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VARIETIES OF PURE FIRST-ORDER LOGICS OF PARTIAL QUASIARY PREDICATES

Classical predicate logic typically lies at the basis of various logical systems successfully used in computer science and
programming. However, classical logic has fundamental limitations that complicate its application. Therefore, the task of
developing new, program-oriented logics becomes important; this highlights the relevance of the proposed research. Composition-
nominative logics of partial quasiary predicates are the important class of such logics. The paper continues the research of pure
first-order compositional-nominative logics (PCNL). New classes of PCNL are obtained by introducing partial predicates-indicators.
Special predicates-indicators determine the presence of components with the corresponding subject name in the input data, which
is necessary to consider for the quantifier elimination in the logics of non-monotone predicates. Two types of these predicates can
be distinguished: total Ez, which determines the presence or absence of a component with a given name z, and partial, which only
detects the presence of such a component. We propose partial predicates-indicators /z and the corresponding classes of PCNL.
Depending on the presence and type of predicates-indicators, equality predicates (weak =,, or strong =), and the use of traditional
or extended renomination, in this paper we specify a number of classes of PCNL. At the basic level, we have L? logics with
traditional renominations and L.° logics with extended renominations. Extending these logics with the predicates-indicators Jz
yields new logics L2 and L.,% and their extension with the predicates Ez gives us the logics L® and L..°. The further extension
with the equality predicates =,, and =,, results in the corresponding logics LY, L, and L%, L,%. The basic compositions of these
logics are described, and their properties are presented. The languages of the introduced classes of L? are specified, and a number
of logical consequence relations for these languages are defined. The characteristics of these relations are investigated, and the
relationships between them are provided.
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Introduction

The apparatus of mathematical logic is the foundation of modern information and software systems, as well as artificial
intelligence systems (see, e. g., Abramsky, Gabbay, & Maibaum, 1993—-2000; Bjorner, & Henson, 2008; Huth, & Ryan, 2004).
Classical logic of predicates is typically used for this purpose. This logic is well studied (see, e. g., Barwise, 1977; Kleene,
2013; Shoenfield, 1967), has a rich history of applications, and it serves as the basis for constructing special logics aimed at
solving specific problems (modal, temporal, epistemic, program logics etc.). However, classical logic has fundamental
limitations that complicate its application. This logic is based on traditional mathematical structures of single-valued total finite-
ary mappings, while the characteristic feature of programming and modeling is the use of partial, and sometimes many-valued
(non-deterministic), mappings over complex data. Therefore, the problem of developing new logical formalisms more adapted
to the needs of informatics and programming becomes relevant. This important topic is the focus of this work.

The composition-nominative approach, which is common to both programming and logic, can be the natural basis for the
construction of program-oriented logics. Logics built on this foundation are called composition-nominative logics (CNL). These
logics are based on classes of partial mappings defined on nominative data. Such mappings are called quasiary, hence we
speak of CNL of partial quasiary predicates. Several classes of such logics are described, for instance, in (Nikitchenko,
Shkilniak, O., & Shkilniak, S., 2016; Shkilniak, 2019; Shkilniak, O., & Shkilniak, S., 2023).

In this work we investigate pure first-order CNL (PCNL). Such logics will be called L? (logics of quantifier level). We will
use the same name for PCNL of the base level with traditional renomination compositions. L? with compositions of extended
renomination will be called L.®. Logics with extended renominations are discussed, for instance, in (Shkilniak, O., & Shkilniak,
S., 2023). For quantifier elimination in logics of non-monotone predicates, the presence of components with corresponding
subject names in the input data must be considered. Therefore, to describe the quantifier elimination, we use special 0-ary
compositions — predicates-indicators which determine such a presence. Two types of these predicates can be considered:
total, which determines the presence or absence of a component with a given name, and partial, which only detects the
presence of such a component. Total predicates-indicators have been investigated, for instance, in (Nikitchenko, Shkilniak,
0., & Shkilniak, S., 2016; Shkilniak, 2019). In this paper, we propose partial predicates-indicators lz. The predicates-
indicators allow further differentiation of PCNL varieties: L? and L. with total predicates Ez will be called Li® and L. ?; L? and
L. ? with partial predicates |z will be called L,Q and L,.%. Note that in work (Shkilniak, O., & Shkilniak, S., 2023) Li.? logics
are referred to as L. %

Special equality predicates allow for equalling and distinguishing the values of subject names. Two types of such
predicates can be considered (Shkilniak, 2019): weak equality predicates =xy and strong equality predicates =x. Equality
predicates have a general logical status, so we treat them as special 0-ary compositions. We obtain four types of PCNL with
equality: L@, L% and L9, L,%. The actual presence of predicates-indicators in these logics is important. In L% and L1,
there is no need to introduce additional predicates since =xy and | x are the same predicate. The predicates Ez, which operate
in L@ and L., are represented as Jy =, making them expressible in L% and L.®=. However, it is not practical to consider
Ez as complex derivative predicates, especially since Ez predicates can be specified on the renominative level. Therefore,
we explicitly define Ez as 0-ary compositions.

