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Äîâåäåíî iñíóâàíÿ i ¹äèíiñòü äîäàòíîãî, ãëîáàëüíîãî ðîçâ'ÿçêó ñèñòåìè ñòîõàñòè÷íèõ äè-

ôåðåíöiàëüíèõ ðiâíÿíü, ÿêà îïèñó¹ äèíàìiêó ïîïóëÿöié ó ñòîõàñòè÷íié, çàëåæíié âiä ùiëüíî-

ñòi õèæàêiâ ìîäåëi õèæàê-æåðòâà ç ôóíêöiîíàëüíîþ âiäïîâiääþ òèïó Õîëëiíã II. Îäåðæàíî

äîñòàòíi óìîâè ãðàíè÷íî¨ ñòîõàñòè÷íî¨ îáìåæåíîñòi i ñòîõàñòè÷íî¨ ïåðìàíåíòíîñòi äàíî¨

ìîäåëi.

Êëþ÷îâi ñëîâà: ñòîõàñòè÷íà ìîäåëü õèæàê-æåðòâà, çàëåæíiñòü âiä ùiëüíîñòi õèæàêiâ,

ãëîáàëüíèé ðîçâ'ÿçîê, ãðàíè÷íà ñòîõàñòè÷íà îáìåæåíiñòü, ñòîõàñòè÷íà ïåðìàíåíòíiñòü.

The system of stochastic di�erential equations describing a nonautonomous stochastic density-

dependent predator-prey model with Holling-type II functional response disturbed by white noise, centered

and non-centered Poisson noises is considered. So, in this model we take into account levels of predator

density dependence and jumps, corresponding to the centered and non-centered Poisson measures. The

existence and uniqueness theorem for the positive, global (no explosions in the �nite time) solution of

the considered system is proved. We obtain su�cient conditions of stochastic ultimate boundedness and

stochastic permanence in the considered stochastic predator-prey model.

Key Words: stochastic predator-prey model, predator density dependence, existence and uniqueness

of global positive solution, ultimate boundedness, stochastic permanence.

Communicated by Prof. Moklyachuk M.P.

1 Introduction

Predator-prey interaction is a basic mechanism for
two species dynamics. The predator-prey model
usually described by the system of di�erential
equations

dx1(t)
dt =x1(t)(a1−b1x1(t))−f(x1(t), x2(t))x2(t),

dx2(t)
dt = −x2(t)a2 + κf(x1(t), x2(t))x2(t),

where x1(t), x2(t) represent the population densi-
ty of prey and predator respectively at time t,
a1 > 0 is the growth rate of prey, b1 > 0
measures the strength of competition among indi-
viduals of species x1, a2 > 0 is the death rate
of predator x2, κ > 0 denotes the conversion
coe�cient, f(x1, x2) is the functional response

of the predator. The deterministic autonomous
Rosenzweig-Mac'Arthur model ([1]) has a form

dx1(t) = x1(t)
(
a1−b1x1(t)− cx2(t)

1+mx1(t)

)
dt,

dx2(t) = x2(t)
(
−a2 +

κcx1(t)
1+mx1(t)

)
dt,

(1)

c is the maximum ingestion rate; m > 0 is the
half-saturation.

In the paper [2] the stochastic version of
predator-prey model (1) is considered in the
following form

dx1(t) = x1(t)
(
a1−b1x1(t)− cx2(t)

1+mx1(t)

)
dt

+σ1x1(t)dw1(t),

dx2(t) = x2(t)
(
−a2 +

κcx1(t)
1+mx1(t)

)
dt

+σ2x2(t)dw2(t),

(2)

c⃝ O.D. Borysenko, O.V. Borysenko, 2023
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where w1(t) and w2(t) are mutually independent
Wiener processes. In [2] the authors proved that
there is a unique positive solution to the system
(2), deduced the conditions that there is a stati-
onary distribution of the system, which implies
that the system is permanent and obtained the
su�cient conditions for the system that is going
to be extinct.

