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on (z,y)€p=(afx),a(y)) € p the equivalence is
required ([4]). Also different subsemigroups classes
of the semigroup S are studied ([3], [5]).

For equivalence relation p on the
N = {1,...,n} and for classic semigroups of
transformations of the set N, namely for the
symmetric semigroup 7, of all transformations, for
the semigroup PT,, of all partial transformations
and for the inverse symmetric semigroup ZS,, of
all partially injective transformations, the order
of semigroup S, amount of idempotents that it
has, a structure and an order of it’s semigroup
ﬂS’(p) will be calculated. The terminology and
P

set

notations from [1] will be used.

Classic finite semigroups of transformati-
ons

Let the semigroup (S, M) is either symmetric
semigroup 7T, of all transformations of the set
N ={1,...,n}, or the semigroup PT,, of all parti-
al transformations N, or inverse symmetric semi-
group ZS,, of all partially injective transformati-
ons of the set N.

It is important to notice that 7, and ZS,, are
subsemigroups of PT,.

Theorem 1. Let classes of equivalence My, Mo,
..y My of a relation p on the set N have
corresponding orders ni, ns, ..., ng, where ny +
no+ -+ ng=n.

a) Semigroup TP s of order (nf*+nj'+---+
) (02 40y ) @y gt k).
b) Semigroup PTE is of order ((nq+1)" +---+
(1) H(1=R)) - - - (1 +1) "4 - 1) H(1—)).

Proof. a) Let o € 7). Then a(M;) belongs to
some equivalence class M;. The mapping M; —
M; can be provided in n}* possible ways. That’s
why on the equivalence class M; the transformati-
on « can be provided in ny* 4+ ny* + .-+ + n}’
possible ways. However, on different classes those
transformations « can be independently defined,
this proofs the proposition a).

b) Comparing to the previous part, for a
representation M; — M, an image of every
element x € M; can be identified in n; + 1 ways,
because in the point x the mapping can be not
identified. But summing up by all of the equi-
valence classes M1, ..., M} the mapping, that is
not identified in each point of class M;, will be
counted k times, each time for each class. That is
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why the transformation « € PT&” ) on the equi-
valence class M; can be provided in (ny + 1)™ +
4 (ng+1)" + (1 — k) different ways. To end the
proof, it is important to mention again, that on
the different classes, those transformations « can
be defined independently. O

Let on a set M by identified the equivalence
relation p;, equivalence classes of which are Mj,
..., M, of orders mq, ..., my, correspondingly,
and on a set N the equivalence relation po, equi-
valence classes of which are Ny, ..., N, of orders
ni, ..., ng correspondingly. Let us notice, that M
and N are disjoint union of M = MjUMU- - UM,
and N = Ny UNyU---U Ny correspondingly.
The amount of f(mq,...,mp;n1,...,ny) of parti-
al injective representations a : M — N, that
preserve these relations, will be counted, together
with the fact, that they satisfy the condition
(through dom «v the domain of « is denoted)

xp1y = a(z)pea(y) for each z,y € doma. (1)

Proposition 1. a) f(m;ni,...,ny) = 1 +
2ok (1) 220 (R R,
) flma ) =32 (M) (R

Proof. a) The nowhere defined mapping satisfies
the condition (1). The other mappings, for whi-
ch |[doma| = k£ > 0, can be obtained in the
following way: first of all, the subset, that consi-
sts of k elements is drawn, A C M (this can be
done in (7,?) ways), than, some class N; and the
next subset, consisting of another k elements are
drawn, B C N; (this can be done in ("k,’) ways.
After that, one may construct k! bijective mappi-
ngs o : A — B. Obviously, that in such a way all of
the partial injective mappings o : M — N, that
satisfy the condition (1), without any repetition
are obtained.

