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Â ðîáîòi ðîçãëÿíóòà çàäà÷à âèïðîìiíþâàííÿ ïëîñêîãî ïîðøíÿ ó êëèíóâàòîìó õâèëåâîäi. Äî-

ñëiäæåíî îñîáëèâîñòi âèïðîìiíþâàííÿ ïëîñêîãî ïîðøíÿ ó êëèíóâàòèé õâèëåâîä â çàëåæíîñòi

âiä ïàðàìåòðiâ çàäà÷i, à ñàìå, êóòà ðîçõèëó êëèíó i õâèëüîâîãî ðîçìiðó ïîðøíÿ, òîáòî âiäíîøå-

ííÿ äîâæèíè ïîðøíÿ äî äîâæèíè õâèëi, êîòðó âií âèïðîìiíþ¹. Îá÷èñëåíi äiàãðàìè ñïðÿìîâà-

íîñòi ïëîñêîãî ïîðøíÿ ó êëèíóâàòîìó õâèëåâîäi ïðè ðiçíèõ êóòàõ ðîçõèëó êëèíó. Ïîêàçàíî, ùî

ïðè ïåâíîìó ñïiââiäíîøåííi ìiæ õâèëüîâèì ðîçìiðîì ïîðøíÿ i êóòîì ðîçõèëó êëèíó ìîæëèâà

íàÿâíiñòü ìiíiìóìó ó äiàãðàìi ñïðÿìîâàíîñòi óçäîâæ îñi ñèìåòði¨ êëèíó. Ïðîâåäåíî ðîçðàõóíêè

ìîäóëÿ òèñêó â îêîëi ïîðøíÿ, êîòði iëþñòðóþòü, ÿê ïîñòóïîâî ôîðìó¹òüñÿ ïðîâàë â äiàãðàìi

ñïðÿìîâàíîñòi â íàïðÿìêó îñi õâèëåâîäó.

Êëþ÷îâi ñëîâà: Ìåòîä ÷àñòêîâèõ îáëàñòåé, êëèíóâàòèé õâèëåâîä, õâèëüîâå ïîëå.

In the work the task of radiation of a �at piston in a wedge-shaped waveguide is considered. The

peculiarities of the radiation of a �at piston into a wedge-shaped waveguide depending on the parameters

of the task, namely, the angle of inclination of the wedge and the wave size of the piston, that is the

ratio of the piston length to the wavelength it emits, are investigated. The directional charts of a �at

piston in a wedge-shaped waveguide at di�erent angles of the wedge are calculated. It is shown that at a

certain ratio between the wave size of the piston and the angle of inclination of the wedge, it is possible

to have a minimum in the directional chart along the axis of symmetry of the wedge. Calculations of

the pressure modulus in the vicinity of the piston are performed, which illustrate how the failure in the

directional chart in the direction of the waveguide axis is gradually formed.

Key Words: Partial domains method, wedge-shaped waveguide, wave �eld.

Ñòàòòþ ïðåäñòàâèâ ÷ëåí-êîð. ÍÀÍ Óêðà¨íè, ä.ô.-ì.í, ïðîô. Æóê ß.Î.

1. Âñòóï
Õâèëåâiä � ñòðóêòóðà, ïðèçíà÷åíà äëÿ ïå-

ðåäà÷i çâóêîâèõ àáî åëåêòðîìàãíiòíèõ õâèëü, â
ÿêié ïîøèðåííÿ õâèëi îáìåæåíî îäíèì ÷è äâî-
ìà âèìiðàìè [1]. Â iíæåíåðíié ïðàêòèöi õâèëå-
âîäè øèðîêî çàñòîñîâóþòüñÿ â ðàäiîåëåêòðîí-
íèõ òà àêóñòè÷íèõ ïðèñòðîÿõ, òîìó iíòåðåñ äî
äîñëiäæåííÿ õâèëüîâèõ ïðîöåñiâ â òàêèõ ñòðó-
êòóðàõ íå ñïàäà¹.

