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OPTIMAL CONTROL OF THE SYSTEMS GOVERNED BY LINEAR HYPERBOLIC
INTEGRO-DIFFERENTIAL EQUATIONS

The work is dedicated to the study of hyperbolic integro-differential equations with partial derivatives. Integro-differential equations of
this type have long been a standard object of study in applied mathematics and often arise in the investigation of processes in viscoelastic
media (amorphous polymers, semicrystalline polymers, biopolymers, metals at very high temperatures, bituminous materials, etc.).

The main goal is to prove the existence and uniqueness of generalized solutions to the corresponding initial-boundary value problem,
as well as to investigate the existence of optimal control for systems described by these models. The main results regarding the well-
posedness of the initial-boundary value problem and the existence of optimal control are obtained using the method of a priori inequalities
in negative norms. In particular, inequalities in negative norms for the integro-differential operator in certain special spaces are obtained.
By utilizing the results of S. Lyashko and building upon the proven a priori inequalities, various definitions of generalized solutions are
formulated in the work, and a result regarding their equivalence is provided. A theorem concerning the well-posedness, i.e., the existence,
uniqueness, and continuous dependence of the generalized solution on the right-hand side of the equation, is presented.

The work begins with a review of relevant results with similar formulations, referencing works with physical justification of the model.
References to the application of the a priori inequalities methodology for differential and integro-differential equations are provided. The
problem statement, constraints on equation parameters, and functional spaces necessary for the investigation are described. Section 2
provides proven a priori inequalities, which are a central part of the work. Section 3 contains definitions of generalized solutions and
theorems describing their properties, including the well-posedness of the initial-boundary value problem. Section 4 is dedicated to the
investigation of the existence of optimal control. Control is exerted through the right-hand side of the equation using a certain special
operator. The work examines some examples of such control operators (illustrating various control mechanisms) and the corresponding
function spaces. By utilizing proven inequalities and relying on general theorems from the theory of a priori inequalities in negative norms,
conditions for the existence of optimal control are established. In particular, restrictions are imposed on the admissible set of controls
and the cost criterion in different scenarios.
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Introduction

In the cylindrical domain (x,t) € Q = Q x (0,T), where Q c R" is a bounded simply connected domain with a smooth
boundary 9(Q, we consider the initial-boundary value problem

Lu=f, (1)
for the hyperbolic integro-differential operator
u:=1uy + Au + Bu, (2)
with homogeneous initial and Dirichlet boundary conditions
ulgq = 0, 3)
Ult=0 = Utlt=0 = 0. (4)
Here, the operator A does not depend on the variable t and is given by the second-order differential expression
Au= =305 (ay(uy) + X @ (ug + a@u, (5)
while the Volterra-type integral operator B is given by
Bu = fot Y (Ki(x, £, Duy, (x, 1)), dT (6)

Integro-differential equations of this type have long been a standard subject of study in applied mathematics and often
arise in the study of processes in viscoelastic media. In particular, it is known that the behavior of some viscoelastic materials
(polymers, suspensions, emulsions) exhibits memory properties. Therefore, the forces arising within the body depend not
only on the current values of deformation and/or velocity gradient but also on the entire time history of motion. Hence, many
models for viscoelastic materials lead to equations of motion that take the form of a linear hyperbolic differential equation
perturbed by a dissipative integral term of the Volterra type (Cannarsa, & Sforza, 2011). Thus, the problem (1)—(6) generalizes
the model of evolution of a homogeneous isotropic linearly viscoelastic solid occupying a (bounded) volume Q at rest. The
unknown function u represents the displacement field relative to the reference configuration (Conti, Gatti, & Pata, 2008).

Examples of viscoelastic materials include amorphous polymers, semi-crystalline polymers, biopolymers, metals at very
high temperatures, bituminous materials, etc. According to (Lakes, 1998), viscoelastic materials include discs in the human
spine, skin tissues, wood, polymer foams used in seats, and so on. Materials that behave elastically at room temperature
often exhibit significant viscoelastic properties when heated. For example, this occurs with metal turbine blades in jet engines.
Viscoelasticity also plays a role in the motion and behavior of tectonic plates, which float and move independently on the
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mantle of the earth, and are responsible for earthquakes, volcanoes, etc. (Kelly, 2013). Detailed physical justification of
considered model is given, for example, in the monographs (Renardy, Hrusa, & Nohel, 1987; Fabrizio, & Morro, 1992).