Thus, depending on the use of traditional or extended renomination, the presence and type of predicates-indicators (total or
partial), and equality predicates (weak or strong), in this paper we distinguish corresponding classes of PCNL. The basic
compositions of these logics are described, and their properties are presented. The languages of the introduced classes of PCNL
are specified, and a number of logical consequence relations for these languages are defined. The characteristics of these relations
are investigated, and the relationships between them are provided.
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Concepts not defined here are interpreted in the sense of works (Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016;
Shkilniak, 2019; Shkilniak, O., & Shkilniak, S., 2023).

1. Composition predicate algebras of PCNL

The core semantic concept of CNL is the notion of a quasiary predicate. These are predicates defined over sets of named
values, known as nominative sets.

We define V-A-nominative set (V-A-IM) as a single-valued function of the form d: V— A, where V and A are sets of subject
names (variables) and subject values (basic data) respectively. V-A-IM is represented as a set of pairs [vi>an,...,va>an,...],

where vie V, a€ A, #Vv; viwhen i#j. A set of all V-A-IM will be denoted by YA.
We introduce a parametric operation ||-x, where X c V, as follows: d||-x={w—ae d| v X}. A parametric operation of the extended

renomination r“17Xt-Vn=Xptho Lo im=> L1 VA VA is specified as (Shkilniak, O., & Shkilniak, S., 2023):

=[v > d(x)),...,v, > d(x,)]ud |_

V] seesVig sl seeesllyy

Here v, xie V; the special symbol L¢ V denotes the absence of the variable value.

VI X eV X up = Ly L] 0 o eads aithar V10 Vg sl seeesllyy

Simpler notation for 1! “n>L can be used: either rfcll ", oreven more compact rZ* . Traditional

renomination operation rg : VA — VA (Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016) is a special case of r;’j,

V-A-quasiary predicate is specified by a partial, and generally speaking, many-valued function Q : YA — {T, F}, where {T, F}
is the set of truth values. In this paper, many-valued V-A-quasiary predicates are treated as relations between YA and {T, F},
thus they are called R-predicates.

Each R-predicate Q is uniquely defined by two sets:

e the truth domain (T-domain) T(Q) = {de YA | Te Q[d]};

e the falsity domain (F-domain) F(Q) = {de VA | Fe Q[d]}.

Here Q[d] denotes the set of values, which R-predicate Q assumes on argument (data) d. Such Q[d] can be one of &, {T},
{F}, {T, F}. For single-valued predicates, the usual notation Q(d) will be used.

We distinguish (Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016) a number of classes of R-predicates as follows.

V-A-quasiary R-predicate Q is:
partial single-valued, or P-predicate, if T(Q)~F(Q) = &;
total, or T-predicate, if T(Q)UF(Q) = VA,
irrefutable, or partially true, if F(Q) = &;
satisfiable, if T(Q) # &;
totally true (denoted T), if F(Q) = & and T(Q) = VA,
totally false (denoted F), if T(Q) = @ and F(Q) = VA;
totally undefined (denoted 1), if T(Q) = F(Q) = &;
totally ambivalent (denoted Y), if T(P) = F(P) = VA,
total single-valued, or TS-predicate, if TS-predicate, if T(Q)NF(Q) = & and T(Q)UF(Q) = VA,
monotone, if d1 c d2 = Q[d1] c Q[d2];

e antitone, if d1 < d2 = Q[d1]12 Q[d2].

For P-predicates, monotonicity becomes equitonicity: Q is equitone, if (Q(d)! and dc d’) = Q(d)! = Q(d).

We will denote classes of V-A-quasiary R-predicates, P-predicates, T-predicates, TS-predicates, monotone R-predicates,
antitone R-predicates, equitone P-predicates and antitone T-predicates as PrRV-4, PrPY-A, PrTV-A, PrTS V-, PrRM"-A, PrRAV-A,
PrPEVY-4 and PrTAY-A respectively.

Predicates of classical logic are total single-valued and monotone (equitone). Logics of equitone P-predicates are a natural
extension of classical logic and preserve its main properties. However, all TS-predicates, except constant T and F, are
non-monotone. Therefore, the class PrTSY-* is degenerate in this sense.

We obtain 4 constant R-predicates: T, F, L, Y. They are monotone and antitone.

A name xe V is unessential for Qe PrRV, if for any d1, d2 € VA we have: d1||-x = d2||x = Q(d1) = Q(d2).

R-predicate Q is dual to R-predicate Q, if T(Q)=F(Q)and F(Q)=T(Q).

The dualization mapping & : PrRV-A— PrR'-A is defined as &(Q)= Q.

Statement 1. §(T) =T, §(F) =F, §(L) =Y, 8(Y) = L; 8(PrRV*) = PrRY-A, 8(PrTSV4) = PrTSV4,

S(PrPY-A) = PrTV=4, §(PrTV-4) = PrPVA,
S(PrPEV-4) = PrTAV-A, §(PrTAV-A) = PrPEV4,
S(PrRMV—4) = PrRAV-A, §(PrRAY-4) = PrRM"A.

