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NONASYMPTOTIC BOUNDS ON RETURN DEGRADATION FOR OBD-PRUNED NEURAL
CONTROLLERS

Deep reinforcement learning (RL) has delivered striking results across domains ranging from games to robotics, yet the
resulting controllers frequently comprise millions of parameters — far beyond the memory, latency, and energy budgets of em-
bedded platforms such as quadrotors, mobile manipulators, and on-board microcontrollers. Pruning offers a practical path to
deployment by removing parameters while preserving accuracy, but a fundamental question remains open for control: how much
does pruning degrade closed-loop return? A theory is developed that links parameter-space perturbations produced by pruning
to return degradation in a discounted MDP, without relying on global curvature of the training loss. The starting point is a tight,
policy-level inequality: we show that the return gap |J(=') — J(r)| is controlled by the statewise total-variation (TV) distance
between the original and pruned policies. This TV-based bound follows directly from the performance-difference lemma and a
bounded-advantage argument, and admits a KL variant via Pinsker’s inequality. To connect this policy shift to the magnitude of
pruning, we provide two complementary routes. First, at a locally optimal policy, a second-order Taylor expansion of the policy
probabilities yields an OBD-style bound. Second, recognizing that a global Hessian is infeasible for modern models, we invoke
a layer-wise robustness theorem for ReLU MLP controllers. Practically, the bound enables pre-pruning budgeting, post-pruning
validation, and principled layer allocation. Conceptually, it bridges compression and safe policy improvement: the same TV/KL
machinery that underlies trust-region methods now certifies pruning steps in deep RL. Overall, the results provide the first end-
to-end, scalable framework to translate pruning actions into behavior-level guarantees for deep RL controllers, enabling reliable
compression under tight on-board constraints.

Keywords: deep reinforcement learning, neural policies, optimal brain damage pruning, safety certificates, compres-
sion.
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Introduction

From mastering board and video games — Go (Silver et al., 2016), Atari (Mnih et al|, 2015), Dota 2 (Berner et al,
2019), and StarCraft Il (Vinyals et all, 2019) — to producing agile locomotion in simulation (MuJoCo) (Todorov, Erez, &
Tassa, 2012) and dexterous visuomotor manipulation on real robots (Levine et all, 2016; Andrychowicz et all, 2020; Black
et all, 2025), recent breakthroughs have been powered by deep reinforcement learning (RL). The policies behind these
systems typically contain hundreds of millions to billions of parameters, a scale that accelerates learning and robustness
but clashes with deployment realities: limited on-board memory, tight real-time latency, and strict energy budgets on plat-
forms such as quadrotors, mobile manipulators, and autonomous vehicles. This mismatch makes model compression —
especially parameter pruning — an indispensable step for bringing RL controllers out of the lab and into embedded, safety-
critical settings. Second-order pruning methods such as Optimal Brain Damage (OBD) (LeCun, Denker, & Solla, 1989)
and modern calibration-based approaches like SparseGPT (Frantar, & Alistarh, 2023) offer effective reductions in model
size, yet their impact on return remains poorly understood. Motivated by this gap between empirical practice and provable
guarantees, we develop bounds that translate parameter perturbations into certified limits on performance, building on the
performance-difference framework (Kakade, & Langford, 2002; Schulman et al!, 2015) and recent layer-wise robustness
analyses (Shamrai, 2025).

The contributions of the paper are following: (i) a unified performance—difference bound: we start from the classical
Kakade—Langford lemma and derive a tight upper bound on the return drop in terms of the total-variation (TV) distance
between the original and pruned policies (Theorem B); (ii) Second-order link to OBD: via a Taylor expansion we connect
the TV distance to the diagonal Hessian scores used by OBD, producing the first explicit refurn guarantee that scales
with the standard OBD metric (Corollary B); (iii) scalable, Hessian-free certificate: to avoid a d x d global Hessian, we
incorporate a recent layer-wise robustness theorem and obtain a /ayer-local bound linear in the /> norm of the pruned
weights (Corollary J).

