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PACKET QUANTIZATION OF THE ELECTROMAGNETIC FIELD USING
ELEMENTARY WAVE PACKETS AS BASIS FUNCTIONS

The possibility of positional localization of a photon in space is shown. The proposed technique is based on the use of
operators for the creation and destruction of photon packets and corresponding wave packets. As the latter, an orthonormal series
of elementary wave packets (EWP), proposed in 2009 to describe, in particular, femtosecond optical pulses, was used. The
electromagnetic structure of photons and the formula for their energy have been obtained. The latter depends on the ratio of the
order of the EWP function n to the duration of the photon pulse. Therefore, the structure of a photon at a fixed energy can be
different, in particular, at » > 1, it turns into an ordinary harmonic signal. The results were used to write down a modified formula
for the thermal radiation of an absolutely black body — Planck's formula.
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Introduction

Significant practical improvements in devices for the generation and detection of single-photon optical signals led to the
activation of the development of new areas of quantum optics: quantum computers, the latest information systems, quantum
tomographs. At the same time, a modern experimental base was formed for the study of fundamental quantum phenomena:
entangled quantum states, particle-wave properties of quantum objects, conditions for distinguishing classical and quantum
properties, etc. A special place in this list is occupied by the carrier of the electromagnetic field — the photon. Its integral
characteristics are well known and have been used in quantum optics for more than 100 years, starting with the works of M.
Planck, A. Einstein, and P. Dirac. However, the modern stage requires the study and application of more detailed structural
characteristics of photons as quantum objects limited in time and space. The thesis that any physical object must be local
cannot be doubted (Babaei, & Mostafazadeh, 2017; Bykov, 2008; Bennet, 2016; Hodgson, 2023; Raimer, & Polakos, 2023).
The use in Planck's formula for the energy of a frequency photon as a characteristic of a monochromatic (infinite) signal can
be considered as an approximate limiting case. The problem is similar to that in classical physics: is the distribution of
parameters of local objects correct on the basis of infinite harmonic functions? The answer is almost obvious: the basis
functions must be defined in a limited domain (Ovechko, 2009; Ovechko, 2012). This work is devoted to the substantiation of
such a series distribution for the field representation of photons.

1. The technique of packet quantization of the electromagnetic field

The quantum state of the electromagnetic field is considered coherent. Consider a one-dimensional signal with linear or
circular polarization. Then operator of the electric field (Bykov, 2008)

E(zt) =@(zt) A +e.c.=@(zt) A + @(z,t)AT,

where A = [dkW(k)a(k) — the packet photon annihilation operator; A* = [ dk W (k)a*(k) — the packet photon creation
operator; W (k) — Fourier spectrum of the elementary wave packets U (t); ¢ (z, t) — the shape of the wave packet.

Commutator for A , A* operatorsis[ A, A*]=1. Accordingly, these operators generate a system of stationary states |n>

|n>=%"|o>, A10>=0.
An arbitrary quantum state can be represented as

lo>=X3=0 ¢ | n >.

The problem of packet quantization now consists in the conditioned choice of the wave packet system. The author of
the work (Bykov, 2008) proposed the functions of a parabolic cylinder. The latter are orthonormal, but are exponentially
infinitely decreasing functions. We proposed as basic functions elementary wave packets (EWP) domain (Ovechko, 2009;
Ovechko, 2012), which were proposed and used by us to describe pulsed electromagnetic fields, in particular femtosecond
laser pulses (Ovechko, 2012; Mygashko, & Ovechko, 2018). Graphs of odd(a) and even(b) EWP-functions of lower orders
are shown in Fig. 1.

Sod(p) = ,m (—1)nT_1(Sec[np]Sin[np(n’ + D]+ (n' + D)Sin[(n" + 2)7p]),

n' =135,.. (1)
Sev(p) = ,ﬁ(l - (—1)n7,(Sec[np]Cos[np(n’ + 1)] +n'Cos[n + 2][(n + 2)7Tp])>,
n' =246,..,p=t/t, -1/2<p <1/2. (2)

The shape of the electromagnetic quantum packet is
t t
D(t,p, 0) = EqU,(p)R(p, ®) (exCos [n Q;— F] + e, Sin [n Q; + F])
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Eo=(g/eompo? C 1)"2, Un (p)= Sod(p), Sev(p), p=t/T,

R(p, @)=(mpo? (1-40/912))"2 (Cos[np/p0-+Cos[2mp/p0]), (3)
where € — packet energy, Sod(p), Sev(p) - odd and even pulses; R (p, @) - transverse distribution, 0 < p/po< 1; F=0, m/4 —
circular and linear polarization accordingly; Q = 5, 6, 7, ... for odd and even pulses accordingly.