It is worth mentioning that in the literature, one can find many studies closely related to (1)—(6). For instance, in the work
(Loretti, & Sforza 2010), an integro-differential equation of hyperbolic type is considered:

Uee (6, %) — Uner (8, %) + Bfote_“(t_s) Uy (s,x)ds = 0,t € (0,T), x € (0, 1) 7)
with zero initial conditions: «(0,x) = u;(0,x) = 0,x € (0, 7) and boundary conditions
(tx) = {O, x=0,
WX =9, x=m,

where g(t) is the control function. In the cited work, the problem of determining the control g is considered, for which the
weak solution of equation (7), satisfying the given initial-boundary conditions, at the final point satisfies the conditions
u(T,x) = up(x), us (T, x) = uy(x), x € (0, m).
The proof was based on harmonic analysis and the Hilbert uniqueness method.
In the work (Diagana, 2014), an integro-differential equation is considered:

t
Uy + Buy + Au = f C (t —s)u(s)ds + f(t,w),

where A, B are certain linear self-adjoint operators. Using methods of operator theory and Schauder's fixed-point principle,
the existence of some generalized solutions was established.
The paper (Engler, 1991) investigates the equation

U (x, t) = div,, <g(Vu(x, t)) + fma (s)h(Vu(x, t), Vulx, t — s))ds) + f(x,t),
0

with initial-boundary conditions
ulx, t)]ga = 0,ulx, 0) = uy, u(x,0) = u,.

The author constructed global weak solutions of the given equation. It is shown that disturbances of steady states
propagate with bounded speed, smoothing effects of the solution operator are revealed, and conditions for asymptotic stability
of steady states are indicated.

The work (Gan, & Yin, 2015) is devoted to the application of the finite element method to a linear integro-differential
boundary value problem of the second order:

t
U (x, t) = V- (AVu) — f V- (BVu(s))ds =f(x1t)
0

with initial-boundary conditions
ux, t)|ga = 0,ulx, 0) = ug, u(x,0) =uy

in a two-dimensional spatial domain Q. Note that positive definiteness conditions are imposed on the operator B. Optimal
error estimates in the L, and H; norms were obtained for a semi-discrete scheme. Through numerical experiments, the
effectiveness of symmetric schemes was confirmed, and it was demonstrated that the convergence rate in the L, norm for
fully discrete Euler and Crank-Nicolson inverse schemes is 0(h? + t) and 0(h? + t2), respectively.

In (Karaa, Pani, & Yadav, 2015), the hp-continuous Galerkin method is applied to a class of linear hyperbolic integro-
differential equations of the second order. The problem has the form

¢
Uy — V- (A(x)Vu + f B (x,t, s)Vu(s)ds) = f(x, 1),
0

u(x,t)]aq = 0,
u(x,0) = ug, u(x,0) =uy, x € Q.

Based on the analysis of the extended Ritz-Volterra-type mixed projection, the authors obtained a priori estimates of the
hp-error in the L*(L,) norm for velocity and displacement. Convergence order results were obtained, and numerical
experiments were presented.

In the paper (Saedpanah, 2014), the existence and uniqueness of solutions to the problem

puq(x, t) + Aulx, t) — f B(t —s)Au(x,s)ds = f(x,t)
0

with mixed homogeneous Dirichlet and non-homogeneous Neumann conditions are investigated:
u(x, )l = 0,0(wx,6) -n| . =g(x,0),

u(x,0) = ugy, u(x,0) =vy, x € Q.

Note that in such formulations, the differential operators in the integral component and outside of it are the same, and the
kernel of the integral operator depends only on the difference of arguments. The existence and uniqueness of the solution
are proved using the Galerkin method. Regularity estimates are obtained. The proposed approach is also used to prove
higher-order regularity for models with smooth kernels, under appropriate assumptions regarding the initial conditions.

