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iHmezpanvie

The presented work consists of investigations of necessary conditions for linear mixed type
equations in the limited area on a plane. These necessary conditions are determined by the help of
integral relations and at the same time the fundamental solutions of such equations are used.
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I. INTRODUCTION

The mathematical physics equations [1] - [3]
and special derivative equations [4] - [7] mainly
dealt with problems for three types of equations.
They are equations of hyperbolic, parabolic, and
elliptical types, that Cauchy problem and mixed
problems were considered for the equations of
hyperbolic and parabolic types, but for the
equations of elliptical type Boundary value
problem.

For the first time, Tricomi [8] considered an
equation that was belonged to hyperbolic in one
and elliptical in the leftover part of the area.
Now this equation is called the Tricomi
equation. This is a mixed type equation with a
changeable coefficient.

Later, were also considered problems for
mixed type equations with constant [9].

Finally, Hadamard considered such equation,
that let this equation has both ellipticity and
hyperbolicity characteristics at any point in the
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area, which is under consideration [10]. This is
called a composite type equation.

Later, Gellersted, Bitsadze and his students
[11]-[20] dealt with these problems. Eventually,
they dealt with the investigation of Boundary
value problems for the mixed and composite
type equations [17] - [20]. These problems are
considered within local Boundary conditions.
We consider nonlocal problems and global
(containing integrals) problems within Boundary
conditions [21] - [27].

Il. PROBLEM STATEMENT

Suppose D=D,uD, cR? being
flatness area in the right semi-flatness
D, ={xe(x,x,):0<a, <x <b, 7,(x)<x, <0}
limited area located in the fourth quarter,

D, = {xe(x,X,):0<a, <x <b, 0<x, <7,(x)}
but, limited area in the first quarter.

limited
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Here is drawn external normal with v, and of
the area D, to the borderoD,, external normal
with v, of the area D, to the border oD,. If
equationx, =7,(x ), x €la,b] the lower
border of the areal’, D,.

If equationx, =y,(x,), x €[a,b]T, but
the upper border of the areaD,. The common

A
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border of the areas D, and D,, but I, X, =0,

x, €[a,,b,], is a finite piece on the true axis. A

complete description of this area was given in
the picturel.

Now, let to see the following equation in the D :

3 3
Pl

=0,x=(x,x,)eD, s =1,2, (1
xoX:  oxiox, (%, @)

here i=+-1, 6D =T, UT,,
but it is the Lyapunov line, if s=1 the resulting
equation, it means

aaul(x)+i63ul(x): 0* [8u1(x)+i6ul(x)]20
X O0X5  OX7OX, OX,O%, | OX, O, ’

xeD,, (2)
equation, in D, is composite type (a mixed
derivative of the Cauchy-Riemann, an elliptical

type),
if s=2but

X, = 71(X1)

Picture 1.

O*u,(x) 0%, (x)_ o2 (auz(X)_auz(X)j

OX,OXE  OXZOX, OXOX, | OX, X,
xeD,, 3)
is hyperbolic equation.
If we look at the classical works, the

analogue of such an equation is derived from the
Tricomy equation. Therefore, equation (1) is
called a mixed and composite type equation.

I1l. FUNDAMENTAL SOLUTIONS
Given in the Cauchy-Riemann equation [3]:
1 1
U(x—¢)=——- : % &eR?,
2 X, =&, + I(Xl _51)
(4)
for a fundamental solution of equation (2) using
a fundamental solution
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Ul(x_f): _Zi_ﬂ_[xz _952 +i(xl _51)]' {In[x

x,£eR?, (5)

we get the statement.
For equation (3) in the same way

;[Xz =& J+(x— 51)]

Uz(X_f): _[‘9

X =&

_52 + X _51 _t)jt

X, & e R?,
we have received a fundamental solution.

In the above statement 6(t) - this is
Heaviside’s only function.

Theorem 1. The fundamental solution of the
given equation (2) is in the form (5), and the
fundamental solution of the equation (3) is in the
form (6).

(6)

IV. MAIN APPROACHES

These approaches are obtained from the
second Green formula by applying the Gauss-
Ostrogradsky formula (part by part integration),
after integration on the appropriate area
multiplying equations (2) and (3) by their
fundamental solutions (5) and (6). Then these
equations (2), (3) and their fundamental solution
multiplying to derivatives of (5), (6) by
integrating along the appropriate areas and
applying the Gauss-Ostrogradsky formula are
obtained from the analog of the second Green
formula. So that, in obtaining of these basic
approaches part by part integration should be
done in such a way that, integration on the area
neither the solutions of equations nor should
more than three derivatives of fundamental
solutions be involved.

