(t)vo-i(t)7r7i(ta Z)aéi(tvz)vi L2, m(t) are
bounded, continuous on ¢ functions, a;(t) > 0,i =
1,2, bjsns > 0, Giing > 0,7 = 1,2, myys > 0, and
In(14;(t, 2)), In(1+6;(t, 2)),i = 1,2 are bounded,
IL(R) < 00,i = 1,2.

In what follows we will assume that Assumpti-
on 1 holds.

Theorem 2.1. There exists a unique global
solution X(t) to the system (3) for any
initial wvalue X(0) = Xo € R%, and

P{X(t)eR%} =1.
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Proof. Let us consider the system of stochastic di-
fTerential equations
ci(t) exp{€s—i(t)} )

dgi(t) = [(‘Ui_l (%(U‘W
—bi(t) exp{&i(D)} — Bi(t)] dt + oi(t)dw (1)
+ [In(1 + (¢, 2)) 1 (dt, dz)
—|—§ln(1 +9i(t, z))ia(dt,dz),
R
&i(0)
The coefficients of the system (4) are local

Lipschitz continuous. So, for any initial value
(£1(0),£2(0)) there exists a unique local soluti-

(4)

= lnﬂfio, 1= 1,2.

on E(t) = (&(t),&(t)) on [0,7.), where
Sup;, |2(t)] = +oo (cf. Theorem 6, p.246,
[6]). Therefore, from the Ito’s formula, we
derive that the process X(t) = (exp{&(?)},

exp{&2(t)}) is a unique, positive local solution to
the system (3). To show this solution is global, we
need to show that 7. = 400 a.s. Let ng € N be
sufficiently large for x;0 € [1/ng,nol, = 1,2. For
any n = ng we define the stopping time

S inf{t €l0.7): X(t) ¢ <;n

It is easy to see that 7, is increasing as n — +4o0.
Denote 750 = lim,, o 7, whence 7o < 7 a.s. If
we prove that 7., = oo a.s., then 7. = o0 a.s. and
X(t) € R% as. for all t € [0,+00). So we need
to show that 7., = oo a.s. If it is not true, there
are constants 7' > 0 and ¢ € (0,1), such that
P{7c < T} > €. Hence, there is n; > ng such
that

1

)G

—,Nn

P{r, <T}>e¢,

For the non—negative function

Zk

X = (z1,22), z; > 0, k; > 0, i = 1,2 by the Itd’s
formula we obtain

aV(X(1) Zk{( 1 i(t)-1) (w0
—%) —bi(t)zi(t) (zi(t) — 1)+ B5(t)
o z)xi(t)ﬂg(dz)} it

Vn = ny (5)

—1—1Inxz),

Z(t) — 1)Ui (t)dw, (t)

)= In(L(t, 2))]n (dt, d2)

2
+f Yi(t, 2);(t

+f (t, 2)x;(t7) —In(149;(t, z))]ﬂg(dt,dz)}
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Let us consider the function

F(t, a1, 20) = —kiby ()22 +hy (al(t)+b1(t)
+h1(BL(t) — ar(t)) — kaba(t)x3 + ko (—ax(t)
F02 (1) + [ 02(t, 2)TT2(d2)) 2o+ k(B2 (t) +-az(t))

ko(xo—1)ca(t)z1—k1(x1—1)c1 (t)z2

+ 1+m(t)zy

x> 0,i=1,2.

