
Вiсник Київського унiверситету
Серiя: фiзико-математичнi науки

2023, 1 Bulletin of University of Kyiv
Series: Physics & Mathematics

УДК 512.552

Бондаренко В. М., д. ф.-м. н., проф.

Доповнення до статтi “Козображення
матричних алгебр Манна”

Iнститут математики НАН України,
01024, м. Київ, вул. Терещенкiвська, 3,
е-mail: vitalij.bond@gmail.com

Bondarenko V. M., Dr. Sci., Prof.

Addendum to the paper
“Corepresentations of Munn matrix
algebras”.

Institute of Mathematics of NAS of Uktaine,
01024 Kyiv, Tereshchenkivska str., 3,
vitalij.bond@gmail.com
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У оригiнальному варiантi не приведено чiтке означення козображення алгебри з одиницею,
що привело до деяких формальних неточностей (щодо позначень, запису визначальних спiввiдно-
шень, тощо). Усi результати оригiнальної статтi по сутi правильнi, але в оостаннiй частинi
доведення теореми 1 допущена помилка, яка не впливає на правильнiсть iдеї доведення, проте
вимагає розширених мiркувань.

У цьому доповненнi автор надає детальну iнформацiю про все, що стосується тверджень
про твiрнi елементи i визначальнi спiввiдношення алгебр Манна над алгебрами з одиницею.

Ключовi слова: козображення, твiрнi елементи та визначальнi спiввiдношення, вiльна асо-
цiативна алгебра, некомутативний полiном, алгебра Манна, напiвгрупа Рiса, регулярна сендвiч-
матриця.

This paper is an addendum to the paper, published in Bulletin of Taras Shevchenko National Uni-
versity of Kyiv (Series: Physics & Mathematics), 2022, No. 3, pp. 42-44.

In the original version does not given a clear definition of the corepresentation of an algebra with
identity what led to some formal inaccuracies (regarding notations, writing of defining relations, etc.).
All the results of the original paper are essentially correct, but an error was made in the last part of
the proof of Theorem 1, which does not affect the correctness of the idea of proof, but requires extended
considerations.

In this addendum the author provides detailed information on everything related to statements
about the generating elements and defining relations of the Munn algebras over algebras with identity.

Key Words: corepresentation, generators and defining relations, free associative algebra, non-co-
mmutative polynomial, Mann algebra, Rees semigroup, regular sandwich matrix.

1 Introduction

In this addendum to the paper [1] the author
provide more details concerning Theorem 1 on
corepresentations (in other words, presentations)
of Munn matrix algebras over finite-dimensional
K-algebras, where K is any field.

Munn matrix algebras arose as generalizations
of semigroup algebras of Rees matrix semigroups,
which in turn are closely related to 0-simple semi-
groups (see the book [2] and the original variant
[1] of this paper).

For a finite-dimensional (associative) K-al-
gebra A with identity, natural numbersm, n and a

fixed n×m matrix P = (pji) over A, the K-vector
spaceM(A;m,n;P ) of all m×n matrices over A
can be made into an algebra with respect to the
following operation ◦ : B◦C = BPC with the ordi-
nary matrix multiplication on the right side of the
equality. This algebra is called the Munn m × n
matrix algebra over A with sandwich matrix P .

By analogy with the Rees semigroups (taking
into account the fact that the Munn algebras for
equivalent sandwich matrices are isomorphic) we
called in [1] a sandwich matrix regular if at least
one its entry is invertible, and (by the same fact)
assumed without loss of generality that p11 is equal
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to the identity element of A, and the remaining
entries of the first row and first column are equal to
zero. We denoted sandwich matrices of such form
by P0 and further considered in [1], and will consi-
der here, only such sandwich matrices.

We emphasize that, in contrast to the case
of semigroups (when the regularity of sandwich
matrices is directly related to the regularity of
semigroups), the regularity of sandwich matrix for
algebras is not associated with the regularity of
algebras, and it is defined only as a formal generali-
zation.

Thus, we study the Munn matrix algebras
M = M(A;m,n;P ) over finite-dimensional
K-algebras A, and as in [1], we are interested
in the problem of determining their corepresen-
tations.

2 Corepresentations of the Munn matrix
algebras

Throughout the paper K denotes arbitrary fi-
eld, and all algebras (which are assumed to be
associative) are considered over K and are finite-
dimensional (except for 2.4). Since the Mann
algebras over a unital algebra A does not always
have an identity (see [2, Lemma 5.18]), we consider
both unital and non-unital algebras. If an algebra
is unital, its identity is usually denoted by e (lea-
ving the symbol 1 for fields and free algebras).

2.1 Generators and defining relations

In discussing this topic, we use the books [3, 4].
Let Alg(K), Alg1(K) denotes, respectively,

the class of all or only unit K-algebras.
Definition 1. Let X be a finite set. The

free K-algebra F = K〈X〉 in the class Alg(K)
(respectively, F = K1〈X〉 in the class Alg1(K)) is
defined by the universal mapping property: there
exists a map i : X → F such that every map
α from X into another K-algebra from the same
class can be uniquely factored by i (i.e. there
exists a unique homomorphism α′ between the
K-algebras such that (in right-handed notation)
α = iα′.