b) In this case any injective mapping a : M —

N satisfies the condition (1). O
Theorem 2. f(ml,...,mpy;nnl,;r;.,nq) =

n;
flma, oo ymp_1ina, .m0 ( kp) 3:1 (k)
f(ma, ... omp_15n1,...,n; —k,...,ng)kl

Proof. All injective mappings « : M — N, that
satisfy the condition (1), may be distributed into
classes depending on the order of a set doma N
M,,. The first component corresponds to the case
|doma N M,| =0.If [doma N M,| =k > 1,s0 we
are to draw k elements in equivalence class M,
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(this can be done in ("}”) ways), afterwards the
equivalence class N; is to be chosen, at which
these elements will be mapped, and, finally, in
N; the k images are to be chosen from drawn
clements from M, (this can be done in (%)
ways). The chosen elements from M, into the
elements from N; can be mapped in k! ways.
The mapping a can be determined on M\M, in

flma,.. k,...,ng) ways. O

Corollary 1. If equivalence classes My, ..., My
of a relation p on a set N are of corresponding
ordersni, ..., ng, N1+ - -+ng = n, so for an order

)
place: |IS$Lp)] = f(ni,...,nk_1;01,...,nK) +

Sy Mp—15MN15 - -+, T —

of a semigroup Ing the recurrent relation takes

2018, 1

ng k
n n;
i “)flna,. . meaina,. i gl
r r 1, sTUE—15701, sl Uk,
r=1 1=1

Theorem 3. Let equivalence classes My, ..., My
of the equivalence relation p be of orders ny, ...
ng, where ny + -+ + ni = n.

I

a) Semigroup IS%’)) contains all of idempotents
from IS ,,. In particular, it has 2" idempotents.
b) The amount of idempotents in semigroup 7;l(p)

. k n;
is equal t0)  1<myttmup<n | 11 Ai (m?), where
MI<NL e, ME <N !

A= iF
m T if g 0.

¢) The amount of idempotents in semigroup PTﬁ{’)

. k g
is equal 10y 0<my+-+myp<n | 111 Bi(['), where
mi<ny,...,mp<ny, !

> (mj+1)™, if mi =0;
By ={ j#
(m; +1)™7™, af m; # 0.

Proof. The transformation o € P7T, will be an
idempotent if and only if, when it operates identi-
cally on its range. ([1], Th. 2.7.2). It is obvious,
that S can not contain idempotents, that are
not idempotents of a semigroup S.

a) However every idempotent from ZS,, is
an identical transformation of its domain, so

it preserves all of the relations on N, and,
(p)

subsequently, belongs to every ZSy, . ZS,, contains
2" idempotents ([1], Cor. 2.7.3).

b) Let us count the amount of idempotents
a € Tp, for which |doman M;|=m,
t=1,...,k. In the equivalence class M; one may

chose m; elements in (:1’) ways. If m; # 0, so
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other elements from M; can be only mapped into
the set dom o N M;. This can be done in m;*~"™
ways. If m; = 0, then elements from M; can be
mapped into any set out of doma N Mj, j # i.
This can be done in ) m* ways.
1

To finish the pr(ﬁf, it is necessary to menti-
on, that the value of an idempotent « on different
equivalence classes M; is chosen independently,
and one may sum up by all of the possible sets
(doma N My, ...,doma N My).

¢) The proof is similar to the previous one,
but transferring from the 7, to PT, it is cruci-
al to account for several additional issues. First,
the idempotent in P7T,, can be identified nowhere,
that is why the sum mj + - -+ + my can be equal
to 0. Second, in = ¢ doma « can be unidentified,
that is why possible values for a(z) are more by
one, comparing to the case T,. O

If |M| < 2, then every equivalence relation on
M coincides with the equality relation or with the
total relation. So in such a case S®) = S always
holds. By Eq (M) we will be denoting the set of
all equivalence relations on a set M.

Theorem 4. Letn > 2.

a) The element o € IS, belongs to a semigroup

S1 N ISng) if and only if, when either

pEEq (N)

ranka < 1, or a is an idempotent, or o is a

group element of order 2. In particular, |S1|
3n(n—1)

2 4 sl

b) The element o € T, belongs to a semigroup

52 ﬂ n(P)
pEEq (N)

or a is a unit element € of a semigroup T,. In

particular, |Sa| =n + 1.

c) S N PTY = $5U{a € PT, |

pEEq (N)
ranka = 1}. In particular, |Ss|=2"(n+1)+

if and only if either ranka = 1,

n(5n—1)

2

Proof. It is important to notice, that in each semi-
group of transformations S of elements of a rank
< 1 preserve all equivalence relations, so they
belong to each semigroup S®). That is why it is
important only to verify which elements of rank
> 2 belong to ﬂS’(p).