Â ðîáîòi, íà áàçi ìåòîäó ÷àñòêîâèõ îáëàñòåé
[2], ðîçãëÿíóòà çàäà÷à âèïðîìiíþâàííÿ ïëîñêî-
ãî ïîðøíÿ ó êëèíóâàòîìó õâèëåâîäi. Çãiäíî ç
ìåòîäîì ÷àñòêîâèõ îáëàñòåé âñÿ ñêëàäíà (íå-
êàíîíi÷íà) îáëàñòü iñíóâàííÿ õâèëüîâîãî ïîëÿ
ðîçáèâà¹òüñÿ íà ïðîñòi îáëàñòi, â êîæíié ç ÿêèõ
âäà¹òüñÿ ïîáóäóâàòè çàãàëüíèé ðîçâ'ÿçîê ðiâíÿ-
ííÿ Ãåëüìãîëüöà. Ïiñëÿ öüîãî âèíèêà¹ íåîáõi-

äíiñòü ñïðÿæåííÿ öèõ ðîçâ'ÿçêiâ íà ãðàíèöÿõ
÷àñòêîâèõ îáëàñòåé i, ïðè íåîáõiäíîñòi, çàäî-
âîëåííÿ ãðàíè÷íèõ óìîâ íà ïåâíèõ ãðàíè÷íèõ
ïîâåðõíÿõ òà ïîâåðõíÿõ âèïðîìiíþâà÷iâ. Ðåàëi-
çàöiÿ ãðàíè÷íèõ óìîâ ïðèçâîäèòü äî ôóíêöiî-
íàëüíèõ ðiâíÿíü ç íåâiäîìèìè êîåôiöi¹íòàìè,
ÿêi ¹ àìïëiòóäíèìè êîåôiöi¹íòàìè ìîä ó âiäïî-
âiäíèõ ÷àñòêîâèõ îáëàñòÿõ.

Äëÿ âèçíà÷åííÿ øóêàíèõ àìïëiòóäíèõ êîå-
ôiöi¹íòiâ ìîä ñëiä ïåðåéòè âiä öèõ ðiâíÿíü äî
ñèñòåìè ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü. Â äàíié
ñòàòòi ïåðåõiä äî ñèñòåìè àëãåáðà¨÷íèõ ðiâíÿíü
çäiéñíþ¹òüñÿ çà äîïîìîãîþ ïîòî÷êîâîãî ñïðÿ-
æåííÿ ïîëiâ. Öåé ïiäõiä ïîëÿãà¹ â ïðèðiâíþâàí-
íi ôóíêöié (ïîëiâ â ñóìiæíèõ ÷àñòêîâèõ îáëà-
ñòÿõ) â êiíöåâîìó íàáîði òî÷îê (íàçâåìî ¨õ âó-
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çëîâi òî÷êè) íà ãðàíèöi öèõ îáëàñòåé. Êiëüêiñòü
âóçëîâèõ òî÷îê íà ãðàíèöi âèçíà÷à¹ ïîðÿäîê ñè-
ñòåìè ðiâíÿíü i, òèì ñàìèì, êiëüêiñòü øóêàíèõ
àìïëiòóäíèõ êîåôiöi¹íòiâ ìîä â ÷àñòêîâèõ îáëà-
ñòÿõ. Çàçâè÷àé, òàêèé ïiäõiä, íà âiäìiíó âiä ïiä-
õîäó ç âèêîðèñòàííÿì âëàñòèâîñòi îðòîãîíàëü-
íîñòi âiäïîâiäíîãî íàáîðó ôóíêöié, íå ìiñòèòü
îá÷èñëþâàëüíèõ ïðîáëåì.

2. Ïîñòàíîâêà i ðîçâ'ÿçàííÿ çàäà÷i
Ðîçãëÿäà¹òüñÿ ïëîñêà çàäà÷à ïðî âèïðîìi-

íþâàííÿ ïîðøíÿ â íåñêií÷åííèé êëèíóâàòèé
õâèëåâîä (ðèñ. 1). Ïîâåðõíi õâèëåâîäó iäåàëüíî
æîðñòêi, òîáòî, äîðiâíþ¹ íóëþ íîðìàëüíà ñêëà-
äîâà êîëèâàëüíî¨ øâèäêîñòi íà öèõ ïîâåðõíÿõ.