These algebras exists and are uniquely, up to
isomorphism, defined by the field K and the set
X. There is simple normal forms for elements of
the free algebras F = K〈X〉 and F = K1〈X〉.
Namely, considering the set X as an alphabet,
F = K〈X〉 is the algebra with K-basis the set

X+ of all finite words x1 . . . xn of lenght n > 1
in the case of Alg(K) and the set X∗ of all fini-
te words x1 . . . xn of lenght n > 0 (i.e. including
the empty word) in the case Alg1(K), and with
juxtaposition as multiplication, i.e. multiplying
xi1 . . . xin by xj1 . . . xjm is xi1 . . . xinxj1 . . . xjm . If
one denotes a word xi1 . . . xin by xI with I to
be the sequence (i1, . . . , in), its elements are uni-
quely expressible in the form f =

∑
aIxI , where

aI ∈ K, almost all is equal to 0. The empty word
(in the case of Alg1(K)) represents the identity
of the free algebra F , which is denoted by 1. So
K1〈X〉 = K〈X〉 ∪ 1.

The set X is called a free generating set of the
algebra F .

Free algebra F = K1〈X〉 is often called the
algebra of non-commutative polynomials in vari-
ables X, In the case F = K〈X〉 one needs to take
the polynomials with zero free term.

Definition 2. Let B be a non-unital (respecti-
vely, unital) finite-dimenional algebra. It is said
to be defined by the presentation 〈X|R〉 with R
being a subset of the free algebra K〈X〉 (respecti-
vely, K1〈X〉), if there exists an isomorphism ϕ :
K〈X〉/I → B (respectively, K1〈X〉/I → B) of
non-unital (respectively, unital) algebras, where I
is the ideal generated by R.

Let X = {x1, . . . , xs}. One often considers
instead of the elemets xi ∈ X and polynomi-
als f(x1, . . . , xs) ∈ R, respectively, the elements
bi = ϕ(xi+I) of B and equalities f(b1, . . . , bs) = 0.
Then the set B = {b1, . . . , bs} is a system of
generators of the algebra B, and the equalities
f(b1, . . . , bs) = 0 with f ∈ R are called the defi-
ning relations of B with respect to the system of
generators B. In this case, one meants by R the
set of all equaities f(b1, . . . , bs) = 0, calls 〈B|R〉K
the presentation of B and writes B = 〈B|R〉K or
simply B = 〈B|R〉 if K is fixed (when the multi-
plication in B is denoted by some symbol, say, ∆,
then it is placed as an upper index, i.e. 〈B|R〉∆K
and, respectively, 〈B|R〉∆). The author will adhere
to this point of view.

From definition 2 it follows that the identity
element of a unital algebra never enters a system
of generators.

Let’s compare two simple examples.

Example 1. Let B be the two-dimensional
non-unital K-algebra with basis b1, b2 and the
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following multiplication table:

b1 b2

b1 b2 0

b2 0 0

Then B = 〈b1|b31 = 0〉 since the homomorphism
ϕ : K〈x〉 → B with ϕ(x) = b1 is an epimorphism
with the kernel to be generated (as an ideal) by
the polynomial f(x) = x3.

Example 2. Let B be the two-dimensional
unital K-algebra with basis e, b1 and the following
multiplication table:

e b1

e e b1
b1 b1 e

Then B = 〈b1|b21 = e〉 since the homomorphism
ϕ : K1〈x〉 → B with ϕ(1) = e, ϕ(x) = b1 is an
epimorphism with the kernel to be generated (as
an ideal) by the polynomial f(x) = x2 − 1.

2.2 Formulation of the main theorem

By the above, a corepresentation of an algebra A
is by definition, a pair 〈A|R〉, where A is a set of
generators and R a set of defining relations for the
given set of generators. For convenience, the relati-
ons (non-commutative polynomials in elements of
A) will be written not only in the form f = 0, but
also in the form f1 = f2 (if f = f1 − f2).

The following theorem defines a corepresenta-
tion of any Munn algebras M(A;m,n;P ) with a
regular sandwich matrix.

Theorem 1. Let A be a finite-dimensional algebra
with identity e over a field K and 〈A|R〉 be its
corepresentation with

A = {a1, . . . , as},

R = {f1 = g1, . . . , fr = gr},

where fi = fi(a1, . . . , as), gi = (a1 . . . , as) are non-
commutative polynomials over K.

For m,n, introduce the sets

Γ = {γ2, . . . , γm}, Λ = {λ2, . . . , λn}.

We have the corepresentation 〈M |R〉◦ of a Munn
algebra M =M(A;m,n;P0) with a regular P0 =
(pji), where M = A ∪ {e} ∪ Γ ∪ Λ and R consists
of the following relations:

(1) the relations from R;
(2) e ◦ e = e, e ◦ ai = ai,

ai ◦ e = ai (i = 1, . . . , s);
(3) e ◦ γi = 0, γi ◦ e = γi (i = 2, . . . ,m);
(4) e ◦ λj = λj , λj ◦ e = 0 (j = 2, . . . , n);
(5) γi ◦ γi′ = 0 (i, i′ = 2, . . . ,m);
(6) λj ◦ λj′ = 0 (j, j′ = 2, . . . , n);
(7) λj ◦ γi = pji (i = 2, . . . ,m; j = 2, . . . , n).