Our analysis bridges two previously disconnected areas: the neural network compression, which focuses on reducing
model size but seldom reasons about downstream control metrics and the safe RL, which studies return-sensitive modifi-
cations but rarely addresses large-scale pruning (Gu et al), 2024)). The resulting framework enables practitioners to prune
deep RL policies with performance certificates, paving the way for resource-aware yet reliable autonomy.

1. Preliminaries

Fundamental notations are: discount factor: v € (0, 1) controls the importance of future rewards; v~ 1 encourages long-
term planning, whereas small v focuses on immediate gains; state & action spaces: S and A are finite sets of states and
actions; dynamics and rewards: P(s'|s, a) is the state-transition kernel and the reward is bounded: 0 < r(s,a) < Rmax < 00
for all (s, a); norms: bold symbols (e.g. x) denote vectors, || - |1 and || - ||> are the usual ¢; (sum) and ¢ (Euclidean) norms;
probability simplices: A(A) denotes the set of all distributions over A; we treat probability distributions as column vectors
whose entries sum to 1 (both norm and linear algebra notation apply seamlessly).

Definition 1 (Markov Decision Process). A Markov Decision Process (MDP) is the tuple (S, A, P,r,, p), where p is the
distribution of the initial state so.
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Definition 2 (Policy). A policy is any measurable mapping 7 : S — A(A), s +— 7(-|s). We write a ~ 7(-|s) when sampling
an action from  in state s.

A pruned policy 7' is obtained from a given neural policy 7 by setting a subset of network parameters to zero using
Optimal Brain Damage (OBD) (LeCun, Denker, & Solla, 1989). We use 7’ = 7, to emphasize the new parameters ¢’.

Definition 3 (Value, action-value, and advantage). For any policy = and state-action pair (s, a),
Vﬂ(s) = Ex [Z:io 'ytr(st,at) ’ S0 = 5]7 QW(S,G) = Ex [Z;ﬁo ’ytr(st7at) S0 = 8,00 = a],

A" (s,a) == Q" (s,a) — V" (s).

Intuition. V™ (s) is the expected return starting from s when following 7; Q™ (s, a) is the same, assuming we first force
action a. The advantage A™ measures how much better (or worse) a is compared to the average prescribed by  in s.

Definition 4 (Discounted visitation distribution). The discounted state visitation under = is

d"(s) = (1—7)Y ' Pr(s; =s|mp),

t=0
which places more weight on states visited earlier in an episode.

Definition 5 (Expected return (performance)). Given an initial-state distribution p, the (discounted) expected return of policy
T is
- 1
J(m) = Esgmp[V7(s0)] = T Eswdr, ann(-|s)|r(s,a)],
where the second equality is a standard identity obtained by unrolling the definition of d™ in Def. . For a pruned policy =/,
we write J(7') analogously.

Definition 6 (Total variation and KL divergence). For distributions p,q € A(A),

Drv(p,q) : Z Ip(a D (pllg) : ZP Z

acA acA
Lemma 1 (Performance—difference lemma (Kakade, & Langford, 2002)). For any two policies m, ',

1
J(r') = J(n) = T E, o Eann [A™(s,0)].

We parameterize the policy by 8 € R? and write 5. Pruning removes parameters to reduce memory and inference
cost. Formally, let m € {0, 1}d be a binary mask and define the pruned parameters ¢’ := m ® 6 (Hadamard product). The
parameter perturbation is § := 6’ — 0 = (m — 1) ® 6, so that §; = —0; for pruned indices and 0 otherwise. For layered
networks we also use layerwise notation {W,, b,}}_, and masks M, so that Wy = M, ® W,.

Optimal Brain Damage (OBD) selects weights to prune by minimizing a second-order approximation to the post-pruning
loss. If h; > 0 denotes the ith diagonal entry of the Hessian of the loss (or a suitable layer-local surrogate), the saliency
of weight 6; is s; := h;#7. Under a global sparsity budget = € (0, 1) (or a target of k weights), OBD prunes the indices
with the smallest s;, yielding 0’ that (approximately) minimizes the predicted loss increase subject to the budget. In the
sequel we relate this parameter change ¢ (or layerwise ||§Wy||2) to changes in the behavior of the policy, quantified by
Dry(n'(- | s),m(- | s)) and ultimately by the return gap |J(n") — J()|.