Population systems may su�er abrupt envi-
ronmental perturbations, such as �res, hurricanes,
earthquakes, etc. So it is natural to introduce Poi-
sson noises into the population model for descri-
bing such discontinuous systems. There are consi-
derable pieces of evidence in nature that predator
species may be density-dependent. So we need
to take into account levels of predator density
dependence.

In this paper, we consider the non-
autonomous density-dependent predator-prey
model with Holling-type II functional response,
disturbed by white noise and jumps generated
by centered and non-centered Poisson measures.
This model is driven by the system of stochastic
di�erential equations

dxi(t)=xi(t)
[
(−1)i−1

(
ai(t)− ci(t)x3−i(t)

1+m(t)x1(t)

)
−bi(t)xi(t)

]
dt+ σi(t)xi(t)dwi(t)

+
∫
R
γi(t, z)xi(t

−)ν̃1(dt, dz)

+
∫
R
δi(t, z)xi(t

−)ν2(dt, dz),

xi(0) = xi0 > 0, i = 1, 2.

(3)

where xi(t
−), i = 1, 2 is a left limit of

xi(t), i = 1, 2, b2(t) > 0 is the predator density
dependence rate, c2(t) = κc1(t), wi(t), i = 1, 2
are independent standard one-dimensional Wi-
ener processes, νi(t, A), i = 1, 2 are independent
Poisson measures, which are independent on
wi(t), i = 1, 2, ν̃1(t, A) = ν1(t, A) − tΠ1(A),
E[νi(t, A)] = tΠi(A), i = 1, 2, Πi(A), i = 1, 2 are
�nite measures on the Borel sets A in R.

To the best of our knowledge, there have been
no papers devoted to the dynamic properties of
the stochastic predator-prey model (3).

In this paper, we prove that the system (3)
has a unique, positive, global (no explosion in a
�nite time) solution for any positive initial value,
and that this solution is stochastically ultimately
bounded. The su�cient conditions for stochastic
permanence is deduced. It is worth noting that
the impact of centered and non-centered Poisson

noises to the stochastic non-autonomous predator-
prey models is studied in the papers [3] � [5].

In the following we will use the notations

X(t) = (x1(t), x2(t)), X0 = (x10, x20),

|X(t)| =
√

x21(t) + x22(t),

R2
+ = {X ∈ R2 : x1 > 0, x2 > 0},

αi(t) = ai(t) +

∫
R
δi(t, z)Π2(dz),

βi(t)=
σ2
i (t)
2 +

∫
R
[γi(t, z)−ln(1+γi(t, z))]Π1(dz)

−
∫
R
ln(1+δi(t, z))]Π2(dz), i = 1, 2.

f̄(t) =
1

t

∫ t

0
f(s) ds,

f∗ = lim inf
t→∞

f(t), f∗ = lim sup
t→∞

f(t).

For the bounded, continuous functions fi(t), t ∈
[0,+∞), i = 1, 2, let us denote

fi sup = sup
t>0

fi(t), fi inf = inf
t>0

fi(t), i = 1, 2.

2 Existence and uniqueness of global

solution

Let (Ω,F ,P) be a probability space, wi(t), i =
1, 2, t > 0 are independent standard one-
dimensional Wiener processes on (Ω,F ,P), and
νi(t, A), i = 1, 2 are independent Poisson measures
de�ned on (Ω,F ,P) independent on wi(t), i =
1, 2. Here E[νi(t, A)] = tΠi(A), i = 1, 2, ν̃i(t, A) =
νi(t, A) − tΠi(A), i = 1, 2, Πi(·), i = 1, 2 are �nite
measures on the Borel sets in R. On the probabi-
lity space (Ω,F ,P) we consider an increasing, ri-
ght continuous family of complete sub-σ-algebras
{Ft}t>0, where Ft = σ{wi(s), νi(s,A), s 6 t, i =
1, 2}.

We need the following assumption.