We describe the basic compositions of PCNL. Logical connectives — and v we define as:

T(=P) = F(P); F(=P) = T(P);
T(PvQ) = T(P)uT(Q); F(PvQ) = FP)NF(Q).
We specify the compositions RY : PrRY-* — PrRY-* and R‘%”‘i : PrRV-4 — PrRV-4 as follows:

RZZ(Q)d1=Q ['YY(d)]; RLQ)d]=Q [r(d)]-
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We define the composition of quantification (quantifier) 3x : PrRV-4 — PrRY-A as follows:
TAxQ) = U {d|d]|_, v x> aeT(Q)

acA

FAxQ) =N {d|d]|., vx—>aeF(Q).

acA

The derivative compositions &, —, Vx are specified traditionally:

P&Q = —|(—|P\/—|Q), P—Q= —|PVQ, VxQ = —3x=P.

Special parametric predicates-indicators detect the presence of a component with a given subject name in the input data. There
are two types of such predicates. Total predicates Ez (Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016) determine the presence or
absence of a component with the name ze Vin the input data. They are defined as follows:

T(Ez)={d|d(z){}; F(Ez)={d|d(z)1}.

In this paper we introduce partial predicates-indicators !z, which only detect the presence of a component with the name
ze Vin the input data. They can be defined as follows:

Tlz)={d|d(z)!}; F(z)=2.

Therefore, T(Ez) = T(1z); however, F(1z) = &.

Ez predicates are non-monotone, !z predicates are equitone. Each xe V such that x# z is unessential for both Ez and {z.

Equality predicates parameterized by names allow for equaling and distinguishing the subject names' values. Two types
of such predicates are specified (Shkilniak, 2019): weak (up to definability) equality predicates =x,; and strong (strict) equality
predicates =x;;. They are defined as follows:

T(=pep) ={d | d(x)1, d(y)! and d(x) = d(y)},

F(=tx) ={d | d(x){, d(y)! and d(x) # d(y)};

T(=) = {d | d(x)4, d(y)! and d(x) = d(y)} w{d | d(x)T and d(y)1},
F(=pen) ={d | dx)L, dy)!, d(x) = d(y)yo{d | d(x)!, d(y)T or d(x)T, d(y)!}.

Predicates =, are total single-valued and non-monotone; predicates =,; are partial and equitone. In case x and y match,
predicates =,; and =x,; become =y and =y. Further on, predicates =}, =y and =}, =t Will be denoted more compactly by =y,
=xx and =xy, =x. Thus, the pairs =x, and =y, =xy and =yx represent the same predicates. Therefore, the symmetric property of equality
lies within notation.

Statement 2. For equality properties we obtain the reflexivity and transitivity properties:
e Rf=) each predicate =xx is irrefutable;
e Rf=) each predicate =« is the constant T, i.e. =xx =T;
e Tr=) for all de VA we have: =x(d) = T and =y;(d) = T = =x;(d) = T;
e Tr=) for all de VA we have: =x(d) = T and =yz(d) = T = =x(d) = T.
Properties Tr= and Tr= imply: predicates =xy & =yz — =xz are irrefutable; =xy &=yz >=xz = T.

Statement 3. =« and 1 x represent the same predicate: =x = 1x.

This means that in L9 and L. ¥ predicates-indicators | x are already present in the form of = predicates!

Therefore, depending on the use of traditional or extended renomination, the presence and type of predicates-indicators
(total Ez or partial {z), and equality predicates (weak =xy or strong =), we distinguish the following classes of PCNL:

e [ Qwith the set of basic compositions Cq = {—, v, R‘;, 3Ix};
o L9 with the set of basic compositions Ciqo = {—, v, R;‘I, 3x};
e L,Qwith the set of basic compositions C.q = {—, v, R‘;, 3x, Lz}

e 19 with the set of basic compositions C,1q = {—, v, R‘;i 3x, Lz}

o [,Qwith the set of basic compositions Cig = {—, v, Rg, 3x, Ez};

o .2 with the set of basic compositions Ciiq = {—, v, R‘;i, 3x, EZ);

e L@ with the set of basic compositions Co== {—, v, R‘;, 3x, =y};

e L9 with the set of basic compositions Ciq=={—, v, R‘;i 3x, =x};

o [ @= with the set of basic compositions Co= = {—, v, R‘;, 3x, Ez, =x};

o [ 19 with the set of basic compositions Cio= = {—, v, Rgﬁ, 3x, Ez, =x}.

The semantic basis for PCNL of a given class is formed by composition predicate systems (YA, Pr‘-4, Cs),
where Cg is a set of basic compositions, Pr'-4 is a class of quasiary predicates. For the introduced PCNL classes, composition
systems of R-predicates are tuples (YA, PrRY-*, C-o*). Each such system defines a data algebra (structure, algebraic system)
(YA, Pr-*) and a composition predicate algebra (PrRY-A, C-q*).

Thus, we obtained the first-order composition algebras of R-predicates:

o AQ = (PrRV-4, Cq), AXQ = (PrRV-4, C.o);

o A'Q=(PrRV4, Ciq), A*Q=(PrRV4, C,1a);
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o AQ = (PrRV-A, Ciq), ALQ = (PrRV4, CiLq);

o A% = (PrRV-A, Cq=), AL@= = (PrRV4, CLq=);

o A% = (PrRY4, Cq=), A% = (PrRV4, C.rq-=).

All the defined above classes of predicates are closed under the compositions Cq and C.o.