2.3 Proof of the theorem

First, indicate which element ofM corresponds to
each generator.

For x ∈ A and i ∈ {1, . . . ,m}, j ∈ {1, . . . , n},
denote by (x)ij the matrix fromM with its (i, j)th
entry being x, and its remaining entries being 0;
the expression (0)ij means the m× n zero matrix
0. Then, by the above definition of ◦,

(b)ij ◦ (c)i′j′ = (bpji′c)ij′

and in particular (taking into account the equality
p11 = 1)

(bc)ij = (b)i1 ◦ (c)1j . (∗)
As the generators ofM indicated in the condi-

tion of the theorem, we take the following matri-
ces:

e = (e)11, ak = (ak)11,
γi = (e)i1, λj = (e)1j

(∗∗)

for k ∈ {1, . . . , s}, i ∈ {2, . . . ,m}, j ∈ {2, . . . , n}.
Prove that these elements form a system of

generators ofM.
From (∗) it follows that the homomorphi-

sm, as non-unital algebras, i0 : A → M, given
by the equality i0(x) = (x)11 for any x ∈ A
is an embedding, and we identify the correspon-
ding elements of both algebras. Hence the set of
generators A together with e is a subset of the set
of generators M .

With the help of matrix multiplication (as
elements of the Munn matrix algebra), it is easy
to verify that conditions (3)-(7) of the theorem
are satisfied, and the equalities (a)i1 = γi ◦ (a)11,
(a)1j = (a)11◦λj , (a)ij = (a)i1◦(e)1j , which follow
from (∗) and (∗∗), show that the indicated matri-
ces (e)11, (a)11, γi, λj , where a ∈ A, i = 2, . . . ,m;
j = 2, . . . , n, form a system of generators of the
algebraM.

Now we show that the set of relations R defi-
nes the algebraM (this is the only place where a
mistake was made in the paper [1]). In other words,
there is no relation between generators from the
set M which would not follow from the relations
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of R. Assume the contrary and let F be a non-
commutative polynomial in variables fromM such
that F = 0 and it is not a consequence of the
relations from the set R.

We first find out what form a word over M
can have. Denote by A and M the sets of all finite
words from A andM (with respect to multiplicati-
on ◦). In addition to conditions (1)-(7), we will use
the equalities

(3′) ak ◦ γi = 0 (k = 2, . . . ,m);
(4′) λj ◦ as = 0 (s = 2, . . . , n);

they follow from condition (2) and, respectively,
conditions (3), (4), namely ak ◦ γi = (ak ◦ e) ◦ γi =
ak ◦ (e◦γi) and λj ◦as = λj ◦ (e◦as) = (λj ◦e)◦as.

Let a non-empty word w = w1 · · ·wq 6= e.
Then

(a) it can be assumed by (2)-(4) that all wi

are not equal e;
(b) wt = ak implies by (3′) that wt+1 = as or

wt+1 = λj ;
(c) wt = as implies by (4′) that wt−1 = ak or

wt−1 = γi;
(d) wt = λj implies by (4′) and (6) that

wt+1 = γi, and therefore by (7) wtwt+1 ∈ A;
(e) wt = γi implies by (3′) and (5) that

wt−1 = λj , and therefore by (7) wt−1wt ∈ A;
From (a)-(e) it follows that any non-empty

word w ∈ M \ (A ∪ {e}), is equal to a1 ◦ λj or
γi ◦ a2 or γi ◦ a3 ◦ λj with a1, a2, a3 ∈ A.

Thus, the polynomial F introduced above has

the following form: F = f0+∑
26i6m

γi◦f1i+
∑

26j6n

f2j◦λj+
∑

26i6m
26j6n

γi◦f3ij◦λj = 0,

where f0, f1i, f2j , f3ij are polynomials in variables
a ∈ A.

The non-zero parts of the matrices that
correspond (according to the definitions of the
generators from M) the terms of the polynomi-
al F do not intersect, since by the definition of the
embedding i0 and (∗∗)

f0 = (f0)11, γi ◦ f1i = (f1i)i1,

f2j ◦ λj = (f2j)1j , γi ◦ f3ij ◦ λj = (f3ij)ij .

Therefore the equality F = 0 is equivalent to the
following system of the equalities in variables from
A: f0 = 0, f1i = 0, f2j = 0, f3ij = 0,
where i = 1, . . . ,m, j = 1, . . . , n.

We have come to a contradiction because
these relations are consequences of the relations
from R. Theorem 1 is proved.

2.4 Remark

Since we did not use the finite dimensionality
of the algebra A in the proof of the theorem
(and the definitions of a free algebra and a
corepresentation are naturally generalized to the
infinite-dimensional case), Theorem 1 is also true
for an infinite-dimensional algebra A.
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