P

a) In ZS, each idempotent is identical
transformation of its domain, so preserves equi-
valence relation and belong to Sy. If a is noni-
dempotent group element of rank 2, then dom a=
im a = {a,b} and a(a) =b, a(b) = a. No matter
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whether a and b belong to same equivalence class
of relation p, or different ones, o preserves this
relation and therefore belongs to S7.

Let now element a of rank 2 be not a group
element. Then dom « # im «. It implies that «
does not preserve equivalence relation, which has
one equivalence class dom «, and the other classes
consisting of one element. Hence a &€ 5.

Eventually, let ranka > 2 and a be not an
idempotent. Then there exists such a € dom «,
that a(a) # a, and b € dom «, that o(b) # a.
Therefore o does not preserve equivalence relati-
on, with one equivalence class {a, b}, and the other
classes consisting of one element. Hence, o & 5.

ZS,, contains 2" idempotents, n(n — 1) noni-

n(n—1)
2

dempotent elements of rank 1 and noni-

dempotent group elements of rank 2. Therefore
1S1] = 2" + n(n — 1) 4+ Mol — gn y Sn(n]),

b) Primarily we will be observing the case,
when a € 7, is different from ¢ element of a rank
> 2. Then there exists such a, that a(a) # a,
and the condition ranka > 2 implies that there
exists such b, that a(b) € {a,a(a)}. But then «
does not preserve equivalence relation, which has
one equivalence class {a,b}, and the other classes
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consisting of one element. Hence a & 5.

Let rank o = 2, the image of « is {a,b} and
ala;) = a, a(by) = b. While n > 2, so without
losing the generality we can consider that there
exists such as # a1, that a(az) = a. We will
be denoting by p; the equivalence relation, whi-
ch has one equivalence class {a;,b1}, i = 1,2, and
the other classes consisting of one element. Hence,
a({a;,b1}) = {a,b}, then a does not preserve at
least one of these relations. So, a & Ss.

So Sy contains only elements of rank 1 and
unit element € from the semigroup 7,. Then in T,
there are n elements of rank 1, so |S3| =n + 1.

¢) It is obvious, that S3 O Sy. By considerati-
ons, similar to the part b), it can be proved that
elements of a rank > 1 from P7T,, ~ ZS,, do not
belong to the semigroup Ss. This proves the first
part of the proposition c¢). It is left to count the
amount of elements of rank 1 from P7T,, that do
not belong to ZS,. However, every transformati-
on of rank 1 is a mapping of some nonempty
subset from N into one of elements from N, so the
amount of these transformations of rank 1 will be
n(2"—n—1). Therefore |S3| = |S1|4+n(2"—n—1) =
27(n 4 1) 4 20221, 0

References

1. GANYUSHKIN, O.,MAZORCHUK, V. (2009)
“Classical Finite Transformation Semirgoups.
AnlIntroduction”, Algebraand ApplicationsVol.
9, Springer—Verlag, London, 340 p.

SUN, L., PEI, H. (2009) “Green’s Relations
on Semigroups of Transformations Preservi-
ng Two Equivalence Relations”, Journal of
Mathematical Research & Exposition 29,
No.3, pp. 415-422.

. ARAUJO, J., KONIECZNY, J. (2004) “Semi-
groups of Transformations Preserving an
Equivalence Relation and a Cross-Section”,
Communicationsin Algebra, 32, pp. 1917-1935.

. SUN, L. (2013) “A partial order on
transformation semigroups that preserve
double direction equivalence relation”, Journal
of Algebra and Its Applications 12 No.8.

. PEIL, H., ZHOU, H. (2011) “Abundant Semi-
groups of Transformations Preserving an
Equivalence Relation”, Algebra Colloquium
18, No.01, pp. 77-82.