The classes PrPV-4, PrRM"Y-4, PrPEY are closed under the compositions C,q, Ci1q and Cq=, Cio=. The classes PrRM"4,
PrRAV-A, PrPEV-A, PrTAY are closed under the compositions Ciq, Ciiq and Cqs, Cio=. This means that a number of
corresponding subalgebras of the specified predicate algebras can be distinguished.

In the ALQ= algebra we specify the subalgebras of P-predicates A+®™=, T-predicates A'Q™=, TS-predicates AQT=S; the
subalgebras of P-, T-, TS-predicates can be specified in A%, AQ, AlQ in the same manner.

Let & be a dualization mapping. We call algebras (Pr1, C) and (Prz, C) dual, if 8(Pr1) = Pr2 and 8(Prz2) = Pr1.

In logics of types L,Q and L%, the basic compositions include the partial single-valued predicates 1z and =x. The
dualization mapping transforms them into total many-valued predicates, which are not among 0-ary compositions in these
logics. Therefore, the concept of dual predicate algebras does not apply to L,?, L,1@, L%, L, ¥

In the logics L,®, L,19, L9, L9 we specify subalgebras of P-predicates A'QF, A'LQP AQP= ALQP= and subalgebras of
monotone predicates ALQRMI ALQPE, AlJ.QRM, AlJ_QPE, AQRM=, AQPE=, AJ_QRM=, AJ_QPE=_

Given the duality between PrPY-A and PrTV-4 and the degeneracy of PrTSY-4, we will focus on the logics of R-predicates
and P-predicates.

2. Properties of compositions in PCNL

The properties of propositional compositions and quantification compositions, not related to renominations and equality
predicates, are generally similar to the properties of the corresponding classical logical connectives and quantifiers of classical
logic.

The properties of renomination compositions Ril, R1U, RT, RiR, Ri3s, R.3 are presented (Shkilniak O., & Shkilniak, S.,
2023). The corresponding properties of traditional renominations R, RI, RU, R—, Rv, RR, R3s, R3 are described in
(Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016). These properties hold for all the specified classes of R-predicates.

Statement 4. We have the following renomination properties for the Ez predicates:

Rue) Ry (Ez)=Ez, if ze {v,0);

RLEv) R‘;E'j,(Ez) = Ey;

R1eF) R?i‘i(Ez) =F; in particular, R% (Ez) =F.
The properties of traditional renomination Re and Rev can be specified in the similar manner.

Statement 5. We have the following quantification properties for the Ez predicates:
e dxEx = —-Ix—Ex=VxEx=Tand Ix—Ex = —-3dxEx=Vx—Ex =F;
e JyEx=VyEx = Ex and 3y—Ex = Vy—Ex = —Ex provided that x+y.

Statement 6. We have the following properties for the predicates-indicators 1z in the logics L;1Q and L,9:
o —lzvlz=1z, Slz&lz=xlz, lz—lz=xlzviz=1z
e dxIx=VxIx=Tand Ix=lx =-dxIx=Vx=lx=F;
e Jylx=Vylx=IlxandJy—-lx=Vy-lx=-lx provided that x+y.

Statement 7. We have the following renomination properties for the predicates-indicators lz:
Ruiit) R‘)i(:‘i(lz) =1z ifze¢ {v,u};
Ruw) RYT2(12) = Ly;
Ruii1) Rgﬁ’i(lz) = L; inparticular, R3 (1z)= L.
The properties of traditional renomination Rt and R,v are described in the similar manner.
Statement 8. The relations between the predicates !z, Ezand 1. lz=Ezv 1l and -lz=—-Ez&l.

Theorem 1. 1) =¢ = (=xy & EX& Ey) v (-EXx & —Ey);
2) =y = =y &xi &ly)v—=lxv=ly.
Statement 9. We have the following extended renomination properties for predicates =xy and =xy :
R1=xx) R;—,’fj_(zxx) =T;
Ri=1) REG M (=,)=T;
Ri=) R:jvﬁlxz}; (Exy) = =5 and Rv‘zy’i_’é(zxx) = Sz
Ri=1) Ry (=) = =, ify & {U,v} and x = y;

Ri=0) Ry (=y,)= =y, ifx.y e {U,v} and x # y;

Ri=te) RyY M(=y)=—Ey. ify e {U,v} and x # y;
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RLEZE) RVVV’E_’,:,{(EXy) = —|Ez;
Ri=1) R4 Y (=) = L in particular, RY (=)= L;

- V pVUXYy (_ - _ v,u,x (_ - _ .
Ri=2) RY’RW_J_,Z,{/S(—xy)_ =z and RvT/yJ_,z(_XX)_ =zz)

R1=1) szv',i';(ﬂy) = =, ifye {u,v}and x#y;

R1=0) RS (=) = =y if X,y & {0, 7).

The corresponding properties of traditional renomination: R=xx, R=2, R=1, R=0 and R=2, R=4, R=o.

Due to the equivalence of the predicates !z and =, the properties R1.t, Riiv, R and Ry, Riv can be rewritten as the
properties R1=zz0, R1=2z, R1=zz1 and R=zz0, R=z; for the predicates =z;. The quantification properties of the predicates 1z are
thus rewritten as the quantification properties of the predicates =z..