The aim of the work (Cannarsa, & Sforza, 2011) is to study the damping effect of memory-related terms on the asymptotic
behavior of solutions to second-order evolution equations in Hilbert spaces. The global existence and asymptotic behavior at

infinity of solutions to the semi-linear integro-differential equation
t

U (t) + Au(t) — f g (t —s)Au(s)ds = VF(u(t)) +f(t)
0
are considered. Exponential stability of weak solutions in the energy norm is obtained for kernels that exponentially decay at

infinity, under certain assumptions.
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In the work (Shen, Yang, & Liu, 2014), the authors study the problem of optimal control for systems of the form
t

U + Au +f C (t,s)u(s)ds = f + Bu,
0
u(x,t)]aq =0,
u(x, 0) = ug, u(x,0) =uy, x € Q.
Here, A is a linear, self-adjoint, strongly elliptic second-order differential operator, B is a certain linear continuous operator,
and C is a second-order differential operator.
The investigation in (Conti, Gatti, & Pata, 2008) establishes some results regarding exponential and polynomial decay of

energy associated with a linear integro-differential Volterra equation
t

Uy — odu + Bu, + f n(s)Au(t —s)ds =0,
0

and provides sufficient conditions for energy decay without using differential inequalities involving the convolution kernel p.
The well-posedness of a problem with abstract hyperbolic Volterra-type equations is also addressed in (Dafermos, 1970).
The existence and uniqueness of solutions to the equation

t
(oue)e = C(Ou(e) - j G (t, 5)u(s)ds + £ ()
0

in certain spaces is proved, and their asymptotic behavior is studied.

It is worth outlying that one of the effective methods in studying generalized solutions and optimal control of linear systems
is the method of a priori inequalities in negative norms. Estimates in negative norms were first obtained in the 1950s in the study
of elliptic boundary value problems (Berezanskyi, 1968), and later used in the works of V.P. Didenko (Didenko, 1972), where
such estimates were obtained for a wide class of second-order differential operators and a method for their construction.

The application of the theory of a priori inequalities in negative norms to various optimization problems of systems with
distributed parameters is thoroughly described in the monograph (Lyashko, 2002) and partially in the works (Klyushin et al., 2011;
Anikushyn, & Nomirovskii, 2011). The approach developed by S. I. Lyashko and his colleagues has proven to be quite effective
in studying various issues of well-posedness, optimal control, controllability, numerical methids of systems with distributed
parameters. Specifically, works such as (Lyashko, 2002; Klyushin et al., 2011; Sergienko et al., 2023; Lyashko, & Semenov,
2021; Nomirovskii, 2004; Lyashko, & Nomirovskii, 2003a; Lyashko, Nomirovskii, & Sergienko, 2001; Lyashko, & Nomirovskii,
2003b; Nomirovskii, 2006; Nomirovskii, 1999; Nomirovskii, 2007; Nomirovskii, & Vostrikov, 2016; Tymchyshyn, & Nomirovskii,
2021; Semenov, & Denisov, 2023) investigate various formulations for differential equations with partial derivatives.

It has been found that this approach can be successfully applied to Dirichlet problems for integro-differential equations
with Volterra-type integral components. For instance, in (Anikushyn, 2010a), the problem with an elliptic type integro-
differential equation was studied, while in (Anikushyn, & Hulianytskyi, 2014; Anikushyn, 2010b), problems of parabolic types
were addressed. Some special types of equations with Volterra-type integral components are also considered in (Anikushyn,
& Kosteeva, 2018; Anikushyn, 2014). The work (Anikushyn et al., 2015) provides a collection of results in this area.

We should underline that the works (Anikushyn, & Hulianytskyi, 2014; Anikushyn, 2010a) transfer results for elliptic and
parabolic differential operators, obtained in (Lyashko, 2002), to the case of corresponding integro-differential operators.

In our work, using a priori inequalities for the differential part of the operator (2) from (Lyashko, 2002) and obtaining an
estimate for the integral component, we will transfer the result of (Lyashko, 2002) to the case of hyperbolic integro-differential
operator. Based on the obtained a priori inequalities, we will provide theorems of existence, uniqueness of generalized
solutions, and a theorem on the continuous dependence of the solution on the right-hand side of the equation. Finally, we will
use the obtained a priori inequalities to study the problem of optimal control.