We have estimate

Zk - zlnfx2 + (aisup

+bzsup)$z) + klcl supL2 + kl (51 sup alinf)

c1(t)z1xe(kok — k)
+k2(B2sup + a2sup) + 1+ m(t)z

f(t,x1,22)

So for ko = k1 /k there is a constant L(ky, k2) > 0,
such that f(t,z1,22) < L(ki1,k2). From (6) we
obtain by integrating

V(X(T A1) <V(X0)+L(k1, ko) (T A1)

2 TNATh
+ ; k‘i { f (ZL‘Z(t) — 1)ai(t)dwi(t)

0

TNATn, B _ (7)
+0f E{ [yi(t, 2)ai(t7) —In(14-7i(L, 2))]71 (dt, dz)
—TF}T} i(t, 2)x; (t7) —In(14+0;(t, z))]ﬂg(dt,dz)}
Taking expectations we derive from (7)
E[V(X(T A7) < V(Xo) + L(k1, k2)T. (8)

Set Q, = {7, < T} for n > n;. Then by (5),
P(Q,) = P{r, < T} > ¢, Vn > ny. Note that
for every w € , at least one of z1(7,,w) and
x9(Th,w) equals either n or 1/n. So

V(X (1)) = min{ky, ka}
1
xmin{n—l—lnn,—l+lnn}.
n

From (8) it follows

V(Xo) + L(k1, k2)T > E[10, V(X (7:))]
1

> e min{k, k2 } min {n—l—lnn, —1+lnn} )
n

where 1q is the indicator function of €,,. Letting
n — oo leads to the contradiction co > V/(Xj) +
L(ki1,k2)T = oo. This completes the proof of the
theorem.
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3 Long-time behavior

Lemma 3.1. Let p > 0.Then for any initial value
xi0 > 0,41 =1,2 we have

limsup E [z7(t)] < K;(p), i =1,2,

t—o0
where K;(p) > 0,i = 1,2 are some constants
depending on p.

Proof. Let 7, be the stopping time defined in
Theorem 2.1. Applying the It6’s formula to the
process V(t,z;(t)) = e'al(t), i = 1,2,p > 0, we
obtain for ¢ = 1,2

V(A T, zi(t AN T0))

tATh

+ [ e [
0
ci(8)x3_i(s a2(s)
1-1-(772(53;31((5)) ( ) ( ) :|

+ﬁ£ [(147:(s,2))P — 1 — pyi(s, 2)] Hl(dz)

4ﬂﬂ+@@&»“4ﬂbu@}@ (©)
R

tATh

—I-Of pesat (s)o(s)dw;(s)

+ f f EAC
t/\Tn

et

[(147:(s, z))P—1] 71 (ds, dz)
[(1+6;(s, 2))P—1] 7o(ds, dz).

Under Assumption 1 there are a constants
Ki(p) > 0,i = 1,2, such that

em<>%wﬂ D! (as(s) )

i) (s)HEEDTEE L (14 (s, 2))P

R (10)
—1 — pyi(s, 2)] i (d2) +H{[(1+5¢(8a 2))

—1] Iy (dz) } < e*Ki(p)

From (9) and (10), taking the expectation, we
obtain

EV({tATn, 2t AT))] <2y + Ki(p)e',i=1,2.

If n — oo, then we get
e'E[2P(t)] < 2k + Ki(p)e', i =1,2.

Hence

limsup E [2?(¢

t—o00
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Lemma 3.2. If pyine > 0, where pa(t) = —aa(t) —
Ba(t), then for any initial value x99 > 0, the
predator population density x2(t) has the property
that

1 0
limsup E
P <xxw>

Proof. For the process Ul(t
formula we have

< K@), 0<6<1, (11)

) = 1/x2(t) by the Ito’s

U(t) =U(0) +0fU(s) as(s) — %
+ba(s)a2(s) + 03 (s) + / 2202 11y (dz) | ds

t
_([U(S) s)dws(s fo 112@?52) v1(ds, dz)

—fo

1%5 °2) Toa(s.2) V2 (ds,dz).