Statement 10. We have the following quantification properties for the =xx predicates:
Ix=x = VX=x =T, IX—=x = —-IX=x = VX—= = F; Jy=x = Vysa ==« =T.

Statement 11. Given that x#y, we have Jy=x, = Ex.

Hence, the predicates Ex can be expressed in L% and L1%, making them derivative in L% and L.%. However, quantifier
elimination with the use of predicates-indicators Jy =, is complicated, so in this case it is not practical to treat Ex as derivative
predicates.

Statement 12. Given that x#y, we have Ix=xy ==y =1ly=Eyv 1.

Statement 13. The substitution of equals for =xy and =x,. For every Pe Pr* and de YA we have:

=Rur) =y(d) = T = R;%%(P)(d) =Ry%, (P)(d);

=Rur) =y(d) = T = R;%%,(P)(d) =RI1%, (P)(d).

For traditional renomination we can obtain the similar properties =Rr and =Rr.

For quantifier elimination, predicates-indicators are used. Thus, for the logics Li.? and L1% we have:
Theorem 2. T(RYYX(P)) N T(Ey) < T(RZY (3xP)) and F(REY (3xP)) T (Ey) < FRLY Y (P)).

For the logics Li? and L%, the statement of Theorem 2 can be formulated for traditional renominations.

We have T(=z) = T({z) = T(Ez), therefore for L,1? we obtain
Theorem 3. T(RL'X(P))T(ly) = TREY (3xP)) and F(RLY (3xP)) T (ly) < FRIYX(P)).

For L,9, the latter statement is formulated for traditional renominations. For L19%, the statement of Theorem 3 will be
rewritten changing ly to =yy; for L%, traditional renominations will be additionally used.

3. Languages of PCNL

Depending on the use of traditional or extended renominations, the presence and type of predicates-indicators, and the
presence and type of equality predicates, we have distinguished 10 varieties of PCNL and 10 corresponding classes of
composition algebras of R-predicates. Terms of such composition algebras can be interpreted as formulas of the language
of the corresponding PCNL class. In this context, the languages L%, L?=, L|Q, L,?, L@ are special cases of the languages L1,
L9, L@ LiQ, Li9, respectively, since traditional renominations are a special case of extended renominations. The
languages Li.® and Li? are special cases of the languages L.* and L%, as they differ only by the absence of the =
predicates. The languages L,;1? and L, are essentially special cases of the languages L19= and L, since the predicates =,
are actually predicates-indicators {z.

Thus, we can consider 3 groups of languages:

1) languages L19=, L9 L1,9, L9 with predicates Ez;

2) languages L1<, L9, L,19, L,Q with predicates lz;

3) languages L19, L? without explicitly defined predicates-indicators.

The presence the !z predicates, asymmetrical with respect to their truth and falsity domains, introduces specific features
into the semantic properties of the second group's languages.
Language of L1%. The alphabet of the language consists of a set of names (variables) V, a set of predicate symbols Ps, and
the set of symbols of basic compositions Cs = {—, v, RY{, 3x, Ez, =y}.
Let us define inductively the set Fr of formulas of the language:

Fa) Psc Fr,

FI) {Ex | xe V} c Fr;

F=) = | x, ye Vi Fr

Fp) ®, Ye Fr = —®<c Fr and v®Y¥e Fr;

FR) ®e Fr= RY® e Fr;

F3) ®e Fr = IxPe Fr.
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Formulas of the form pe Ps, EX, =« are called atomic.

To specify the sets of guaranteed to be unessential names for formulas of the language L.%, we determine a set Vrc V
of names, unessential for all pe Ps, and a function v : Fr— 2V. For all Ex and =4y, we set v(Ex) = V\{x} and v(=x) = V\{x, y}, for
every pe Ps we define v(p) considering VT c v(p).

Then, v is described as:

V(= ®) = v(P); v(vOF) = V(D) (P); v(IXxDP) = v(D)U{x};
V(R i) = (v(@){VA,...., Vi, Us...,Um}) \{Xi | Vig V(D), ie{1,..., n}}.

X{peeesXp Ly

Let the tuple = = (V, V7, Cs, Ps) be called an extended signature of the language L.%=.

®e Fris called a CF-formula, if ® does not contain compositions-constants symbols (Ex and =x, for L1%).

The language L.% is interpreted on composition systems CS = (YA, PrRY-A, C.o=). Symbols of basic compositions are
interpreted as the corresponding compositions, Ex symbols as the corresponding predicates-indicators, and =, symbols as
the corresponding equality predicates. To specify the basic predicates, we set the total single-valued I: Ps — PrRY-* and
extend it to the interpretation mapping for formulas I: Ps — PrRV-4:

[(~®) = ~((@)); I(vO¥) = v((®), [(¥)); I(REID)=REH (1(®); I(Exd) = Ix((®)).

Algebras with added signature A = ((YA, PrRV-4), X, ) (the simpler notation A= (A, /)) will be called interpretations of the
language L1%=. Such algebras define the composition systems CS = (YA, PrRV-A, CLa=).

The specification of subalgebras of P-predicates A1@P= T-predicates A?™= and TS-predicates A@75=in the algebra of R-
predicates defines a general class of R-interpretations and subclasses of P-interpretations, T- interpretations and
TS-interpretations. These classes of interpretations are referred to as semantics.