Assumption 1. It is assumed, that ai(t), bi(t),
ci(t), σi(t), γi(t, z), δi(t, z), i = 1, 2, m(t) are
bounded, continuous on t functions, ai(t) > 0, i =
1, 2, bi inf > 0, ci inf > 0, i = 1, 2, minf > 0, and
ln(1+γi(t, z)), ln(1+δi(t, z)), i = 1, 2 are bounded,
Πi(R) < ∞, i = 1, 2.

In what follows we will assume that Assumpti-
on 1 holds.

Theorem 2.1. There exists a unique global

solution X(t) to the system (3) for any

initial value X(0) = X0 ∈ R2
+, and

P{X(t) ∈ R2
+} = 1.
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Proof. Let us consider the system of stochastic di-
�erential equations

dξi(t) =
[
(−1)i−1

(
ai(t)− ci(t) exp{ξ3−i(t)}

1+m(t) exp{ξ1(t)}

)
−bi(t) exp{ξi(t)} − βi(t)

]
dt+ σi(t)dwi(t)

+
∫
R
ln(1 + γi(t, z))ν̃1(dt, dz)

+
∫
R
ln(1 + δi(t, z))ν̃2(dt, dz),

ξi(0) = lnxi0, i = 1, 2.

(4)

The coe�cients of the system (4) are local
Lipschitz continuous. So, for any initial value
(ξ1(0), ξ2(0)) there exists a unique local soluti-
on Ξ(t) = (ξ1(t), ξ2(t)) on [0, τe), where
supt<τe |Ξ(t)| = +∞ (cf. Theorem 6, p.246,
[6]). Therefore, from the It�o's formula, we
derive that the process X(t) = (exp{ξ1(t)},
exp{ξ2(t)}) is a unique, positive local solution to
the system (3). To show this solution is global, we
need to show that τe = +∞ a.s. Let n0 ∈ N be
su�ciently large for xi0 ∈ [1/n0, n0], i = 1, 2. For
any n > n0 we de�ne the stopping time

τn= inf

{
t ∈ [0, τe) : X(t) /∈

(
1

n
, n

)
×
(
1

n
, n

)}
.

It is easy to see that τn is increasing as n → +∞.
Denote τ∞ = limn→∞ τn, whence τ∞ 6 τe a.s. If
we prove that τ∞ = ∞ a.s., then τe = ∞ a.s. and
X(t) ∈ R2

+ a.s. for all t ∈ [0,+∞). So we need
to show that τ∞ = ∞ a.s. If it is not true, there
are constants T > 0 and ε ∈ (0, 1), such that
P{τ∞ < T} > ε. Hence, there is n1 > n0 such
that

P{τn < T} > ε, ∀n > n1. (5)

For the non-negative function

V (X) =
2∑

i=1

ki(xi − 1− lnxi),

X = (x1, x2), xi > 0, ki > 0, i = 1, 2 by the It�o's
formula we obtain

dV (X(t))=
2∑

i=1
ki

{
(−1)i−1(xi(t)−1)

(
ai(t)

−ci(t)x3−i(t)
1+m(t)x1(t)

)
−bi(t)xi(t)(xi(t)−1)+βi(t)

+
∫
R
δi(t, z)xi(t)Π2(dz)

}
dt

+
2∑

i=1
ki

{
(xi(t)−1)σi(t)dwi(t)

+
∫
R
[γi(t, z)xi(t

−)−ln(1+γi(t, z))]ν̃1(dt, dz)

+
∫
R
[δi(t, z)xi(t

−)−ln(1+δi(t, z))]ν̃2(dt, dz)

}

(6)

Let us consider the function

f(t, x1, x2)=−k1b1(t)x
2
1+k1

(
α1(t)+b1(t)

)
x1

+k1(β1(t)− a1(t))− k2b2(t)x
2
2 + k2 (−a2(t)

+b2(t)+
∫
R δ2(t, z)Π2(dz)

)
x2+k2(β2(t)+a2(t))

+k2(x2−1)c2(t)x1−k1(x1−1)c1(t)x2

1+m(t)x1
, xi > 0, i = 1, 2.