Then by the Ité6’s formula we obtain for
0<O<1

A+ UM0) = 1+ UO) + [ 001+ U(s))0-2
0

% {(1 + U(s))U(s) [@2(3) - %
72(3,2
+ba(s) 22 +1f1+wzsz dzﬂ
e+ [0+ U0

0
1+U(s)+72(s,2)
< (I4+92(s,2) 712+U( ))> -1 (12)

+0(1+U(s)) 19712‘(22?} T, (dz)
0
14+U(s)+02(s,2
+5 11{(1 +U(s))? [((1+52(§,g))(12iU()3))>
t
1} II5(d=) } ds—[0(1+U(8))71U (s)o2(s)dwa(s)
0

g (5885 0060t

*hé[@+yﬁzzf—u+vw>w]wwaW>

= (14+U(0))? + f9 U(s))?=2J(s)ds

_Il,stoch( ) + I2,stoch( ) + I3,stoch(t);

where [ si0en(t),j = 1,3 are corresponding
stochastic integrals in (12). Under Assumption 1
there exist constants |K1(6)| < oo, |K2(0)| < oo

14
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such, that for the process J(t) we have the esti-
mate

J(t) < A+U@)U ()[ t) + ba () U (t)

]+

+o3(t +f’)’2 s, 2) Iy (dz) | + %5 LU2(s)od(s)
6
4%]1{ (1+U(s))? [(nyg( > ()) —1}H1(dz)
0
HJA+U()? [(MA}()JFH}()) —1]112(@12)
< UA(t) [a2(t) + 032@) +é'y2(t,z)ﬂl(dz)
+503(1) + %%[(1 +ya(t, 2)) ™0 — 11Ty (dz)

+§g[(1+52(t,z)) o 1) (dz)]JrKl( YU(t)
K (0) == Ko(t, 0)U% () + K1 (0)U (t) + K ()

Here we used the inequality (z+y)? < 2940291y,
0<6<1,z,y>0,in the first mtegral term for
= (14+7(s,2))", y= (1+U(s))"}, and then in

the second integral term for z = (1 + d2(s, 2)) 71,

y=(1+U(s))"L. From
eli%l ¢ +$ﬂ{[ + 7i(t, 2)) =0 — 1] (dz)

+9 f (146 (t,z))_ 1|TIz(dz)

I (14 (, 2) I (d=)q+ I 14, z))lh(dz)]
R R
and the condition poinr > 0 we can choose a suffi-

ciently small 0 < 6 < 1 so that

Ko(6)=inf Ko(t,6)=inf[pa(t)~ A(6,1)] > 0

is satisfied. So from (12) and the estimate for J(t)
we derive

d[(1+U(t)"] <61

+ 2[—Ko(0)U(t)
+K1(0)U () + K2(0

(
901+ 010 Ui
0
of | (1458575 = 0+ U (e

if [ (1458855) -0 Ut ),

Ho2(t,2)
By the It6’s formula and (13) we have

d [eM(1+U(t)] = Ae (1 + U(t))"dt
+eMd [(1+U (1) <eMo(1+U (1))~
x [= (Ko(0)—5) U(t)+ (Kl(e) 2A) U(t)
+K5(0)+ 3] dt—0eM(1+U (1))~
U (t)oa(t)dws(t)

Ut
)}
Jo

(14)

2022, 4

15

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

u(t—)
1ﬂ2(t’z
Ut-)
1+62 (tvz)

%Afé [<1+ )

+e”ﬂ{ [<1+

)9—(1+U(t‘))9] o (dt, dz)
>0—(1+U(t))9] Do (dt, dz).

Let us choose A = A(f) > 0 such, that Ky(0) —
A/0 > 0. Then there is a constant K > 0, such

that
(1+U(t [ ( U2( t)
< L(0) + 2) Ut) + K2(9) 2] <K "

Let 7, be the stopping time defined in the
Theorem 2.1. Then by integrating (14), using (15)
and taking the expectation we obtain

E (XA (14 U (A7)
< < ! )9 <6>\t — 1) )

0
I+ — | +1K
Letting n — oo leads to the estimate

20 A

From (16) we obtain

lim sup E [(@)9] = limsup E [U"(t)}
< h?iing [(1 + U(t))e} < )\(HH)K’

this implies (11).