1. Main notations and spaces. We start considering the linear operator L defined by the relation (2). As before, u(x,t)
represents the function describing the system's state in the domain (t,x) € Q = (0,T) x Q, where (2 is a bounded domain in
n-dimensional space with a smooth boundary 9Q. The operators A and B have the forms (5) and (6), respectively.

We assume that the kernels K;(x,t,t) are continuously differentiable on Q2 x [0,T] x [0,T]. Additionally, let a(x) be

continuous, and the coefficients a;;(x), a;(x) be continuously differentiable functions on Q, with a;j(x) = a;;(x), and the
operator A being uniformly elliptic in the domain Q, meaning that for any real numbers ; the following inequality holds:
n n

Z aij (x)}\l}\] > QZ}L?,
i=1

Lj=1
where a is a positive constant independent of x € Q and A;.
Additionally, we assume (as in (Lyashko, 2002)) that for any x € Q
a(x) 20, a(x) = ¥, (a; (), (8)
Let Cy° denote the set of all functions u € C“(a) that satisfy the boundary conditions (3) and the initial conditions (4), and
let C7° denote the set of functions v € Cm(a) that satisfy the conditions (3) and
Ule=r = Ugle=r = 0. (9
Let Hgr, Hgr+ denote the completions of the sets C;°, C7°, respectively, with respect to the norm
n

= [ut+ ) w2 do,
Q i=1

and let Hpp, Hyp+ denote the corresponding negative spaces constructed with respect to L,(Q).
Also, we consider the adjoint operator to L, which we formally write as
L'u =vy + A'u + By, (10)
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where
n n
Aty = — Z (ai]-vxj) - Z(ai”)xi + av,
i,j=1 i i=1

B*v = f Z(K (6, T, vy, (%, 1), dT.

We will consider the spaces C;°, C7° as the domalns of definition for the operators L and L*, respectively.
2. A priori inequalities
Lemma 1. There exists a positive constant c such that for any functions u € Cg°, v € C7°, the following inequalities hold:
II Lu IIH R <cllu g,
L lpz<clivlly,,,
Proof. In (Lyashko, 2002), it is shown that for the differential part Lou = u;, + Au of the operator (2), for any functions
u € Cy°, v € CF°, the following inequality holds:
[(Lpw, V)| < C Nl ully,, Il v ety e (11)
We now consider the integral part of the operator. Due to the continuity of the kernels K;, there exists a constant ¢, > 0
such that |K;(x,t, )| < ¢ for (x,t,T) € Q% (0,T) x (0,T). Foranyu € Cy°,v € C°, we have

|(Bu U)LZ(Q)l = ‘ZJ- f Z(K (x, £, Duy, (x, 1)y, dtv(x, )dQ| =

KL- (x, t, Duy, (x, Ddrvy, (x, £)dQ| =
0

n t
S;L fo |K: (x, t, Dy, (x, Dy, (x, )| dTdQ =

n
¢
SCKZJ- f |uxi(x,‘r)vxl,(x,t)|d‘rdQ.
=170 "0

Utilizing the Cauchy-Schwarz inequality twice, we have

t T
f J |1y, (x, Dy, (3, 1) | dTdQ < f f |y, (x, D] d vy, (x,8)] dQ <
Qo QYo

1
T T 2
SL(L uZ, (x,r)d‘tfo d‘t>2|vxi(x,t)|dQ=

1
1 T 2

=T2 2 (x,1)d e (2, 0)|dQ <
ZIQ(fOuL(xT) r> |vl(x )| Q

1

1 T 2
<T2 uZ, (x,dwdQ | v (x, t)dQ) =
(L1 )
1
2
=T\ | uf (x,0)dQ | v (x, t)dQ> .
([ coae],

|(Bu, U)LZ(Q)| Scllullplviy,,..
for some constant ¢ > 0. Using (11), we obtain
|((LD + By, V)LZ(Q)| < |Wpu, v)LZ(Q)| +|(Buy, v)LZ(Q)| SCHullpglvilg,,,-
Dividing by Il v Il , taking the supremum over all functions v € C7°, and considering their density in the space Hgg+, we
obtain