We have estimate

f(t, x1, x2) 6
2∑

i=1

ki(− bi infx
2
i + (αi sup

+bi sup)xi) + k1c1 supx2 + k1(β1 sup − a1 inf)

+k2(β2 sup + a2 sup) +
c1(t)x1x2(k2κ− k1)

1 +m(t)x1

So for k2 = k1/κ there is a constant L(k1, k2) > 0,
such that f(t, x1, x2) 6 L(k1, k2). From (6) we
obtain by integrating

V (X(T ∧ τn))6V (X0)+L(k1, k2)(T ∧ τn)

+
2∑

i=1
ki

{
T∧τn∫
0

(xi(t)− 1)σi(t)dwi(t)

+
T∧τn∫
0

∫
R
[γi(t, z)xi(t

−)−ln(1+γi(t, z))]ν̃1(dt, dz)

+
T∧τn∫
0

∫
R
[δi(t, z)xi(t

−)−ln(1+δi(t, z))]ν̃2(dt, dz)

} (7)

Taking expectations we derive from (7)

E [V (X(T ∧ τn))] 6 V (X0) + L(k1, k2)T. (8)

Set Ωn = {τn 6 T} for n > n1. Then by (5),
P(Ωn) = P{τn 6 T} > ε, ∀n > n1. Note that
for every ω ∈ Ωn at least one of x1(τn, ω) and
x2(τn, ω) equals either n or 1/n. So

V (X(τn)) > min{k1, k2}

×min

{
n− 1− lnn,

1

n
− 1 + lnn

}
.

From (8) it follows

V (X0) + L(k1, k2)T > E[1ΩnV (X(τn))]

> εmin{k1, k2}min

{
n−1−lnn,

1

n
−1+lnn

}
,

where 1Ωn is the indicator function of Ωn. Letting
n → ∞ leads to the contradiction ∞ > V (X0) +
L(k1, k2)T = ∞. This completes the proof of the
theorem.
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3 Long-time behavior

Lemma 3.1. Let p > 0.Then for any initial value

xi0 > 0, i = 1, 2 we have

lim sup
t→∞

E [xpi (t)] 6 Ki(p), i = 1, 2,

where Ki(p) > 0, i = 1, 2 are some constants

depending on p.

Proof. Let τn be the stopping time de�ned in
Theorem 2.1. Applying the It�o's formula to the
process V (t, xi(t)) = etxpi (t), i = 1, 2, p > 0, we
obtain for i = 1, 2

V (t ∧ τn, xi(t ∧ τn)) = xpi0

+
t∧τn∫
0

esxpi (s)

{
1+p

[
(−1)i−1(ai(s)

−ci(s)x3−i(s)
1+m(s)x1(s)

)
− bi(s)xi(s) +

p(p−1)σ2
i (s)

2

]
+
∫
R
[(1 + γi(s, z))

p − 1− pγi(s, z)] Π1(dz)

+
∫
R
[(1+δi(s, z))

p−1]Π2(dz)

}
ds

+
t∧τn∫
0

pesxpi (s)σi(s)dwi(s)

+
t∧τn∫
0

∫
R
esxpi (s

−) [(1+γi(s, z))
p−1] ν̃1(ds, dz)

+
t∧τn∫
0

∫
R
esxpi (s

−) [(1+δi(s, z))
p−1] ν̃2(ds, dz).

(9)

Under Assumption 1 there are a constants
Ki(p) > 0, i = 1, 2, such that

esxpi (s)

{
1+p

[
(−1)i−1

(
ai(s)−ci(s)x3−i(s)

1+m(s)x1(s)

)
−bi(s)xi(s)]+

p(p−1)σ2
i (s)

2 +
∫
R
[(1+γi(s, z))

p

−1− pγi(s, z)] Π1(dz) +
∫
R
[(1+δi(s, z))

p

−1]Π2(dz)

}
6 esKi(p)

(10)

From (9) and (10), taking the expectation, we
obtain

E [V (t ∧ τn, xi(t ∧ τn))] 6 xpi0 +Ki(p)e
t, i = 1, 2.