Definition 3.1. ([8]) The solution X(t) to the
system (3) will be said stochastically ultimately
bounded, if for any € € (0, 1), there is a positive
constant x = x(g) > 0, such that for any initial
value Xy € R2, the solution to the system (3) has
the property that

limsup P {|X (¢)| > x} < e.

t—o00

Theorem 3.1. The solution X(t) to the system
(3) is stochastically ultimately bounded for any ini-
tial value Xg € R%—-
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Proof. From Lemma 3.1 we have an estimate Consequently

limsup Efz;(t)] < K;, i =1,2. (17)

t—o00

For X = (x1,22) € Ri we have | X| < x1 + x9,
therefore, from (17) we obtain

limsup F[| X ()] < L = K1 + K».
t—o0

Let x > L/e, Ve € (0,1). Then applying the
Chebyshev inequality yields

lim sup P{| X ()| > x}
t—o00

1 L
< —lim sup E[|X(t)]] £ — < e.
X t—o00 X

The theorem is proved.

Definition 3.2. The population density z(t) will
be said stochastically permanent if for any € > 0,
there are positive constants H = H(e), h = h(e)
such that

lminf P{z(t) < H} >1—¢,
t—00

liminf P{z(t) > h} > 1 —¢,
t—o0

for any inial value z(0) = xo > 0.

Theorem 3.2. If poins > 0, where pao(t) =
—ag(t) — Pa(t), then for any initial value xo0 > 0,
the predator population density xo(t) is stochasti-
cally permanent.

Proof. From Lemma 3.1 we have an estimate

limsup Efza(t)] < K.

t—o00

Thus for any given € > 0, let H = K /¢, by virtue
of Chebyshev’s inequality, we can derive that

1
limsup P{z2(t) > H} < ﬁlimsup Elza(t)] <e.

t—o00 t—o00

Consequently
litmian{a:Q(t) <H}>21-¢.
—00

From Lemma 3.2 we have the estimate

[(ﬂbl(t)

For any given € > 0, let h = (¢/K(0))/?, then by
Chebyshev’s inequality, we have

limsup E
t—00

0
>]<K(9),0<9<1.

lim sup P{z2(t) < h}
t—o0

<mwe { () > 1}
ghelimsupE{( 1 )9} se

t—o00

16

im i > =>1—c.
hgg)lfP{a:Q(t)/h}/l €

The theorem is proved.

If the predator is absent, ie. xa(t) = 0
a.s., then the equation for the prey populati-
on is the non-autonomous stochastic logistic di-
fferential equation. The sufficient conditions for
the stochastic permanence of the solution to the
stochastic logistic differential equation are obtai-

ned in [3]:

Theorem 3.3. If the predator is absent, i.e.
xo(t) 0 a.s., and prime > 0, where p1(t) =
ai(t) — B1(t), then for any initial value x19 > 0,
the prey population density x1(t) is stochastically
permanent.

4 Conclusions

In this paper, we consider the non-autonomous
stochastic density-dependent predator-prey model
with Holling-type II functional response driven by
the system of stochastic differential equations wi-
th white noise, centered and non-centered Poisson
noises. So, we take into account levels of predator
density dependence, “small” jumps, corresponding
to the centered Poisson measure, and the “large”
jumps, corresponding to the non-centered Poisson
measure. For the considered system, sufficient cri-
teria for the existence and uniqueness of a global
positive solution is obtained. We derive sufficient
conditions of stochastic ultimate boundedness and
stochastic permanence in the considered stochastic
predator-prey model.

CliuCOK BUKOPHUCTAHUX JIZKEPeJI

1. Iannelli M. An Introduction to Mathematical
Population Dynamics / M. Iannelli, A. Pugli-
ese — Springer, 2014. — 338 p.