Thus, in L1® we specified R-, P-, T-, and TS-semantics, which will be denoted by 1R, 1P=, 1T, and LTS=. The P~ and
LT= semantics form a dual pair, while the 1R= and LTS™ semantics are autodual.

Language of L% is defined similarly to the language of L%, except instead of the symbols Rgﬁ we use RYV. The set of

symbols of basic compositions is {—, v, Rg, 3x, Ex, =x}. The language L% is interpreted in the same way as the language
L., but instead of I(RY®)=R% (/(®)), we define I(Ry®) =Ry (/(®)).

In L9 we specify R-, P-, T-, and TS-semantics, denoted by RS, P=, T=, and TS=, respectively. The P= and T= semantics
form a dual pair, and the RF and TS= semantics are autodual.

Language of L. 9 is defined similarly to the language L.%, but without the options related to =x,. The semantics .R!, 1P, 1 T,
LTS are specified in Li.9. 1P and LT form a dual pair, while LR' and L TS' are autodual.

Language of L9 is defined similarly to the language L%, but omitting the options related to =,. The semantics R!, P!, T, and
TS' are specified in L% P'and T! form a dual pair, R' and TS' are autodual.

Language of L.? is defined similarly to the language Li.®, but without the options related to Ex. In L.? we specify the
semantics 1R, 1P, 1T, L TS. The 1P and LT semantics form a dual pair, LR and LTS are autodual.
Language of L@ is defined similarly to the language L%, but omitting the options related to Ex. In L® we specify the semantics
R, P, T, TS. The P and T semantics form a dual pair, while R and TS are autodual.

In the languages L.1? and L@ every ®e Fris a CF-formula, because the symbols of 0-ary compositions-constants are
absent.
Language of L.% is defined similarly to the language L. <, except with the symbols =, instead of =y, and omitting the symbols
Ex. The set of symbols of basic compositions is {—, v, Rgf 3x, =x}. The set Fr of formulas is determined as in the language L%,
but omitting FI, and for the equality, we define

F=){=x | x,ye V}c Fr.

The function v : Fr— 2"in the language L.%" is defined similarly to the language L.%=, but without v(EXx), and for the equality
we set v(=x) = V\{x, y}. The language L.% is interpreted in the same manner as L1%. In L1*= we specify the semantics LR~
and P, as well as the semantics of monotone predicatestRM™ and LPE".

Language of L9 is defined similarly to the language L%, except instead of the Rgi we use Rg.
In L% we specify the semantics R= and P=, and RM~ and PE- as well.

Language of L,19is defined similarly to the language Li.?, but instead of the symbols Ez we use the notation 1z. The set Fr
of formulas is determined as in the Li.?, except changing Fl) to {{x | xe V} c Fr. The function v : Fr— 2" is defined similarly to
the language L. @, but changing v(Ex) to v(1x) = V\{x}. The language L,.9 is interpreted in the same manner as Li.9. In L;,?
we specify the semantics 1R', 1P, and .RM', . PE".
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Language of L,?is defined similarly to the language L,19, except instead of the symbols Rgf we use Rg . The interpretation

mapping is changed correspondingly. In L, we specify the semantics R* and P', and :RM* and 1PE' as well. The semantics of
monotone predicates .RM~, 1PE=, RMF, PE=, \RM', . PE', RM', PE' are not considered in this work.

The following definitions are the same for the languages described above. Predicate J(®) is a value of the formula @ in
the interpretation J; it will be denoted by ®..

Formula @ is satisfiable in the interpretation J, or J-satisfiable, if the predicate @, is satisfiable.

Formula @ is satisfiable in the semantics a, if ® is satisfiable in some Jeo.

Formula @ is irrefutable (partially true) in the interpretation J, or J-irrefutable (denoted by J|=®), if the predicate @y is
irrefutable.

Formula @ is irrefutable in the semantics o (denoted by %= ®),), if J|=® for every Je .

Formula @ is totally true in the interpretation J (denoted by J |=iy @), if @, =T.

Formula @ is totally true in the semantics o (denoted by *|=ig @), if J |=ia @ for every Je q.

If o is referred by default, we can write |= and |=is instead of *|= and %|=ja.

Statement 14. J |=ig ® = J = D; Y=g ® = 4= .
Example 1. |=ig Ex v —EX, |=ia IXEX, |=ig—IX—EX, |Zid=xx.

Let us call constant the formulas that are always interpreted as the constant predicates: t-formulas (interpreted as T),
r-formulas (interpreted as F), and 1-formulas (interpreted as 1).

Example 2. Exv—Ex, 3xEx, 3x L x, Ix =xx and =xx are t-formulas; R;'i'i(Ez), Ix —Ex, Ax—1x, 3z—=zz and —=xx are r-formulas;

R;{;j(zzy), Ri(=4 ) R;{j =2) Ri(=y,), R;Ej(lz), R%(1z) are i-formulas.

If O is a T-formula, then %|=ig ¥ (o is of type R or P).

Let us also define partially constant formulas. Such are pr-formulas (for them, F(®y) =< for all J) and pr-formulas
(for them, T(®y) = & for all J). For pr-formulas ®, we have %= ® (here a is of type R or P).