Thus,

ity = sup CeP@ oy,
BRY  pece NV lly,,.,
The second inequality is proven similarly.
O
Remark 1. The inequalities proved in Lemma 1 allow us to extend the operators L and L* from the sets Cy°, C° to the
spaces Hgg, Hpg+, respectively, by continuity. We will keep the same notation L,L* for the extended operators, and note that
the inequalities stated in Lemma 1 are now hold for all functions u € Hgg, v € Hgg+.
Lemma 2. There exists a positive constant ¢ such that for any functions u € Hgp, v € Hgg+, the following inequalities hold:

T u N, <I Ly,

¢ v, <I Ll
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Proof. Let's prove the first inequality. First, assume that u € C;° c Hgz. Due to Lemma 1, we have Lu € Hgy, thus, Lu
defines a linear continuous functional (Lu,"),, on the space Hgg. Consider the value of this functional on an element v defined
as follows:

v(x,t) = ftTe_MTu(x, 1) dt. (12)

We will choose the value of the positive constant M later. Note that the function v defined in this way belongs to the space

Hpgr+ and u = —eMtv,. From the proof of Lemma 2 in Section 6.1 of (Lyashko, 2002), it follows that under the assumptions
(8) and (12), for sufficiently large M, the following estimate holds:

M M
(Lpw, V)1, 2 :fQ eM vt dQ + aT ?=1f eMt U;?, aQ +< fQ i= 1Ux, le=o dAL. (13)
For the integral component Bu, we further examine (Bu, v).,(q)-
Let ¢k > 0 majorize |K;(x,t, )| and |(Kl-(x, t, T));| in the domain Q x (0,T) x (0, T). Using (14), we have

n t n t
ZJ- f K; (x, t, Duy, (x, Ddtoy, (x, 1)dQ| = Z f f K; (x,t, ‘t)eMTvTxi(x, T)dtvy,(x,t) dQ
Integrating by parts (here and below K; denotes the derivative W|th respect to 1):

J K; (x,t, D)eM vy, (x, Ddt = K;(x, t,T)eM‘vxi(x,T)lo —f (K;(x, t, DeM) vy, (x, DdT =
0

|(Bu, v)1, )| =

¢
= K;(x, t,)eM v, (x, ) — K;(x, t, 0)vy, (x,0) — f (K (x,t, DM + MK;(x,t,D)eM") v, (x, Dd.
0
Thus,

t
K; (x,t, DeMuyy, (x, Ddtvy, (x, t) dQ| <
0

n
|(Bu' U)Lz(Q)l =
i=1
n
Zl
Z
n n
< ckz-femvfi dQ + CKZ
i=1"¢Q i=1

For the second term, let's apply the inequality |AB| < EA2 + 132-

a cxT
fvx leov, do‘ T vlimo + vxldo——fvxlu oda+—fvxl dQ.
Q

f 1< (x,t, 0)eMtv, (x,t) — K;(x, £, 0)vy, (x, 0)) vy, (%, 1) dQ| +

f f (K] (x,t, DM + MK;(x, t, DeM") v, (x, DdTry, (%,

fvxi le=0Vx, dQ‘ + cKZf f (eMT + MeM) vy, (x, D) |d|vy, (x, )| dQ.
Q =170 "0

Thus,

i [ Jy v lecove, 4Q| < S J 02 lomo d+ KL [ 02 d (14)
For the third term, let's apply the Cauchy-Schwarz |nequaI|ty.

t t t :
f J eMT |y, (x, D) |dt|vy, (x, )| dQ Sf <f eMt er MTpZ (x, T)d‘[> vy, (x, )] dQ <
Qo 0 0

1 1
sL(eM;’_lfo M2 (x, T)d‘[) vz, Cx, t)|dQ<—f Mf/2<JO M2 (x, T)dr> |y, G, 0)] dQ <

1 1
<\/—_<f eMtv2 (x, t)def M2 (x, T)deQ> =\/§<Lemv§i(x.t)dQJ M2 (x, r)dQ)

ck(+M) YT 1f f eMt |le(x ‘t)|dt|vxl(x t)| dQ < CK(I\;T)\/— 1f eM vl (x,t) dQ. (15)