Two of the main approaches we have
mentioned are the following:

f[au X

U, Xx—¢ +u, X
OX,0X, .

iaul X oU; x—¢
28 o
ou x OU, x—¢ 0%y,

+ | U X—& +
X, OX, OX,0X, .

oV, x—¢
OX,0X,

cos vy, X, +
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+iu, X 82U1 > Icos dx =
L T oxox, Yk =
u1(§)1 ¢ eDby,
=<1 7
Lu(e) geap, 7

But now u,(x) paid by the function (3)

equation and let us bring the first main approach
obtained with the help of a fundamental solution

(6).

2 ZU .
f 8u2XU2 x—£+u2xa , X—=§
5D, OX,0X, OX,0X,
Jr<9u2 X oU, x—¢ oS v, %, +
2 28
Cdu, x AU, x=¢  du, x U, e
OX, OX, OX,0X,
U, x— ]
—U, X ——=——/C0S v,, X% tdx=
OX,0X,
uz(é)’ ¢eDh,,
=41 8
Euz(ég)’ ¢ edb,, ®)

Thus, each of the main approaches we have
obtained consists of two parts. The first parts are
the solutions of the equations (2), (3), their
derivatives and the analytical statements for the
linear combinations, but the second parts give
the necessary conditions.

Theorem 2. In the direction of D =D, UD,
- X, convex limited flatness area, if
oD=TI,uUTl,- is the Lyapunov line, then

arbitrary solution of equation (1) pays main
approaches.

V. NECESSARY CONDITIONS

At first let us give the necessary conditions,
obtained from (7).

U &n & :__f

U %% % 1ivfxl]dx1+
%X 7151"")(1 51

U x,0
= dy, +
f‘%& +|X1 &
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‘|'_f[71 X —m & +i X1_€1]>< "_;fln[% X, +I )ﬁ_fl]x
T a 3
9 X ou, X ,
- 1 X dx,. 10

X In[% X —n & +l Xl_gl]_l OX % (10)

8Xil.aXZ o= % 2 bo=mnx

2711

. b
il Jon [ & - x - )x

0%, X
OX,0X, -

X In[_% & Tix—§ ]_ dx, +

i . 0
‘}‘%L[In[% X =% & +l X1_€1] ual '

dx, —

X=n %

dx, +

X=0

by
| : ou, X
_;!In[_% & +ix—§ |—

. b
—I—%!M[% X —m & H x4 ]X

ou, X ,
X ox, Xz . Y % dx, 9)
X %
u 0 =—— = X
' f’h X X —=§
0
x[1—iy] % ]d><1——f . )fg dx, +
1
.
[T % %=
: o%u,(x
el ) i - &)1 0
1~72 X,=71(%)
. 17
x[i—ind x g+~ [ =g
. o, X
x Infi x,—¢& |-1 6x118x2 dx, +
i . oy, X
+;af'”[% X +ix—§ | 5)(1 dexl—
b,
_len[i(xl_gl)]w Xm+
7Z'a1 axl X,=0

In the same way in all approaches necessary
conditions are separated.

Finally, as can be seen from obtained main
approaches each of these statements give two
necessary conditions, the first of which are
conditions from obtained by integrating of
equations (2) and (3), but the remaining second
parts become the same as in ordinary differential
equations.

These necessary conditions are the following:

a[aulé +i8ulf] _
&, | 98, 9% g e (12)
_ a[aulﬁ +i8”15] —o,
o2& | og, %G N,
1) [(9U1£ +|6u1§] —
&, | 08, % o (12)
¢, | 08, 9% ),
o [0u, & _8U2 S _
AR o4 )|, (13)
_a[auzﬁ_auzi] 0
oG | 96, 0& &=72 & |
and
P [8u2 £y, 5]
PANE & Jlo (14)
B 3[8u2§_3uz€] ~0
352 852 851 &H=72 & |

The main purpose of this work is to
determine all possible linearly independent
necessary conditions for a given equation (1).

Theorem 3. An arbitrary solution of equation
(1) within the conditions of Theorem 2 pays all
the necessary conditions.

These necessary conditions are made up of a
linear combination of the necessary conditions
given by the main approaches.
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