Ðèñ. 1: Ãåîìåòðiÿ çàäà÷i

Ïîðøåíü çäiéñíþ¹ ãàðìîíi÷íi êîëèâàííÿ ç
÷àñòîòîþ ω. Ðîçïîäië øâèäêîñòi íà ïîâåðõíi
ïîðøíÿ υ(x0, y) = 1. Áóäåìî ââàæàòè, ùî â
òðèêóòíié îáëàñòi OAB õâèëüîâå ïîëå âiäñóòí¹.
Çãiäíî ìåòîäó ÷àñòêîâèõ îáëàñòåé âèäiëèìî äâi
÷àñòêîâi îáëàñòi. Ïåðøà ÷àñòêîâà îáëàñòü îáìå-
æåíà ïîâåðõíåþ ïîðøíÿ i äóãîþ êîëà ðàäióñà
R, −ϕ/2 ⩽ θ ⩽ ϕ/2, òîáòî, óòâîðåíà ÷àñòèíàìè
ïîâåðõîíü äåêàðòîâî¨ i ïîëÿðíî¨ ñèñòåì êîîðäè-
íàò âiäïîâiäíî. Äðóãà ÷àñòêîâà îáëàñòü çàäà¹-

òüñÿ ïîëÿðíèìè êîîðäèíàòàìè r ⩾ R, −ϕ/2 ⩽
θ ⩽ ϕ/2.

Ïîëå òèñêó â îáëàñòi 1 çàïèøåìî ó âèãëÿäi
ñóìè ìîä ïëîñêîïàðàëåëüíîãî õâèëåâîäó i ñóìè
ìîä îáìåæåíî¨ îáëàñòi êëèíóâàòîãî õâèëåâîäó
(÷àñîâèé ìíîæíèê exp(-iωt) íå ïèøåìî):

p1 =

∞∑
n=1

An cos (αny)exp(iγn(x− x0))+

+
∞∑
n=1

Bn cos(βnθ)
Jβn(kr)

J
′
βn
(kR)

, (1)

äå αn = 2(n−1)π
L , γn =

√
k2 − α2

n, βn = 2(n−1)π
ϕ ,

n = 1, 2...; k = ω/c � õâèëüîâå ÷èñëî.
Ïîëå òèñêó â îáëàñòi 2 ïðåäñòàâèìî ó

âèãëÿäi ñóïåðïîçèöi¨ áiæó÷èõ öèëiíäðè÷íèõ
õâèëü:

p2 =
∞∑
n=1

Cn cos(βnθ)
H

(1)
βn

(kr)

H
(1)′

βn
(kR)

. (2)

Äëÿ âèçíà÷åííÿ òðüîõ íàáîðiâ íåâiäîìèõ
êîåôiöi¹íòiâ An, Bn, Cn, n = 1, 2... ñëiä ðîç-
ïèñàòè òðè ãðàíè÷íi óìîâè:

1)
1

iωρ

∂p1
∂x

= υ(x0, y), x = x0, y = [−L

2
,
L

2
], (3)

2) p1 = p2, r = R, θ = [−ϕ

2
,
ϕ

2
], (4)

3)
∂p1
∂r

=
∂p2
∂r

, r = R, θ = [−ϕ

2
,
ϕ

2
]. (5)

Ïiäñòàâèâøè âèðàçè (1), (2) â ãðàíè÷íi óìî-
âè (3) � (5) îòðèìà¹ìî íàñòóïíi òðè ðiâíÿííÿ:

1) i

∞∑
n=1

Anγn cos
(
αny

)
+

∞∑
n=1

Bn
∂

∂x

[
cos(βn arctan

y

x
)
Jβn(k

√
x2 + y2)

J ′
βn
(kR)

]
x=x0

= iυ(x0, y), (6)

2)

∞∑
n=1

An[cos(αnR sin θ)exp(iγn(R cos θ − x0))] +

∞∑
n=1

Bn cos(βnθ)
Jβn(kR)

J ′
βn
(kR)

−

−
∞∑
n=1

Cn cos(βnθ)
Hβn

(1)(kR)

H
(1)′

βn
(kR)

= 0, (7)

3)

∞∑
n=1

An
∂

∂r

[
cos(αnr sin θ) · exp(iγn(r cos θ− x0))

]
r=R

+

∞∑
n=1

Bn cos(βnθ)−
∞∑
n=1

Cn cos(βnθ) = 0. (8)
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Ïðè âèêîíàííi ãðàíè÷íèõ óìîâ (3)�(5) áó-
äåìî âèêîðèñòîâóâàòè ïîòî÷êîâå ñïðÿæåííÿ
ïîëiâ. Çàäàìî êîîðäèíàòè âóçëîâèõ òî÷îê íà
ïîâåðõíi ïîðøíÿ (xj = x0, yj), j = 1, 2, ..., n1,
à íà ãðàíèöi ðîçäiëó ÷àñòêîâèõ îáëàñòåé 1 i 2
� (rm = R, θm), m = 1, 2, ..., n2. Êiëüêiñòü âó-
çëîâèõ òî÷îê n1 i n2 âèçíà÷à¹òüñÿ õâèëüîâîþ
âiäñòàííþ ìiæ âóçëîâèìè òî÷êàìè △/λ.