If n → ∞, then we get

etE [xpi (t)] 6 xpi0 +Ki(p)e
t, i = 1, 2.

Hence

lim sup
t→∞

E [xpi (t)] 6 Ki(p), i = 1, 2.

Lemma 3.2. If p2 inf > 0, where p2(t) = −a2(t)−
β2(t), then for any initial value x20 > 0, the

predator population density x2(t) has the property
that

lim sup
t→∞

E

[(
1

x2(t)

)θ
]
6 K(θ), 0 < θ < 1, (11)

Proof. For the process U(t) = 1/x2(t) by the It�o's
formula we have

U(t) = U(0) +
t∫
0

U(s)

[
a2(s)− c2(s)x1(s)

1+m(s)x1(s)

+b2(s)x2(s) + σ2
2(s) +

∫
R

γ2
2(s,z)

1+γ2(s,z)
Π1(dz)

]
ds

−
t∫
0

U(s)σ2(s)dw2(s)−
t∫
0

∫
R
U(s−) γ2(s,z)

1+γ2(s,z)
ν̃1(ds, dz)

−
t∫
0

∫
R
U(s−) δ2(s,z)

1+δ2(s,z)
ν2(ds, dz).

Then by the It�o's formula we obtain for
0 < θ < 1

(1 + U(t))θ = (1 + U(0))θ +
t∫
0

θ(1 + U(s))θ−2

×

{
(1 + U(s))U(s)

[
a2(s)− c2(s)x1(s)

1+m(s)x1(s)

+b2(s)x2(s)σ
2
2(s)+

∫
R

γ2
2(s,z)

1+γ2(s,z)
Π1(dz)

]
+ θ−1

2 U2(s)σ2
2(s) +

1
θ

∫
R

[
(1 + U(s))2

×
((

1+U(s)+γ2(s,z)
(1+γ2(s,z))(1+U(s))

)θ
− 1

)
+ θ(1 + U(s))U(s)γ2(s,z)

1+γ2(s,z)

]
Π1(dz)

(12)

+1
θ

∫
R
(1 + U(s))2

[(
1+U(s)+δ2(s,z)

(1+δ2(s,z))(1+U(s))

)θ

−1
]
Π2(dz)

}
ds−

t∫
0

θ(1+U(s))θ−1U(s)σ2(s)dw2(s)

+
t∫
0

∫
R

[(
1+ U(s−)

1+γ2(s,z)

)θ
−(1+U(s−))θ

]
ν̃1(ds, dz)

+
t∫
0

∫
R

[(
1 + U(s−)

1+δ2(s,z)

)θ
−(1+U(s−))θ

]
ν̃2(ds, dz)

= (1 + U(0))θ +
t∫
0

θ(1 + U(s))θ−2J(s)ds

−I1,stoch(t) + I2,stoch(t) + I3,stoch(t),

where Ij,stoch(t), j = 1, 3 are corresponding
stochastic integrals in (12). Under Assumption 1
there exist constants |K1(θ)| < ∞, |K2(θ)| < ∞
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such, that for the process J(t) we have the esti-
mate

J(t) 6 (1 + U(t))U(t)

[
a2(t) + b2(t)U

−1(t)

+σ2
2(t) +

∫
R
γ2(s, z)Π1(dz)

]
+ θ−1

2 U2(s)σ2
2(s)

+1
θ

∫
R
(1+U(s))2

[(
1

1+γ2(s,z)
+ 1

1+U(s)

)θ
−1

]
Π1(dz)

+1
θ

∫
R
(1+U(s))2

[(
1

1+δ2(s,z)
+ 1

1+U(s)

)θ
−1

]
Π2(dz)

6 U2(t)

[
a2(t) +

σ2
2(t)
2 +

∫
R
γ2(t, z)Π1(dz)

+ θ
2σ

2
2(t) +

1
θ

∫
R
[(1 + γ2(t, z))

−θ − 1]Π1(dz)

+1
θ

∫
R
[(1 + δ2(t, z))

−θ − 1]Π2(dz)

]
+K1(θ)U(t)

+K2(θ)=−K0(t, θ)U
2(t)+K1(θ)U(t)+K2(θ).