Received: 11.06.2017



Bicnux Kuiscvko20 HayuionaabH020 YyHigepcumemy Bulletin of Taras Shevchenko

iment Tapaca Ilesvwernra 2018, 1 National University of Kyiv
Cepia: Pizuro-mamemamusti HaYKY Series: Physics & Mathematics
YAK 519.17
M.A. Hynenko M.A. Dudenko
7 . .. - Leaf-constructed unicyclic graphs
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Bsedeno nonamma ckonempytiosano2o ma AUCMK080 CKoHCmpyliosanozo 2paga 3a donomozon one-
payit dodasarns pebpa. 3anescro 6id muny 3’ €OHAHNA ONUCAHO YMOBU, 34 AKUL YHIUUKATWHUT 2pad
G, wo e aucmroso cxoncmpytiosanum 3 depesa T, mae mempuuny posmipnicmsy 2 ma 3.

Knowo6i crosa: yHivukaiwti epadu, MEMPUYHG POSMIPHICTNG, MEMPUYHUT 6a3UC, AUCTIKOBO CKOH-
cmpytiosani epagu.

A metric dimension of graph G is the smallest size of a subset S € V(G) that elements can
distinguish each vertex pair of G by the shortest-path distance to some vertex in S. Metric dimension
as a graph parameter has numerous applications, such as pharmaceutical chemistry, robot navigation,
network discovery and verification, sonar, combinatorial optimization, and was also studied for graphs
with high degree of symmetry.

The metric dimension decision problem is among the classical NP-hard problems. But for some
families of graphs the metric dimension can be computed in polynomial time. For example, formulas
for metric dimension are known for specially structured graphs, such as trees and hypercubes. In the
paper we present the concept of constucted and leaf-constructed graph with the help of the operation of
an edge addition. Depending on the connection type, we give the conditions under which the unicyclic
graph G, which is a leaf-constructed from the tree T', has metric dimension 2 and 3.

Key Words: unicyclic graph, metric dimension, metric basis, leaf-constructed graphs.

Communicated by Prof. Kirichenko V.V.

1 Bcryn Bux 3acobax Hasirarii. Mesrep 1 Tomecky [4] Bus-

qaji METPUIHY PO3MIpPHICTH JJjisi rpaddiB-CiTOK.
Koxkna wmepexka Mmoxke OyTu HpeJcTaBleHa AK Bizomo, MmO OOGYHC/IEHHS METPHYIHOI PO3MipHOC-
rpad, y sIKOMy BEpIIMHU POSIVISIAIOTHCA K IPO-  Ti g fgoBiabHOoro rpada € NP-paxkkoo mpob-
necopu, a pebpa MiXK JBOMa JIOBUIBHUMH BEPIIA-  jieMoto [5], TOMY B 6araThox Mpamgx JOC/TizKYeTh-
HaMM IHJIYKYIOTb 3BsI3KM MiK mnporecopamu. Y  cg MEeTPUYIHA PO3MIPHICTh KOHKPETHUX KOHCTPYK-
npani (1] Kynep posriaazas mapiramiio gx rpa- i rpadiB Ta onepariii Haj HUME (JE€KAPTOBOIO,
Gbiuny crpykTypy, B sKiit poboT pyXa€Tbes BiAL excukorpadiunoro Ta kKopona mobyTkis). Tak, y
BEPIIMHK JIO BEPIIMHU B rpadoBOMy HPOCTOpPL.  crarti [6] BuBesieHO O1iHKY METPUIHOT PO3MIPHOC-
B nesnuii MoMeHT Yacy poOOT MOXKe BUBHAYUTU Ti yHirmukiaignoro rpada G, OTpIMAHOro 3 Iepesa
CBOE MICIIE3HAXO/KEHHSI 33 JOIIOMOIOI0 BEPIIUH- T 33 JIOIIOMOTI'OIO JIOJTaBaHHS pe6pa; dzm(T) -2
opienTupiB. AKIo poboT 3HAE BiACTAHb 10 JOCTAT- dim(G) < dim(T) + 1. Bignosinno, sikimo jepe-
HBOI KIJIBKOCTI OPIEHTHPIB, TO HOro posraiiyBal- po T Ma€ METPUYHY PO3MIPHICTB 2, TO BUKOHYETh-
Hsl BU3HAYA€ThCs oHo3Haqno. [Tocrana npobnema  ca nepismicts 0 < dim(G) < 3. Ockinbku, 3rij-
B 3HAXO/I?KeHHI MIHIMAJIBHOI KIJIbKOCTI OPIEHTHPIB  Ho npami [7], MeTpuuna posmiphicts G 1opiBHIOE
Ta IX pO3TallyBaHHi B Mepexi, mob pobOT Mir 3aB- 1 Toni i TiALKM TOJi, KOJIM BiH € JIAHIJIOIOM, TO
JKJIM BUBHAQYUTHU CBOE Miclle3Haxo/KeHHsd. Busp- mvarumemo mepiBaicTs 2 < dim(G) < 3.V na-
JIAETHCsI, 1O MiHIMa/IbHA KUILKICTH OPIEHTHPIB €  miii cTaTTi OMECAHO YMOBH, 33 SKUX yHIIIMK/TiIHII
METPUYHOIO PO3MIPHICTIO B rpadoBoMy mpocTopi, rpad G, IMCTKOBO CKOHCTpyHOoBaHU# 3 nepesa T’
HOHATTSA AKOI Oys10 BBesiene Xapapi ta Menrepom  (dim(T) < 3), mae MeTpudny posmipmicTs 2. Big-
B [2|. Ciarep y cBoiii npar [3] onucas KOPUCTD i€l [oBigHO OXapAKTEPU30BAHO TUIN 3'€HAHHS, [IPU
MONTYKY METPUIHOI PO3MIPHOCTI B JIOBITOTEPMIiHO-
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SIKUX oTpuManuii rpad G Mae METPUIHY PO3Mip-
HICTDH 3.