The formula for the electromagnetic packet quantum of energy € remains undefined in (3). The next section will be devoted
to this issue.

Sod(p) n'=5,1,3 Sev(p) n'=2,4,6

p=rrtit

Fig. 1. EWP-functions: Sod(p)- odd(a) and Sev(p)-even(b), n'-functions order

2. Electromagnetic packet quantum energy
Consider the semiclassical formula for the probability of absorption of an electromagnetic pulse by a two-level quantum system
(Debierre et al., 2015; Rag, & Gea-Banacloche, 2017). Let us take a number of elementary wave packets (1), (2) as a system of

basic orthonormal functions.
2

—La)otE(t)

T

2
I< eldlg >|?
Fye () = f

E(t)=Eo Un(t/r) (4)

Separate consideration of even and odd pulses simplifies expression (4) for its further optimization in terms of duration T1.
The replacement of variables in the integral (4) leads to the task of finding maxima separately for even and odd functions

|<eldE,| | 1/2 X S I d X

199( ) = (fl(l)o)g> |f l/zd y mn Xy SO ( )| ! ( )
| |dE,| | 1/2 SI v(Xx

( ) <e(f 0)gz> |f ]//2 dxyCO xy Se ( )| ’ ( )

where x=t/1, y=woT.
Next, the algorithm for the study of probabilities (5), (6) is presented. Graphs of dependences of the numerical values of
the integrals (5), (6) on the parameter y = wo T were constructed for each of the EWP functions within 1 < n <12 in Fig. 2.

(wry )P

n'
2 4 6 8 10 12

Fig. 2. Packet duration parameter w,t dependence with its order n'
Then, the location of the maxima wo T, was found by the coordinates of the graphs, and the point dependence y (n) was constructed.
The last one was approximated by a linear function
Woth =a(n+b),

where a = 3.17, b = 1.68
The absorption process is one-photon. Therefore, energy hw, is absorbed in one cycle, from were

e=hwo=—-a(n+b). @)
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The last formula determines the energy of a photon in the case of its packet representation. It depends on the duration of

the packet tn and the order n of the EWP-function (its shape). If n>>b, then ¢ = Ti an, which corresponds to Planck's formula,
if we put w, = j—n So To= 2% It is possible to estimate the minimum pulse duration, for example, of a Ti: Sapphire laser
(1o = 805 nm). To do this, we substitute n = 1 in the formula (7).

Whence

tnmin= = ga(1+b)E 3.6 fS-

The shape of the laser pulses corresponds (Khelladi, 2021) to the even EWP — functions (n=2). From where T2=g a(2+b) =

4.9 fs. The duration estimate differs from the experimental value by only 25% (Texp = 6.5 fs) (Khelladi, 2021).

3. Thermal radiation

Let's use the formula for photon energy (7) and obtain Planck's modified formula for absolute black body (ABB) radiation.
The probability of m photons excitation Pm  for the equilibrium state of the field and matter at temperature T is equal to
(Loudon, 2003)

Pm:e_m éph/kT(l_e - Eph/kT)-
Then the average number of photons in the field mode is

1

<m>:2m Pm:—_1 T

The spectral radiation density by photon energy is equal to the product of the mode density by the average number of
photons in the mode and the photon energy. Then

02p dVdeph = eph2n2C3 h3 eph-1+ e ephkT. (8)
In the last formula (8), we take into account to = h/e,,,. Then
Dp _ % 1 _ 00"
depn T a1, :T‘ T 9t h
Finally
9%p 9l _ 8mh 1 J
avary —ov - mer \Tiremm ) T ] ©)

The resulting formula is analogous to Planck's low. The only variable is the duration t,. The results of the calculations are
presented in Fig. 3.
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Fig. 3. Modified Plank's formula on the duration variables