Here we used the inequality (x+y)θ 6 xθ+θxθ−1y,
0 < θ < 1, x, y > 0, in the �rst integral term for
x = (1+γ2(s, z))

−1, y = (1+U(s))−1, and then in
the second integral term for x = (1 + δ2(s, z))

−1,
y = (1 + U(s))−1. From

lim
θ→0+

[
θ
2σ

2
i (t) +

1
θ

∫
R
[(1 + γi(t, z))

−θ − 1]Π1(dz)

+1
θ

∫
R
[(1 + δi(t, z))

−θ − 1]Π2(dz)

+
∫
R
ln(1+γi(t, z))Π1(dz)+

∫
R
ln(1+δi(t, z))Π2(dz)

]
= limθ→0+∆(θ, t) = 0,

and the condition p2 inf > 0 we can choose a su�-
ciently small 0 < θ < 1 so that

K0(θ)=inf
t>0

K0(t, θ)=inf
t>0

[p2(t)−∆(θ, t)] > 0

is satis�ed. So from (12) and the estimate for J(t)
we derive

d
[
(1+U(t))θ

]
6θ(1+U(t))θ−2[−K0(θ)U

2(t)
+K1(θ)U(t) +K2(θ)]dt
−θ(1 + U(t))θ−1U(t)σ2(t)dw2(t)

+
∫
R

[(
1+ U(t−)

1+γ2(t,z)

)θ
−(1+U(t−))θ

]
ν̃1(dt, dz)

+
∫
R

[(
1+ U(t−)

1+δ2(t,z)

)θ
−(1+ U(t−))θ

]
ν̃2(dt, dz).

(13)

By the It�o's formula and (13) we have

d
[
eλt(1 + U(t))θ

]
= λeλt(1 + U(t))θdt

+eλtd
[
(1+U(t))θ

]
6eλtθ(1+U(t))θ−2

×
[
−
(
K0(θ)− λ

θ

)
U2(t)+

(
K1(θ)+

2λ
θ

)
U(t)

+K2(θ)+
λ
θ

]
dt−θeλt(1+U(t))θ−1

×U(t)σ2(t)dw2(t)

(14)

+eλt
∫
R

[(
1+ U(t−)

1+γ2(t,z)

)θ
−(1+U(t−))θ

]
ν̃1(dt, dz)

+eλt
∫
R

[(
1+ U(t−)

1+δ2(t,z)

)θ
−(1+U(t−))θ

]
ν̃2(dt, dz).

Let us choose λ = λ(θ) > 0 such, that K0(θ) −
λ/θ > 0. Then there is a constant K > 0, such
that

(1 + U(t))θ−2

[
−
(
K0(θ)−

λ

θ

)
U2(t)

+

(
K1(θ) +

2λ

θ

)
U(t) +K2(θ) +

λ

θ

]
6 K.

(15)

Let τn be the stopping time de�ned in the
Theorem 2.1. Then by integrating (14), using (15)
and taking the expectation we obtain

E

[
eλ(t∧τn)(1 + U(t ∧ τn))

θ
]

6
(
1 +

1

x20

)θ

+
θ

λ
K

(
eλt − 1

)
.

Letting n → ∞ leads to the estimate

etE
[
(1 + U(t))θ

]
6

(
1 +

1

x20

)θ

+
θ

λ
K

(
eλt − 1

)
.

(16)

From (16) we obtain

lim sup
t→∞

E

[(
1

x2(t)

)θ
]
= lim sup

t→∞
E

[
U θ(t)

]
6 lim sup

t→∞
E

[
(1 + U(t))θ

]
6 θ

λ(θ)
K,

this implies (11).