To connect small parameter perturbations to changes in the controller’s outputs, we rely on the following deterministic
robustness result for single-layer pruning in feed-forward ReLU networks. It upper-bounds how a perturbation of layer &
propagates to the policy output via a product of spectral norms of the unpruned layers.

Theorem 1 (Robustness of an OBD-pruned policy (Shamrai, 2025)). Let 7(-;©) be the L-layer MLP controller
zo = 8, x=o(Wexe—1 +be), £=1,...,L, T(s;0) =zr,

with ReLU-type activations o, and weights © = {W,, bg}gL:l. Suppose layer k is pruned, giving W\k = Wi + W, and
© = O + 60O. Then, for every input state s € X,

I7(s:©) = 7(s:®)||,, < lloWill2(Is ||2H|\We||2+2 1T Iwleliol ) < (1)
Z#k = lé€;+1
k—1 L
< Wiz (‘suplls quuwean [T welzliballz) - @)
l;ék = Me;?étl
=: Cmax
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Consequently, the control-error bound in (f) can be summarized as B (6©) = Crax||0Wik||2.

2. Results
Theorem 2 (Return difference via total variation). In any finite MDP with r € [0, Rmax] and discount -,

I = I < G B [P ). 7 19)].

Corollary 1 (KL-based version). Combining Theorem [ with Pinsker’s inequality gives

[I(x') — J(m)| < % E, o [\/sDe(wl) -

A simpler (conservative) worst-case bound is obtained by replacing the expectation with a supremum over s.

Corollary 2 (OBD performance bound). Let my« be a locally optimal network policy with vanishing first derivatives, that is
Vomo+(a|s) = 0. Prune weights P C [d] to obtain ' = 60* + 6, §; = —0} fori € P. If each 0+ my(a|s) is C* with bounded
third derivatives, then Rinax

|J(7T9/) - J(ﬂ'e*)‘ < WSOBD + O(H(;”g)?

where Sosp = D ;cp [Z(sm hi“’s)]ei*z is the sum of diagonal Hessian scores used by OBD (LeCun, Denker, & Solla,
1989).

Intuition. Sogp is precisely what OBD minimises; the corollary states that, for small enough pruning, the drop in return
is linear in that score.

The diagonal entries 2{**) in Corollary B come from the global Hessian H,, , € R?*¢, where d~10° for contemporary
vision or language policies. Even storing H,_, is infeasible, let alone computing it for every (s,a). SparseGPT (Frantar, &
Alistarh, 2023) circumvents this by optimising a simple quadratic objective %HXW—YH% layer by layer, whose Hessian X T X
is small and easy to invert. Thus curvature is captured /ocally while memory scales linearly in the number of parameters.

Corollary 3 (Return bound via layer-local TV (single pruned layer)). Assume the setting of Theorem [ and that the pol-
icy head mapping the final network output to action probabilities is 1-Lipschitz in {2 (e.g., a softmax over logits) so that
w(- | s),7'(- | s) € A(A) with A := | A| < co. Then
Rmax \/Zcmax
(1—=7)?
The corollary leverages the layer—wise output perturbation control from Theorem fi] to upper bound the statewise policy
shift in total variation, and then propagates this shift to a guaranteed return bound via Theorem B. The certificate is: (i)
linear in the pruning magnitude ||6W}||2; (ii) dimension—free with respect to the total parameter count; and (iii) dependent
on the action—space size only through v/A. A less conservative, distributional variant replaces sup, by E__ - [], yielding
the same scaling but with Crax multiplied by an average instead of a worst—case factor. For multiple pruned layers, a
triangle—inequality extension gives ||’ — 7ll2 < 37, o O&’Q&H(SW;CHQ, leading to an additive bound on the return gap.