2 OcHoBHiI o3HayeHHsI Ta HeoOXigHiIi TBep-
IXKEHHS

Hexait G
HEOpIeHTOBHUI rpad 3 MHOXKHHOK BepumH V,
|V] < oo 1 mEOXKHHOIO pebep E.

(V,E) — upocruil, ckiHYeHHHii,

Osnavennsa 2.1. s u,v,w € V BepumHa u pos-
dinsA€e BEPIIUHA ¥ 1 W SIKIIO HARKOPOTINA BiJICTAHB
MiXK 4 1 v BiIpi3HSETHCS BiJI BiICTaHI MiXK u Ta w.

Osnavenna 2.2. Iinmuoxkuna M C V Ha3uBa€Th-
csa  MmempuuwHum 2enepamopom Tpada G GKINO
OyIb-Ky Iapy BepHimH w,v € V po3miase xoda
6 onma BepmmHa u € M.

Baysakumo, 1mo MHOxkuHA BepummH V(G) €
METPUIHUM T'eHEpaTOPOM It caMol cebe.

Osnavennsa 2.3. Merpuunuii renepatop rpada G
MMOTY?KHOCTi, HaWMEHINOI cepes] YCiX MOXK/IUBUX,
HA3UBAETHCS MEMPUYHUM OA3UCOM, & TTOTO TTOTY K-
HITb — MEMPuuHoto posmipricmio rpada G 1 1103-
nHadaerbest dim(G).

Sk 3aznavasoch B crarTi [8] oueBuHIM € TOI
dakT, 1o MeTpuuHuil 6a3uc icHy€e 1151 OYIb-TKOTO
rpada Ta He € yHiKajgbHuM. Harpukiia, Jijist mpo-
CTOrO JIaHIora P, 3 MoYaTKoOM y BepliuHI % Ta
Kinnewm y BepmuHi v migmuokuan {u} ta {v} 6y-
JIyTh METPUYHUME OA3UCAMU.

Haranaemo, mo creninb Bepuman degg(v) —
e KiJbKicTh pebep, Imo it iHIuIeHTHi.