Let's find the dependences corresponding to the displacement formulas of Wien and Stefan-Boltzmann. We will calculate
maximum for the dependence (9).
a (ol
7 (Gv) = 0

h/k
5+w’

From where
(T To )extr =

here W is the solution of the equation We" = ;—55 . Then
(T To)extr=9.664-10712[s-K]. (10)
Equation (10) is modified Winn formula. ( 74 )extr = = 1.26% (10) can be compared with the coherence time of thermal

radiation 1c = % (Mehta, & Wolf, 1967; Lerner, Cutler, & Miskovsky, 2015). They are identical within the definition. If (19) is

multiplied by the light velocity C, then we obtain the Wien constant bW = 2.898 10'° [m - K]. For T = 300 K (1, )extr = 32.2 fs.
To find the duration of the photon of the nth order, we must multiply 7, by (n+1.7)/2. Therefore, the higher the order of the
photon n — the longer its duration (energy is constant). Integrating the formula (10) by 7, and multiplying by C/4 leads to the
well-known Stefan — Boltzmann formula for the total intensity of the flux of electromagnetic radiation of an absolutely black
body under conditions of thermal equilibrium.

Discussion and conclusions

The packet representation of photons using an orthonormal series of elementary wave packets (EWP) made it possible
to describe the localized states of photons. A semiclassical solution for the probability of single-photon absorption in a two-
level system was used to obtain the quantized formula for photon energy. The found formula of the energy depends on the
duration of the quantum 1 and its field distribution (of the order of n EWP — functions). The resulting formula was used to write
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Planck's modified formula for blackbody radiation. From the formula, which is analogous to Winn's displacement formula, it
follows that the duration of the quanta corresponding to the maximum of the Planck distribution coincides with  the coherence
time of thermal radiation at the corresponding temperature T.
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KuiBcbkui HauioHanbHUM yHiBepcuteT iMeHi Tapaca LLleBuyeHka, KuiB, YkpaiHa

NAKETHE KBAHTYBAHHS ENNEKTPOMATHITHOIO NonsA 3 BAKOPUCTAHHAM
AK BASUCHUX ®YHKLUIN ENEMEHTAPHUX XBUJIbOBUX MAKETIB

IMokasaHo Moxnueicmb no3uyiliHoi Tokanisayii gpomoHa y npocmopi. 3anponoHoeaHa Memoduka 6a3yembcsi Ha 8UKOpUCMaHHI ornepamopie
Hapod)KeHHs1 ma 3HUUWeHHs1 nakemie ¢pomoHie i 8idnosidHUX xeunboeux nakemis. Y posni ocmaHHix 6yno eukopucmaHo opmoHopMos8aHuli psio
esleMeHmMapHuUx xeusboeux nakemie (EXI), 3anponoHoeaHuli y 2009 p. Ons1 onucy, 30Kkpema, ¢peMmoceKyHOHUX OnMuYHUX iMnynscie. OmpumaHo
eslekmpomMazHimHy cmpykmypy ¢pomoHie i gpopmysy Ons ixHbOI eHepeil, Wo 3anexumsb 8id eidHoweHHs nopsidky EWP-¢yHkuii n do mpueanocmi
iMmnynscy ¢pomoHa 7. 3 oansAady Ha ye cmpykmypa ¢pomoHa 3a ¢hikcogaHoi eHepaii Moxxe 6ymu pi3Hoto, Hanpuknad, 3a » »> 1 éoHa nepexodums Ao
38uYaliH020 2apMOHIYHO20 cueHany. Pesynbmamu 6yno eukopucmaHo Ons 3anucy modudgikoeaHoi ¢hopmynu mernsoeoz2o0 UNPOMIHIO8aHHS
abcoJs1romHo YopHO20 mina — ¢popmynu lMnaHka.

Knw4yoBi cnoBa: ¢gpomoH, npocmopoea siokanizayisi, eneMmeHmapHi xeusboei nakemu, ¢popmyna lNnaHka.

ABTOp 3asiBNsiE NpPO BiACYTHICTb KOHMMIKTY iHTepeciB. CrnoHcopu He Gpanu y4yacTi B po3pobneHHi JocnimkeHHs; y 36opi, aHanisi um
iHTepnpeTaLii AaHVX; y HAaNMUCaHHi PyKoMucy; B pilLeHHi Mpo nybrikaLilo pe3ynbTaris.
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