Using (13), (14), and (15), we have
(W V)i,0) = (ot Vi) |(Bw,v)1, 0| 2

2%[ eMt y2 dQ+—Zf eM vl dQ+< vaxlh on—cKZf eMtp2 dQ —

I _Csz _MZf Mt 2
7 fn v le=0 40 —— vai dQ NI 2 Qe v (x,t) dQ.
&

M ciT aM  cx(1+ MWNT
@2 (e E) [t ao s (- 2GRS [

Thus,

Thus,
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Considering that for sufficiently large M, the coefficients in the last inequality will be positive, we have that there exists
some C > 0 such that the inequality
(Lu, U)LZ(Q) =>Clv ”IZ'IBR*'
holds. Similarly to (Lyashko, 2002), applying the Schwarz inequality to the left side and considering that for some ¢, > 0,
lvlly,,.2 co Il ull,, we have
W Llullys MV, = Lu,v),=Cllv IIE,BR+2 Clvllg Jul,
from which the first inequality of the lemma for u € C;° follows.

For the remaining functions in Hgg, the assertion is established passing to the limit. Let u € Hgg (not necessarily smooth).
Due to the density of C;° in Hgg, the element u can be approximated by a sequence of elements u,, € C;°. That is,
Il u—up ly,,—~ 0, as m — oo. Due to Lemma 1, we have the inequality

ILw = Ly g < €1 M=t Ny
Hence, Lu,, — Lu in the space Hg+. Furthermore, for each u,,, the inequality
¢l gy g, <N Ly, [/
holds. It remains to note that from the convergence in the space Hgy it follows the convergence in L,, and thus Il w — up, Il,,— 0.
Now, passing to the limit as m — oo in the last inequality, we obtain the desired result.

The second inequality of the lemma is proved analogously. O

Thus, using Lemmas 1-2, we conclude the following result:

Theorem 1. For all u € Hgr and v € Hgg+, the following inequalities hold:

lully, < cilllully; < callullpy,, (16)
i, < clilvlyg, < callvlly,,,- (17)

3. Generalized solvability. Consider the problem
Lu=f, f € Hgp+. (18)

We will understand solutions of this problem in the following senses (Lyashko, 2002):

Definition 1. A solution to problem (18) with the right-hand side f € Hy+ is an element u € Hpy for which there exists a
sequence of functions u; € Cy° such that

lu—w g~ 0,1l Lu; — f IIH;R+—> 0, i—> oo,

Definition 2. A strong solution to problem (18) with the right-hand side f € Hg+ is a function u € Hpp such that Lu = f in
the space Hpyp-+.

We can consider the definition of the solution to problem (18) in the broader class Hgy as well.

Definition 3. A solution to problem (18) with the right-hand side f € Hg,+ is a function u € L,, for which there exists a
sequence of functions u; € Cgg, i = 1,2,... such that

hu—w;ll, > 0 I Lu; — f I, 72, 0
Definition 4. A weak solution to problem (18) with the right-hand side f € Hg+ is a function u € L, such that the equality
(u, L*U)L2 = (f, U)HBR+'
holds for any functions v € Hgg+ such that L*v € L,.

Similarly, we will define solutions to the adjoint problem. Based on the inequalities (16)—(17) and according to (Lyashko,
2002), we formulate the theorems of generalized solvability.

Theorem 2. Definitions 1 and 2 are equivalent. Definitions 3 and 4 are equivalent.

Theorem 3. For any element f € L,, there exists a unique solution to problem (18) in the sense of definitions 1 and 2. For
any element f € Hy,+, there exists a unique solution to problem (18) in the sense of definitions 3 and 4. These solutions
depend continuously on the corresponding right-hand sides.

Remark 2. Similar theorems can be formulated for the adjoint problem.

4. Optimal control. Now we consider the problem of optimal control for a system whose evolution is described by the
equation

Lu = f + Ah. (19)

Here h is the control belonging to some set of admissible controls U from the control space #, and A is some operator. A
functional J(h) = CID(u(h)) is defined on the solutions of equation (19), which needs to be minimized under the condition h € U.

Let's consider two examples of operators A and indicate the corresponding control spaces for them.