Osnavenns 2.4. s nesikoro rpada G aucmxom
Ha3WBAEThCS BEPIINHA, IO Mae cremninb 1. Bep-
muHa v € eHympiwHvoro sximo degg(v) > 3.
Buyrpimms Bepiuna v 6ausvka do aucmika | SKIIO
HEMAa€ BHYTPINTHIX BEPIIUH B HAHKOPOTIIIOMY LIS
Xy, 110 3’eauye v i [.

B mnonepeanix crarrax ([9], [10], [11]) 6ymo
BBEJIEHO TIOHSATTS 1-JTMCTKOBOI Ta 2-JIMCTKOBOI BEp-
[IXH. Y3araJbHUMO HOTO JJis JOBiJIbHOI KIJIbKOCTI
JINCTKIB.

Osnauenns 2.5. Jlas gesaxoro HATYPAIbLHOTO N
BHYTPIIlIHA BEPIINHA HA3UBAETHCS N-AUCMKOBOIO
SKIO BOHA OJIM3bKa PIiBHO 0 N JUCTKIB.

Osnavenna 2.6. Ilpocruit rpad HA3UBAETHCS YHI-
UYUKATYHUM, TKITO BIH MICTUTH PIBHO OJIMH ITUKJI.

2018, 1

15

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

Hexait G = (V, F) — yuinukiiuauii rpad ta
V — MHOXKHUHA BEpIINH UKy JIAHOTO Ipada.

Osnavenns  2.7. ToBopurumemo, 10  BepIIHHA
u €V \ 1% rpacda G mpoexmyemuves B BEpIIU-
HY W € V AKINO JJISI JOBiJIbHOI BEPIIMHHU ¢ € V
BUKOHYETHCS HEPIBHICTD:

dg(u,w) < dg(u, q).

Bepmunu cremenst 3 mukiy, B AKi IIPOEKTY-
IOThCSI BEPIIUHU CTEIeHs 3, 10 JIeXKaTh 11038 UK~
JIOM, HA3UBATUMEMO OCHOGHUMU.

Osnavenns 2.8. [9] Yuinukiaiunwuii rpad G Ha-
3MBAETLCA NAPHUM AKIIO ICHYE TaKe HaTypasb-
He k, ]IS sIKOI'O \V\ = 2k, i nenaprum KO
V| =2k +1.

Osnavernnsa 2.9. [11] Yuinukniaanit rpad G, 1o
MICTHUTBH JIUIE OJHY OCHOBHY BEPINUHY, & PEIITa
BEPINUH UKy MalOTh CTEHb 2, HA3WBATHMEMO
MIHOPHUM TPacdOM.

Hexait G — ywuinukiaiuauit rpad i G — iio-
ro miarpad, o € iI30MeTPUIHIM IIPOCTOMY ITUKJTY

Ck.

Osnavenns 2.10. 9] Yuinmkiaiuawuii rpad G na-
3UBAETHCST OA3UCHUM 2Paghom SKIO BUKOHYIOTHCS
Taki yMOBH:

G

1) miust  JoBLIBHOT rpada

deg, < 3;

BepminHua v

2) G MicTUTh PIBHO JBI OCHOBHI BEPIINHHY;

3) B KOXKHY OCHOBHY BEDIIHHY MOYKE IIPOEKTY-
BATUCh PIBHO OJIHA 2-JIMCTKOBA BEPIINHA;

4) G MicTuTb JIMIIE OCHOBHI BEPIINHI CTEICHS

3.

Hexait G1 = (‘/I;El) iGy = (‘/Q,EQ) — JIBa
npoctux rpacdu. Hexait v1 € Vi ta ve € Vo. I'pad
G = (V1 UVy/ ~, E1 U Ey) Ha3uBaATUMEMO CKAEI0-
sarmam rpadis G i G 110 BepmuHaxX v1 1 V9.