. Liu Zh. The asymptotic behavior of a
stochastic predator-prey system with Holli-
ng II functional response / Zh. Liu, N. Shi,
D. Jiang, Ch. Ji // Abstract and Appli-
ed Analysis. — 2012. — 2012, article ID
801812, 14 p. — Pexum mocTymy A0 KYpPH.:
http://dx.doi.org/10.1155/2012 /801812



Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Bicnwur Kuiscok020 HaUL0HGADHO20 YHIGEPCUMEMY
imens Tapaca Ilesuerka
Cepia: $i3uno-mememamuuni HAYKY

2022, 4

1. TANNELLI, M.,

2. LIU, ZH.,

. Borysenko Olg. Long-time behavior of a non-
autonomous stochastic predator-prey model
with jumps / Olg. Borysenko, O. Borysenko
// Modern Stochastics: Theory and Applicati-
ons. — 2021. — 8(1). — p.17-39.

. Borysenko O. Long-Time Behavior of
Stochastic Models of Population Dynamics
with Jumps / O. Borysenko, Olg. Borysenko
// In: Stochastic Processes: Fundamentals
and Emerging Applications Ed. by Mikhail
Moklyachuk. New York, NY: Nova Science
Publishers — 2022. — pp. 37-63.

. Borysenko Olg. Dynamics of the predator-
prey model with Beddington-DeAngelis
functional response perturbed by Lévy noise
/ Olg. Borysenko, O. Borysenko // Statistics,
Optimization and Information Computing. —
2022. — 14 p. — Pexxum pocTymy I0 KYpPH.:
http://www.iapress.org/index.php/soic/
article/view/1189

. Tuzman, U.HU. Croxacruyeckue puddepen-
IaJbHbIe YDAaBHEHUS] W WX TPUIOKEHUSA /
N.N. T'uxman, A.B. Cxopoxox. — Kues: Hay-
KoBa aymka, 1982. — 611 c.

. Lipster R. A strong law of large numbers for
local martingales / R. Lipster // Stochastics
— 1980. — vol. 3. — pp. 217-228.

. Li, X. Population Dynamical Behavior of
Non-Autonomous Lotka-Volterra Competitive
System with Random Perturbation / X. Li,
X. Mao // Discrete & Continuous Dynamical
Systems. — 2009. — 24. — p.523 — 545.

References

PUGLIESE, A. (2014)
An Introduction to Mathematical Population
Dynamics. Springer.

SHI, N., JIANG, D. AND
JI, CH. (2012) The asymptotic behavior

17

. BORYSENKO OLG.

. LI

of a stochastic predator-prey system wi-
th Holling II functional response. Abstract
and Applied Analysis. [Online] 2012, arti-
cle ID 801812, 14 p. — Available from:
http://dx.doi.org/10.1155/2012 /801812

. BORYSENKO, OLG. and BORYSENKO,O.

(2021) Long-time behavior of a
autonomous stochastic predator-prey model

with jumps Modern Stochastics: Theory and
Applications. 8(1). p.17-39.

non-

. BORYSENKO, O. and BORYSENKO, OLG.

(2022) Long-Time Behavior of Stochastic
Models of Population Dynamics with Jumps.
Stochastic  Processes:  Fundamentals and
Emerging Applications. Ed. by Mikhail
Moklyachuk. New York, NY: Nova Science
Publishers. pp. 37-63.

and BORYSEN-
KO 0. (2022) Dynamics of the predator-prey
model with Beddington-DeAngelis functi-
onal response perturbed by Lévy mnoise,
Statistics, Optimization and Information
Computing. [Online], 14p. — Available from:
http://www.iapress.org/index.php /soic/
article/view/1189

. GIKHMAN, II. and SKOROKHOD, A.V.

(1982) Stochastic Differential Equations and
its Applications. Kyiv, Naukova Dumka.

. LIPSTER, R. (1980) A strong law of large

numbers for local martingales. Stochastics.
vol. 3. pp. 217-228.

, X. and MAO, X. (2009) Populati-
on Dynamical Behavior of Non-Autonomous
Lotka-Volterra Competitive System with
Random Perturbation. Discrete & Continuous
Dynamical Systems. 24. p.523 — 545.

Received: 29.12.2022