|J(x") — J(m)| < [[oWe|[,-

Discussions and conclusions

We studied the effect of pruning on the behavior of deep RL policies, providing performance guarantees that are both
interpretable and scalable. Our analysis starts from a policy-level quantity and ends with a certified bound on the return gap,
avoiding any direct reasoning about nonconvex training losses. We derived a TV-based performance bound (Theorem [)
that upper-bounds |.J(7') — J ()| through the state-wise policy shift Dry(n’, 7), with a KL variant via Pinsker (Corollary f),
connected TV to second-order parameter perturbations at an optimal policy, giving an OBD-style certificate (Corollary B,
eliminated the intractable global Hessian by invoking a layer-wise robustness result (Theorem i), which yields a tight,
layer-local estimate of probability shift; combined with Theorem B, this produces a practical, dimension-free return bound
(Corollary ). Together, these results form a pipeline

pruning magnitude (||6Wx|l2) = Dy (n',7) = |J(x') — J(7)|

that scales to modern policies without global curvature estimation.

The bound depends on (a) the pruning magnitude ||6W||2, (b) a computable robustness constant Crmax (product of
layer spectral norms and input bounds), and (c) the action-space factor v/A. Each quantity can be estimated once per
model (via power iteration and a calibration bound on ||s||2), enabling pre-pruning budgeting and post-pruning validation
with negligible overhead. The certificate is additive across pruned layers by triangle inequality, which supports iterative or
structured pruning schedules.

Our guarantees are worst-case and may be conservative if Crnax is dominated by a small number of large spectral
norms or by a loose input bound sup, .  ||s||2. The v/A dependence is inevitable for ¢> — ¢, conversion, but can overstate
degradation in highly peaked policies. Finally, the theory assumes a 1-Lipschitz policy head (e.g., softmax or bounded
continuous control) and does not exploit environment-specific mixing or structure beyond bounded rewards.
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IHcTuTyT MaTemaTtukn HAH Ykpainn, Kuis, Ykpaina

HEACUMMNTOTUYHI MEXI NMOTPLUIEHHA ,D,I/ICKQHTOBAHO'I' KYMYNATUBHOI BAHArOPOAU ANs
OBD-NPOPIIXXEHUX HEMPOHHUX KOHTPOJIEPIB