3. Àíàëiç ÷èñåëüíèõ ðåçóëüòàòiâ

Âèáåðåìî iíòåãðàëüíèì êðèòåði¹ì ÿêîñòi
âèêîíàííÿ ãðàíè÷íèõ óìîâ (3)�(5) íàéáiëüø
æîðñòêó óìîâó, à ñàìå iíòåãðàë âiä ìîäóëÿ ði-
çíèöi ïîëiâ íà ïåâíié ìåæi:

δυy =
1

υ(x0, y)

∫ L/2

−L/2
| υ(x0, y)− υ1y(x0, y) | dy,

(9)

δpr =
1

| p1(R, 0) |

∫ ϕ/2

−ϕ/2
| p1(R, θ)−p2(R, θ) | Rdθ,

(10)

δυr =
1

| υ1(R, 0) |

∫ ϕ/2

−ϕ/2
| υ1r(R, θ)−υ2r(R, θ) | Rdθ.

(11)

Ðåçóëüòàòè ðîçðàõóíêiâ iíòåãðàëüíèõ êðè-
òåði¨â ïðèâåäåíi â òàáë. 1. Âèáðàíi òàêi ïàðàìå-
òðè ìîäåëi: ϕ = 130◦, R/λ = 1, 2, L/λ = 2, 2.

Òàáë. 1: Iíòåãðàëüíi êðèòåði¨
△/λ n1 n2 δυy δυr δpr
0,08 28 35 0,047 0,017 0,022

0,1 22 28 0,053 0,018 0,027

0,2 11 14 0,086 0,085 0,156

0,3 8 10 0,111 0,179 0,343

Íà ðèñ. 2 i ðèñ. 3 ïîêàçàíà ãðàôi÷íà iëþ-
ñòðàöiÿ âèêîíàííÿ ãðàíè÷íèõ óìîâ ïðè õâèëüî-
âié âiäñòàíi ìiæ âóçëîâèìè òî÷êàìè△/λ = 0, 1.
Ïàðàìåòðè ìîäåëi: R/λ = 1, 2, ϕ = 130◦. Àíàëiç
ïîäiáíèõ ðîçðàõóíêiâ ïîêàçó¹, ùî âèáið âåëè÷è-
íè △/λ < 0, 2 çàáåçïå÷ó¹ ïðèéíÿòíå âèêîíàííÿ
ãðàíè÷íèõ óìîâ.

Ðèñ. 2: Àìïëiòóäà øâèäêîñòi íà ïîâåðõíi ïîð-
øíÿ

Ðèñ. 3: Ìîäóëi òèñêó (à) i ðàäiàëüíî¨ øâèäêî-
ñòi (á) âçäîâæ äóãè êîëà ðàäióñîì R: ëiíiÿ � çi
ñòîðîíè îáëàñòi 1, òî÷êè � çi ñòîðîíè îáëàñòi 2

Ðèñ. 4: Äiàãðàìè ñïðÿìîâàíîñòi
êðèâà 1 � ϕ = 40◦, 2 � ϕ = 50◦, 3 � ϕ = 70◦, 4 �
ϕ = 90◦, 5 � ϕ = 130◦, 6 � ϕ = 180◦

Íà ðèñ. 4 ïîêàçàíi äiàãðàìè ñïðÿìîâàíîñòi
(äàëüí¹ ïîëå) ïðè ðiçíèõ êóòàõ ðîçõèëó êëèíó
i âåëè÷èíi R/λ = 1, 2. Ìîæíà âiäìiòèòè äâi õà-
ðàêòåðíi ðèñè ñóêóïíîñòi öèõ êðèâèõ.
1) Ïðè êóòàõ ðîçõèëó êëèíó ϕ > 120◦ ôîðìà
ãîëîâíî¨ ïåëþñòêè ïðàêòè÷íî çàëèøà¹òüñÿ íå-
çìiííîþ i âiäïîâiäà¹ ãîëîâíié ïåëþñòöi ïðè êóòi
ðîçõèëó ϕ = 180◦.
2) Ïðè ïåâíîìó ñïiââiäíîøåííi ìiæ ïàðàìåòðà-
ìè ìîäåëi (â äàíîìó âèïàäêó ϕ = 50◦, R/λ =
1, 2) ôîðìó¹òüñÿ ïðîâàë â õàðàêòåðèñòèöi ñïðÿ-
ìîâàíîñòi óçäîâæ íàïðÿìêó θ = 0◦.