Arh = T, 8 (t = t) ® @ (), 6, ty € [0,T], @, (x) € Lp(Q). (20)

Here

h = {(t0 0 ())ima, 3 = (10,71 % Ly ().

By Ak, we mean a functional that acts on smooth functions in Q as follows

da
@) = | v (600,00 o
k=1

Next, for simplicity, let's assume that the domain Q is c_ylindrical in the variable x,, thatis, Q = [a, b] x Q.
d‘lzh = Zﬁ:ls(xl _xl,k) ®‘Pk(t!x2r""xn)' (21)
X1, X1 i € [@,b), @ (t, Xa, ..., %n) € Ly ((0,T) x Q).
Here
d
h = {(xl,k, @i (t, xz,...,xn))}ﬁzl, H = ([a, b] x Lz((O, T) x Q’)) .
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By A,h, we mean a functional that acts on smooth functions in Q as follows

d
(Ap)(v) = Z f v (&, %1 4, X, e, X0 ) @i (L, X2, o0, X)) AQ'dL.
=1 Jlor1xe

The obtained a priori inequalities (16), (17) allow us to claim, similarly to (Lyashko, 2002), that the specified operators
(20), (21) can be considered as mappings acting from the respective control spaces H to Hg+, are weakly continuous, and
the following theorem holds:

Theorem 4. Let the state of the system be described by the solution of problem (19) with one of the provided operators
A and the corresponding control space H. Assume that the set of admissible controls U is closed, convex, and bounded in
H, and the cost criterion ®(-): Hir — R is weakly lower semi-continuous with respect to the system state u(x,t,h) and
bounded from below. Then there exists an optimal control for the system (19).

Discussion and conclusions

The proven a priori inequalities create a basis for investigation of the qualitative characteristics of hyperbolic systems. The
paper presents the application of these inequalities to the existence and uniqueness of the generalized solution, its continuous
dependence on the right-hand side, and the existence of optimal control. Moreover, the chosen method of investigation allows,
among other aspects, through the proven inequalities (16), (17) to also demonstrate certain differential properties of the quality
criterion, the properties of the regularized problem, to construct and to prove the convergence of the numerical methods for
evaluation generalized solutions and optimal control, etc.
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ONTUMAINBHE KEPYBAHHSA CUCTEMAMM, LLO ONUCYIOTLCA NIHIAHUMU MNMNEPBONIIYHUMU
IHTErPO-AU®EPEHUIANBHUMU PIBHAHHAMU

lMpucesiyueHo suey4eHHO 2inep6osiyHuUX iHMe2po-odughepeHyianbHUX PieHsAHb i3 YacMUHHUMU noxiOHuUMU. IHme2po-OughepeHyianbHi pieHSIHHS
mako20 muny dagHO cmasiu cmaHGapmHuM 06 °€KmMoM 8usYeHHs NPUKIadHOi MameMamuku i 4acmo 3ycmpiyarombcsi nid yac docnidxeHHs1 npoyecie
y 8'si3konpyxHux cepedoeuujax (aMmopgHi nonimepu, HaniekpucmaniyHi nonimepu, 6iononimepu, Memasnu 3a Ayxe aucokux memnepamyp, 6imymHi
Mamepianu moujo).

OcHoeHa Mema docnidxeHHs1 nosnisizac y doeedeHHi icHyeaHHs1 ma €eOUHOCMI y3a2albHeHUX po3e 'si3kie eidnoeioHol moYyamkoeo-kpaiioeoi 3adadyi,
a MakKoX eU8YeHHIo iCHy8aHHs1 ONMUMasibHO20 KepyeaHHs1 cucmemMamu, w0 onucyromscs eionogidHumu modensimu. OCHOBHI pe3ynbmamu w000
KopeKmHocmi nocmaHoeKu rno4yamkoeo-kpaliogoi 3adayi ma icHyeaHHs1 ONMuUMasnibHO20 Kepy8aHHsI OmMpPUMaHoO 3@ A0roOM0o20t0 Memody anpiopHuUx
HepieHocmeli y HecamugHuUX Hopmax. 3okpema, 6yno odepxaHoO HepieHOCMi 8 He2camueHUX HopMax Onsl iHmezpo-oughepeHyianbHO20 onepamopa
8 desikux cneyianbHuUx npocmopax. Bukopucmosyroyu pesynsmamu C. Jlawka ma 6a3yroqducb Ha dogedeHux anpiopHUx HepieHocmsix, y docii-
O)KeHHi cghbopMyIbOB8aHO Pi3Hi 03Ha4YeHHs y3a2a/lbHeHO20 Po38'sI3Ky i HasedeHo pe3ynbmam w000 ix ekeieareHmHocmi. HaeedeHo meopemy npo
KopeKkmHicmb nocmaHo8ku, mo6mo npo icHyeaHHsi, eQUHiCMb i HenepepeaHy 3asieXHicmb y3a2aslbHEeHO20 Po38'si3Ky 8i0 npasol YaCMuHU Pi8HSIHHSI.