Osnavernnsa 2.11. 9] Hexait G — 6a3ucunit rpad.
[TosraumMmo 4vepe3 u i v OCHOBHI BepmuHU T'pada
G1. Yuinukmiganit rpad G Ha3uBaeTHCS 00M.A€ME-
HHam rpada G1 nanmoramu Lq, ..., L, skmo G
yTBOpeHnit 3 (G CKIICIOBAHHSIM BEPIITUH CTETICHST 2
[UKJTY 3 KiHISIMA JaHIoriB Ly, . . ., L, TakuMm qu-
HOM, II[0 KOKHA BEPIITUHA CTEIEHs 2 CKJICIOETHCS 3
KIHIIEM JIUIIE OJHOTO JIAHITIOTA, 8 TAKOXK JIJIsi Oy 1b-
KOl 1-JTMCTKOBOI BEPIIMHU W Ta CYMI2KHOI 3 HEIO
BEPIIUHU G MAa€ MICIle HEPiBHICTD:

da(u,v) +dg(v,w) + 1 # dg(u, a).
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Jlema 1. [9] Henaprud ynivuraivnud epad G, wo
MICTUMD 081 OCHOBHI BEPWUMHU, MAE METMPULHY
poamipHicms 2 modi i MiAbKU Mmodi KU SUKOHY-
EMBCA 00HG 3 YMOG:

1) G — 6asuchuli epagh;

2) G e obnaemennam deaxozo basucrozo epada

Gi.

Hapruti yniyuxsiunut 3 060Ma OCHOBHUMU GED-
WUHAMY A \V! 2k mae mempuuny po3mip-
Hicmb 2 modi © MiAbKY Modi KOAU BUKOHYEMBCA
odna 3 suweszadanur ymos ma d(u,v) # k.

B crarri [11] 6y710 BBEIeHO 1HIIY KOHCTPYKITIIO
obrrerents rpadis.

Osnavenns 2.12. [11] Yuinuknivuauii rpad G Ha-
3UBAETHCS 4aCcmKkosum obnaiemennam rpada G,
o € yHirmukaiaauM rpadom (abo mpocTuM IMK-
JI0M), staHmoramu Ly, . .
(G1 CKJICIOBAHHSIM BEPIIUH CTEIEHsI 2 MUKJIY 3 KiH-
IIAMUA JAHIOrB L1, ...
IIIMHA CTEIEeHsI 2 CKIIEIOETHCA 3 KIHIIEM JINIIIE OJIHO-
ro JIAHIIIOTA.

., L, sixmmio G yTBOpEHMii 3

, Ly, IpudoMy KOXKHa Bep-

Jlema 2. [11] Hexatt G — yniyukaiunui 2pad,
wWo Micmums He biavuie 00Hiel 0cHo8HOT eepuuiu-
nu. I'pagp G mae mempuvwny posmipricms 2 mo-
di 1 miavku Modi, KOAU 6IH € YacCMKOGUM 00-
naemernam npocmozo yuxay Cp abo wacmrosum
obnaemenHam Mminoprozo epagpa G sanurozamu
Ly,...,L,.

[Toznaummo cuMBOJIOM N, KiMBKICTH JIMCTKIB,
A7 IKUX U € BHYTPIITHBOIO BEPIIHHOIO.

Jlema 3. [12] Axwo T — depeso (ne aanyroz), mo
dim(T) =3 ,eyn,>1 (o — 1).

BukopucroByioun mgane TBEpI2KEHHS, MOKEMO
copMmysIoBaTH yMOBH, 3a SKUX METPUYHA PO3-
MipHicTH JepeBa Oyie mopiBaioBaTu 2. Mage micie
HaCTYyIIHA T€OPEMa.

Teopema 1. Jlepeso T mae mempuuny po3mip-
nicmo dim(T) = 2 modi i miavku modi Koau y
HBO20 HEMAE HCOOHOT BEPUWUNHY CTNENEHA DIAbWO-
20, Mioc 3, icnye abo auwe 00Ha 3-AUuUCmKO8a 1
HCOOHOT 2-2ucmxo60i, abo 061 2-AucmKkosi 6epuULU-
Hu. 3oKpema, He ModHce ICHYBAMU PIGHO 00HG 2-
AUCNMEOBA, BEPULUHA.
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Proof. Hexait T'— nepeso i dim(T') = 2. IIpunyc-
TUMO, O 1 He MICTUTH BEPIIUH CTEIEHA CTPOTO
6inbiroro, uixk 2. Toxi T’ € nanmiorom i 3riguo 3
pesynbratoM crarti [7] dim(T) = 1. Orpumasnn
cynepeunictb. Orxke, rpad T MicTuTh TpUHAKMHI
OJIHY BEPIUHY CTeleHs 3.