OcmaHHiIM Yacom 2n1uboke Hag4yaHHs 3 nidkpinneHHsMm (RL) npodemoHcmpysasio npuaosomMwiuei peysnbmamu 8 2asy3six eid icop do po6omo-
mexHiKu, 0OHaK ompuMaHi KOHmMpoJsiepu Yacmo Micmsimes MinbUOHU Napamempie — 3Ha4Ho 6inbuwe 3a 06MeXeHHs nam’simi, 3ampumkKu U eHepa2ocno-
JKueaHHs1 e6ydoeaHux niameopmMm Ha Kwmanam kKeadpokonmepie, MobinbHUX MaHinynsmopie i 6opmoeux mikpokoHmponepie. [lpopidxeHHs
(pruning) nponoHye npakmu4Huli wisix o po32opmaHHsi, Uny4aroyu napamempu 6e3 empamu moyHocmi, ane A1 cucmeM KepyeaHHs TUWaemb-
cs1 sidokpume ¢hyHOamMeHmarsnbHe 3anumaHHsl: HacKinNbK1 NpopiaXeHHsA noriplye 3amMmkHeHy (closed-loop) BuHaropopay? Y nponoHoeaHiii po6omi
po3pobsieHO meopito, Wo noe’si3ye 36ypeHHs1 y Npocmopi napamempie, Cipu4UHeHi MPOPIiOKeHHSM, i3 no2ipweHHsIM 8UHa2opodu 8 OUCKOHMOBHIU
MIIMP (MDP), He noknadatoyucb Ha 2m06anbHy Kpueu3Hy hyHKYii empam nid yac Has4yaHHsi. BidnpaeHOl0 MOYKOI € «WinbHa» HepieHicmb
Ha pieHi nonimuku: nokasaHo, wo pospue y euHazopodi |J (') — J(r)| eusHa4yaembcsi BapiauiiHoto (TV) eidcmaHHI0O MiX noYamkoeoro ma
npopidxeHor nosimukamu Onisi KOXXHO20 cmaHy. Lsi mexa Ha ocHoei TV 6e3nocepedHbo eunueae 3 sieMu npo pPi3HUYyr npodyKmueHocmi
U oyiHKu 06 of nep I, a makox mae KL-eapiaHm 4yepe3 HepieHicmb [liHckepa. LLjo6 noe’azamu yro 3MiHy nMoslimMuKku 3 eeslUMUHOK
npopidxeHHs, MU NpornoHyemMo dea KomniemeHmapHi wnsixu. lo-nepwe, y pa3si 10kasbHO onmumMasbHOI nosimuku po3knad Telsiopa dpy2020
nopsidky ons limoeipHocmeli nonimuku dae mexy y ctuni OBD. lMo-Opyze, su3Hatoqu, wjo 2nobanbHuli 2ecciaH € HernpPakKMu4YHUM Os1si Cy4acHUX
Modeneli, Mu 3aly4aeMo meopemy npo nowaposy pobacmHicms 0nsi koHmponepie ReLU MLP. Ha npakmuyi 3anpornoHoeaHa Mexa yYMOX/1uesltoe
nnaHyeaHHs1 6r00xemy neped NPopioKeHHSIM, rnepeeipKy nicss NPopidXeHHs1 ma NpuHyunoauli po3nodin cmyneHs NPopPiGXeHHs1 MiX wapamu.
Ha koHuenmyanbHoOMYy pieHi 8oHa NoedHye Komnpecito ma 6e3neyHe noninweHHs nosimuku: mou camuli anapam TV/KL, wo nexumb 8 ocHosi
trust-region memodie, menep Hadae cepmudgbikayiro Kpokie npopidxeHHs y 2nubokomy RL. 3azanom ompumaHi pe3ynbmamu nponoHyroms nepwy
HacKpi3Hy, Macwma6boeaHy 6a3y, ujo nepemeoproe dii 3 NpopidxeHHs1 Ha rapaHTii Ha piBHi NoBeAiHKW A7151 2nu6okux RL-koHmponepie, 3abesneyyto-
4yu HaodiliHy KoMnpeciro 3a xopcmkux 6opmoeux o6MexeHb.

KnwuyoBi cnoBa: anuboke HagyaHHs 3 MiOKpin/IeHHsIM, HelipoHHI nosiimuku, npopidxeHHs optimal brain damage, cepmucgikamu
6e3rneKu, CMUCHEHHS.

ABTOp 3asBnsie NPo BiACYTHICTb KOHMNIKTY iHTepeciB. CnoHcopu He Bpanu yvacTi B po3pobneHHi gocnigxeHHsA(y 36opi, aHanisi un
iHTepnperTauii 4aHuX, SKWO Le Mano Micue), y HanncaHHi pykonucy Ta B pilleHHi Npo nybnikawito pesynbsraris.

The author declares no conflicts of interest. The funders had no role in the design of the study (in the collection, analyses or interpre-
tation of data if applicable), in the writing of the manuscript as well as in the decision to publish the results.

ISSN 1728-3817


https://doi.org/10.1177/0278364919887447
https://doi.org/10.48550/arXiv.1912.06680
https://doi.org/10.48550/arXiv.2504.16054
https://dl.acm.org/doi/10.5555/3618408.3618822
https://doi.org/10.1109/TPAMI.2024.3457538
https://doi.org/10.1109/TPAMI.2024.3457538
https://dl.acm.org/doi/10.5555/645531.656005
https://shorturl.at/Sr2Ve
https://dl.acm.org/doi/10.5555/2946645.2946684
https://doi.org/10.1038/nature14236
https://proceedings.mlr.press/v37/schulman15.html
https://proceedings.mlr.press/v37/schulman15.html
https://doi.org/10.48550/arXiv.2507.02953
https://doi.org/10.48550/arXiv.2507.02953
https://doi.org/10.1038/nature16961
https://doi.org/10.1109/IROS.2012.6386109
https://doi.org/10.1038/s41586-019-1724-z