Example 3. The symbols lx and =z; are pr-formulas, while —!x and —=z; are pr-formulas.

4. Logical consequence relations in PCNL languages

Depending on relations between the truth and falsity domains of predicates, a series of logical consequence relations on
the set of formulas are introduced in work (Nikitchenko, Shkilniak, & Shkilniak, 2016). The "natural" consequence relations
for a pair of formulas ® and ¥ under a fixed interpretation J are defined as follows:

e truth, or T-consequence J|=7: @ J|=7¥ & T(Dy) c T(P);

o falsity, or F-consequence J|=r: ® J|=F ¥ < F(¥s) = F(DJ);

e strong, or TF-consequence J|=1F. @ J|=1F ¥ & ® J|=7¥ and @ J|=F ¥;

o irrefutability, or IR-consequence J|=ir: @ J|=rRY & T(Py)NF(Py) = &,

e dual to IR, or DI-consequence J|=pi: ® J|=01'¥ & F(®J)UT(Ws) = A.

These relations in the interpretation J induce the corresponding equivalence relations s~1, s~F, y~7F, y~Ir, s~01 in the
interpretation J:

D y~: Y, if © J|=* ¥ and ¥ J|=* .
The relation s~7eis special: ® j~7r¥ means ®, =¥, i. e. it is the same predicate.
The logical t-consequence relation in the semantics a is specified in the form:
O Y=t Y, if ® =1V for all Je a.
The logical t-equivalence relation in the semantics a is specified in the form:
[ORS S if ® (X|=s< ¥ and ¥ U'|=* .

For each of the logics L?, L1@, L,Q, L11Q, L% and L.%, we distinguished 4 types of semantics: R, P, T, TS, resulting in 20
consequence relations in each of these logics. However, as noted in (Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016), some
of these relations coincide, while others are degenerate. Taking into account the duality of P-semantics and T-semantics and
the degeneracy of TS-semantics, we consider only semantics of types R and P. This results in 5 distinct non-degenerate
logical consequence relations: P«|=ir, Ps|=7, P«|=F, Pi|=7F; Re|=7F.

Graphically, the relationships between them can be represented as follows (using — instead c):

Pl=r
/ N

J=1Fr — Pil=7F Pd=r
N /

P.|=F

R

In R-semantics of the logics L?, L.9, L,Q, Li19, L= and L.%, the relations of types T, F, and TF coincide.

Statement 15. 1) There do not exist CF-formulas ® and ¥ such that ® R«|=r ¥,
2) there do not exist CF-formulas ® and ¥ such that ® R:|=p;'¥ or @ P«|=p; V.
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Corollary 1. The relations R«|=p;, P«|=p;, and R.|=ir are degenerate.

In the logics L.1%5, L9, L1, and L, we specified 2 semantics of types R and P (not including semantics of monotone
predicates, not considered here). This results in 10 logical consequence relations for each of the logics. Some of these relations
coincide, while others are degenerate. Specifically, the relations R:|=pi, P:|=pi, R+|=ir are among them (see Statement 15).

In L195 L9 [,1Q and L, the relations of types T, F, TF in P- and R-semantics are significantly different:

Statement 16. 1) ® %|=r I x and © *|=ir=1x for arbitrary ®< Fr and xe V;
2) —ix%=1® and —~lx*=ir® for any ®< Fr and xe V;
3) Ix Ix=rly and —ly %#r—3x 1 X;
4) Ix*~rlyand Ix*~rly forany x, ye V.

Therefore, for each of L19%, L9, L,,9, L,? we obtain 7 distinct non-degenerate logical consequence relations:
Pi=ir, Pe|=1, Pi|=F, Pel=1F, Ri|=1, Re|=F, Re|=1F.
The relationships between them can be represented as follows

R*|=T i P*|=T

/ / N
R*|=TF — P*|=TF P*|=/R
N N /

R,*|=F e P*|=F
The considered logical consequence relations for a pair of formulas are reflexive and transitive, while the logical equivalence
relations are reflexive, transitive, and symmetric.
For relations of types IR and TF, the equivalence theorem holds, but it fails for relations of types T and F (Nikitchenko,
Shkilniak, O., & Shkilniak, S., 2016).

Theorem 4 (equivalence). Let a @' be obtained from formula ® by replacing some occurrences @1, ..., ®n with W1, ..., Pn. If
D1 % W, ..., Op %~ Wh, then ® *~. @',

The aforementioned properties of compositions induce similar properties for formulas in their respective languages,
denoted as *~7r (Nikitchenko, Shkilniak, O., & Shkilniak, S., 2016).

Statement 17. The transitivity of weak equality is violated for relations P=|=r and =|=1:
=y & 5yz P=|¢F =y & =yz & =xz and —=xyVv —=yzV —=xz P=|¢T —=xy V —=yz.
For d=[x—a,z—b] we have dg F(=x)uU F(=yz) = F(=xy&=yz); simultaneously, de F(=xz) C F(=xy&=yz&=xz). Next, we take into

consideration that ® P*|=r ¥ < —¥ P7|=1—®.