Hexait T' MmicTUTDb BEepIIuHy W, IO Ma€ CTEMIHD
4. Tomi MOXKIMBI Taki BUITAIKH:

1) w— enuua BHYTpimHs BepumHa. Toi Tt Bij-
nosigae 4 qucrku. 3a jemoro 3 dim(T) = 3.

2) w — BepmmHa crenens 4, k — 2-1ucTKOBa
BepIIuHA. 3TiIHO 3 JeMoo 3 710 H6a3ucy moT-
pPIOHO B3SITM TPU JIUCTKH, IO € OJIM3LKUMU
10 w 1 oguH JIMCTOK, Oiusbkuit 10 k. Orpu-

masn Ty camy pisaicts dim(T') = 3.

OtKe, BCl BEPIIMHY JIepeBa MaiOTh CTEIIHb, 0 HE
IIepeBUIILYE 3.

BayBaxkuMo, IO JOBiabHE JepeBo 1 3
dim(T) = 2, sike He Ma€ BepIIUH CTerneHsi OlJib-
oro, HIXK 3, HEe MOXKe MaTH PIBHO OJHY 2-
JIMCTKOBY BepmmHy. [Ipmmyctnmo, mo Taka Bep-
muna w icuye. Tomi deg,, = 2 abo deg, = 3. B
IIepIIOMy BUMAJKY 3TiTHO O3HAUEHHS 2.5 W Mae
OyTU BHYTPIIIIHLOIO, TOMY Ma€ BUKOHYBaTHUCh yMO-
Ba degy > 3. B npyromy Buiaky $KIIO perrra
BepIUH JiepeBa 1 MalOTh CTENiHb MEHINH, Hixk
3, To w
Oyzae 3-nuctkoBoro. ZKIo icHyBaTuMme 1ie xo4a 6
OJTHA BEPIINHA U CTEIeHs 3, TO u OyIe TaKoXK 2-
JINCKOBOIO. B ycix BHUMaJIKaX OTpUMAIN CyIeped-
HICTb.

IToxkaxkemo, mo y 1T He Moxke OyTu OliIbIe
aBox 2-yimctkoBux BepmmH. Hexait T Bce K Mae
TPpHU 2-JINCTKOBI BEPIIMHU V1, V9, V3. LOMII 3rigHO 3
JleMoio 3 10 6a3mcy mOTpiOHO B3ATH O OJTHOMY
JIUCTKY P1,P2,pP3, U0 € OIM3HEKIMI a0 U1, V2,03
BianosinHo. B npomy sunagaky dim(7T) = 3. Orike,
B JiepeBi T’ MoOxKe iCHyBaTH PiBHO JIBI 2-JIMCTKOBI

— €JMHa, BHYTPIINIHA BEPINUHA, & TOMY

BEPIITIHU.

Jlosememo B immty cropony. Hexait T — nmepe-
BO, 1110 HE MAE BEPIIHUH CTEIEHs] CTOPOro OUIBIIOrOo,
ik 3. Ilpuyomy cepen Bepruu crerens 3 icHye
He OlbIre JBOX 2-JUCTKOBHX. 101 FAKINO Trpad
MICTUTH PIBHO OJIHY BEPIIUHY W CTeNeHs 3 1 He
Ma€ YKOMHOI 2-JIMCTKOBOI BEPINHUHH, TO W OJIU3b-
Ka 10 TphoX JucTKiB. OT:Ke, 3rigHo 3 JjileMon 3
dim(T) = 2. Y Bunagxy xoim B jepesa 1’ icHye
7. BHYTPIIIHIX BEPIINH, IPUYOMY JBI 3 HUX € 2-
JINCTKOBUMHM, & PEINTa N — 2 MalOTh IO OJHOMY
muctky, dim(T) = 2 3a Ti€to )k Taku gemMoo 3. [