Öåé ôàêò ¹ íàñëiäêîì òîãî, ùî ïåðøà i äðó-
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ãà ñèìåòðè÷íi ìîäè êëèíóâàòîãî õâèëåâîäó, ïðè
êóòi ðîçõèëó ϕ = 50◦ â íàïðÿìêó îñi õâèëåâî-
äó θ = 0◦, ÿâëÿþòüñÿ ïðàêòè÷íî ïðîòèôàçíi â
äàëüíüîìó ïîëi, ùî i ïðèçâîäèòü äî ïðîâàëó â
äiàãðàìi ñïðÿìîâàíîñòi.

Íà ðèñ. 5, ïîêàçàíî ïðîñòîðîâèé ðîçïîäië
ìîäóëÿ òèñêó â îêîëi ïîðøíÿ äëÿ äâîõ çíà÷åíü
ðîçõèëó êëèíó ϕ = 70◦ i ϕ = 50◦. Ó âèïàäêó
êóòà ðîçõèëó êëèíó ϕ = 50◦, áà÷èìî ÿê ïîñòó-
ïîâî ôîðìó¹òüñÿ ïðîâàë â íàïðÿìêó θ = 0◦. À
îò ïðè êóòi ðîçõèëó êëèíó ϕ = 70◦ óçäîâæ íà-
ïðÿìêó θ = 0◦ ôîðìó¹òüñÿ ìàêñèìóì â äiàãðàìi
ñïðÿìîâàíîñòi.

Ðèñ. 5: Ðîçïîäië ìîäóëÿ òèñêó â îêîëi ïîðøíÿ
äëÿ äâîõ çíà÷åíü ðîçõèëó êëèíó ϕ = 70◦ i
ϕ = 50◦, R/λ = 1, 2

Êîëið çìiíþ¹òüñÿ ÿê â ðàéäóçi � âiä ÷åðâî-
íîãî äî ôiîëåòîâîãî. ×åðâîíèé êîëið âiäïîâiäà¹
ìàêñèìóìó ìîäóëÿ òèñêó, à ôiîëåòîâèé � ìiíi-
ìóìó ìîäóëÿ òèñêó.

4. Âèñíîâêè
1. Íà îñíîâi ìåòîäó ÷àñòêîâèõ îáëàñòåé

îòðèìàíî ðîçâ'ÿçîê çàäà÷i ïðî âèïðîìiíþâàííÿ
ïîðøíÿ â íåñêií÷åííèé êëèíóâàòèé õâèëåâîä.
Ïðè öüîìó âèêîðèñòàíî ïîòî÷êîâå ñïðÿæåííÿ
õâèëüîâèõ ïîëiâ.

2. Ïîêàçàíî, ùî õâèëüîâà âiäñòàíü ìiæ
âóçëîâèìè òî÷êàìè △/λ < 0, 2 çàáåçïå÷ó¹
ïðèéíÿòíå âèêîíàííÿ ãðàíè÷íèõ óìîâ.

3. Îá÷èñëåíi äiàãðàìè ñïðÿìîâàíîñòi ïëî-
ñêîãî ïîðøíÿ ó êëèíóâàòîìó õâèëåâîäi ïðè ði-
çíèõ êóòàõ ðîçõèëó êëèíó. Ïîêàçàíî, ùî ïðè
ïåâíîìó ñïiââiäíîøåííi ìiæ ïàðàìåòðàìè ìî-
äåëi (êóò ðîçõèëó êëèíó i õâèëüîâèé ðîçìið
ïîðøíÿ) ôîðìó¹òüñÿ ïðîâàë â õàðàêòåðèñòèöi
ñïðÿìîâàíîñòi óçäîâæ íàïðÿìêó êóòà θ = 0◦.
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