De�nition 3.1. ([8]) The solution X(t) to the
system (3) will be said stochastically ultimately
bounded, if for any ε ∈ (0, 1), there is a positive
constant χ = χ(ε) > 0, such that for any initial
value X0 ∈ R2

+, the solution to the system (3) has
the property that

lim sup
t→∞

P {|X(t)| > χ} < ε.

Theorem 3.1. The solution X(t) to the system

(3) is stochastically ultimately bounded for any ini-
tial value X0 ∈ R2

+.
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Proof. From Lemma 3.1 we have an estimate

lim sup
t→∞

E[xi(t)] 6 Ki, i = 1, 2. (17)

For X = (x1, x2) ∈ R2
+ we have |X| 6 x1 + x2,

therefore, from (17) we obtain

lim sup
t→∞

E[|X(t)|] 6 L = K1 +K2.

Let χ > L/ε, ∀ε ∈ (0, 1). Then applying the
Chebyshev inequality yields

lim sup
t→∞

P{|X(t)| > χ}

6 1

χ
lim sup

t→∞
E[|X(t)|] 6 L

χ
< ε.

The theorem is proved.

De�nition 3.2. The population density x(t) will
be said stochastically permanent if for any ε > 0,
there are positive constants H = H(ε), h = h(ε)
such that

lim inf
t→∞

P{x(t) 6 H} > 1− ε,

lim inf
t→∞

P{x(t) > h} > 1− ε,

for any inial value x(0) = x0 > 0.

Theorem 3.2. If p2 inf > 0, where p2(t) =
−a2(t)− β2(t), then for any initial value x20 > 0,
the predator population density x2(t) is stochasti-
cally permanent.

Proof. From Lemma 3.1 we have an estimate

lim sup
t→∞

E[x2(t)] 6 K.

Thus for any given ε > 0, let H = K/ε, by virtue
of Chebyshev's inequality, we can derive that

lim sup
t→∞

P{x2(t) > H} 6 1

H
lim sup
t→∞

E[x2(t)] 6 ε.

Consequently

lim inf
t→∞

P{x2(t) 6 H} > 1− ε.

From Lemma 3.2 we have the estimate

lim sup
t→∞

E

[(
1

x2(t)

)θ
]
6 K(θ), 0 < θ < 1.

For any given ε > 0, let h = (ε/K(θ))1/θ, then by
Chebyshev's inequality, we have

lim sup
t→∞

P{x2(t) < h}

6 lim sup
t→∞

P

{(
1

x2(t)

)θ
> h−θ

}
6 hθ lim sup

t→∞
E

[(
1

x2(t)

)θ
]
6 ε.

Consequently

lim inf
t→∞

P{x2(t) > h} > 1− ε.

The theorem is proved.

If the predator is absent, i.e. x2(t) ≡ 0
a.s., then the equation for the prey populati-
on is the non-autonomous stochastic logistic di-
�erential equation. The su�cient conditions for
the stochastic permanence of the solution to the
stochastic logistic di�erential equation are obtai-
ned in [3]:

Theorem 3.3. If the predator is absent, i.e.

x2(t) ≡ 0 a.s., and p1 inf > 0, where p1(t) =
a1(t) − β1(t), then for any initial value x10 > 0,
the prey population density x1(t) is stochastically
permanent.

4 Conclusions

In this paper, we consider the non-autonomous
stochastic density-dependent predator-prey model
with Holling-type II functional response driven by
the system of stochastic di�erential equations wi-
th white noise, centered and non-centered Poisson
noises. So, we take into account levels of predator
density dependence, �small� jumps, corresponding
to the centered Poisson measure, and the �large�
jumps, corresponding to the non-centered Poisson
measure. For the considered system, su�cient cri-
teria for the existence and uniqueness of a global
positive solution is obtained. We derive su�cient
conditions of stochastic ultimate boundedness and
stochastic permanence in the considered stochastic
predator-prey model.
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