Po6oma no4uHaemscs o2515100M pesieeaHMHUX pe3ynsmamie 3 nodi6HuMu nocmaHoekamu. HadaHo nocunaHHsi Ha po6omu i3 ¢i3u4HUM 06r'PyH-
myeaHHsiM moderi. HasedeHo nocunaHHs w000 3acmocysaHHsi MemoOuKuU anpiopHuUx HepieHocmel Onsi dughepeHyianbHUX ma iHmeapo-ougepeH-
YianbHux pieHsIHb. Takox onucaHo NocmaHoeKy 3adayi, 06MexXeHHs1 Ha napamempu pieHsIHHA U yeedeHo pyHKYioHanbHi npocmopu, HeobxidHi onsi
docidxeHHs. Y yacmuHi 2 doeedeHO anpiopHi HepieHocmi, w0 € yUeHmMpasabHOI YacmuHow pob6omu. YacmuHa 3 Micmumb O03HaYeHHs1 y3azalnbHe-
HuUX po3e'si3Kie ma meopemu, w0 OnuUCyromMsb ixHi 8/1acmueocmi, 30KpeMa 8CmaHoBJIF0EMbCS1 KOPEKMHiCMb MocmaHO8KU 1oYamkKoeo-Kpaliosoi 3a-
Oavi. Y yacmuHi 4 HasedeHo 3adayy onmumanbHO20 KepyeaHHs. KepyeaHHsi id6yeaembcs Yepes npaesy YacmuHy pigHsIHHS 3@ 00MOMO20t0 1e8HO20
cneyianbHO20 onepamopa. Y po6omi po3ansHymo desiki npuknadu makux ornepamopie KepyeaHHsl (Wo imrocmpyromb pi3HOMaHimMHIi MexaHi3mu
KepyeaHHs1) ma eidnoeioHi npocmopu ¢yHkyili. Bukopucmoeyrodu doeedeHi HepieHocmi ma rpyHmyro4uchb Ha 3a2a/lbHUx meopemax 3 meopii
anpiopHux HepieHocmel y HezamueHUX HOpMax, y po6omi ecmaHO8/IeHO yMO8U, 3a SIKUX iCHylomb onmumasbHi KepyeaHHsl. 30kpema, Haknaoda-
rombcsi o6MexeHHs1 Ha donycmumull Habip KepyeaHb i Kpumepil skocmi 8 pi3HUX cyeHapisix.

Knw4yoBi cnoBa: anpiopHi HepieHocmi, niHiliHe 2inep6osiidHe pieHsIHHSI, 8 SI3KOMNPYKHICMb, Y3a2aslbHEHHI PO36 'I3KU, ONMuMaJsibHe KepyeaHHs1.

ABTOpM 3a8BNSIOTb NPO BiACYTHICTb KOHAMIKTY iHTepeciB. CnoHcopy He Gpanu y4acTi B po3po6neHHi AocnimKeHHs; y 36opi, aHanisi un
iHTepnpeTauii AaHWX; Y HanMCaHHI pyKonucy; B pilleHHi Npo nybnikauito pe3ynbTaris.

The authors declare no conflicts of interest. The funders had no role in the design of the study; in the collection, analyses or interpretation
of data; in the writing of the manuscript; in the decision to publish the results.

ISSN 1728-3817