Given that the transitivity of weak equality is violated for =|=r and ”=|=r, thus it will be violated for stronger relations of
types F, T, TFin L9 and L, <.

Therefore, in the logics L% and L., all the T- F- and TF-relations are incorrect.
Corollary 2. In the logics L% and L%, the only non-degenerate and correct relations are P=|=ir and P=1|=r.

Discussion and conclusions

In this paper we studied the semantic properties of new classes of program-oriented logical formalisms — pure first-order
logics of quasiary predicates, or PCNL. Depending on the use of traditional or extended renomination compositions, the presence
and type of predicates-indicators, and equality predicates, corresponding classes of such logics were distinguished. New classes
of PCNL with partial predicates-indicators were proposed. The languages of the introduced classes of PCNL were described,
and a number of logical consequence relations for these languages were defined. The characteristics of these relations were
investigated, and the relationships between them were specified.

A detailed description of PCNL with partial predicates-indicators and the study of logical consequence relations for sets
of formulas are planned for future works.
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PI3HOBMAON YUCTUX NEPLLUOMOPAAKOBUX JTIOTIK YHACTKOBUX KBA3IAPHUX NMPEOUKATIB

B ocHoei pisHOMaHimHux y102iYHuUX cucmem, siki 3 8e/IUKUM yCIiXOM 8UKOpucmosyroms 8 iHghpopmamuyi ma npozpamyeaHHi, 3azeu4vall J1eXxxums
Knacu4Ha snozika npedukamie. BoOHoYac KnacuyHa no2ika Mae npuHyunoei o6MexeHHs1, Wo ycknadHlorms ii 3acmocyeaHHsi. 3 021150y Ha ye eefibMu
saXs1ueoro cmae 3adaya po3pobieHHs1 HO8UX, MPO2PaMHO-OpiEHMo8aHuUX J102iK; Ue 3aceidqye akmyasnbHiCmMb MPONoOHo8aH020 G0CiOXeHHs. Baxnueum
K/1lacoM makux J1o2ik € KoMno3uyiliHo-HOMiHamueHi noeiku Yacmkoeux keasiapHux npedukamie. [pedcmaeneHa po6oma npodoexye O0CIiOKeHHs
qucmux nepwonopsiOkoeux KOMMo3uyiliHo-HoMiHamueHux nogzik (YKHJ1). Hoei knacu YKHJT ompumaHo wirisixoM yeedeHHs1 Yacmkoeux npedukamie-
iHOukamopie. CneuyianbHi npedukamu-iHOukamopu eu3Ha4arome HasieHicmb y exiOHUX AaHUX KOMIMOHEeHMU 3 8idnogiOHUM nNpedMemHUM iMeHeM, w0
HeobxidHo epaxosyeamu nid 4ac eniMiHayii keaHmopie y nozikax HeMOHOMOoHHuUX npedukamie. BudineHo dea munu yux npedukamie: momansHi Ez, wjo
8CcmaHoe/1IorMb HasieHicMb Yu 8idcymHicmb KOMMOHeHMU 3i 3a0aHUM iMeHeM z, ma 4Yacmkoei, o 3aceidyyroms Jiuwe HasieHicmb MakKoi KOMIMOHeHmMu.
3anponoHoeaHo 4acmkosi npedukamu-iHOukamopu Jz ma eidnoeidHi knacu YKHII. 3anexHo ei0 HasseHocmi ma muny npedukamis-iHOukamopis,
npedukamie pieHocmi (cnabKoi =x, YU cMPO20i =y), @8 MaKoX ei0 eukopucmaHHsi mpaduyiliHoi Yu Po3wupeHoi peHOMiHayil, BU3Ha4YeHO HU3KY Kracie
YKHI1. Ha 6a3oeomy pieHi maemo snoziku LQ i3 mpaduyitiHumu peHomiHayismu ma noziku L9 i3 po3wupeHumMu peHoMiHayissmu. Po3wupeHHsi yux noaik
3a
dornomozoro npedukamie-iHOukamopie Jz Hadae Hoei noziku L2 ma L., a ixHe po3wupeHHsi 3a dornomozoro npeduxkamie-inoukamopie Ez — Hoei noziku
L®ma L/°. Modanbwe po3wupeHHsi makux so2ik 3a dornomozoro npeduxkamie pieHocmi =x, ma =, Hadae gidnoeidHo noziku LY, L ,* ma L9, L %=, OnucaHo
6a3o0ei Komno3uyii yux nozik, HagedeHo ixHi ocHoeHi enacmueocmi. OnucaHo Moeu eeedeHux knacie LS, eusHayeHO HU3KY @iOHOWeEHb J102i4HO20
Hacnidky e yux moeax. [locnidxeHo enacmueocmi yux eiGHoWeHb ma HagedeHO 83aEMOBIOHOWEHHSI MiX HUMU.

Knw4yoBi cnoBa: sio2ika, Yacmkosuli npedukam, pieHicmb, J102i4HUll HaciOOK.
ABTOp 3asBNsi€ NpPO BiACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopy He Gpanu y4yacTi B po3pobneHHi JocnimkeHHs; y 360opi, aHanisi um
iHTepnpeTauii AaHWX; y HanMcaHHI pykonucy; B pilleHHi npo ny6nikauito pesynbTarTis.
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