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SCALAR FIELD AT LARGE DISTANCES FROM SPHERICALLY SYMMETRIC
STATIC CONFIGURATION

Stationary spherically symmetric space-time in the quasi-global coordinates is considered in presence of scalar field (SF)

minimally coupled to gravity, with a monomial potential V (¢) = ¢" , n >4 . We prove convergence of an iterative method to solve

the joint system of Einstein — SF equations at sufficiently large distances from the center. The result can be used for a numerical

solution for the metric and SF by means of backwards integration from large values of the radial variable to smaller ones.
Keywords: stationary spherically symmetric space-time, scalar field, monomial potential, numerical solution

1. Introduction

Considerable attention in gravitational physics is paid to general relativistic configurations with various types of scalar
field (SF) (see, e.g., [1,2]). In this field, there are a number of models of the spherically symmetric static configurations with
non-linear SF that do not admit exact analytic solutions and, therefore, must be studied numerically. The most direct proce-
dure involves a kind of the backwards problem: we use an approximate solution to derive conditions for ordinary initial value
problem at sufficiently large distances r from the configuration and extend this solution by some numerical method for low-
er r . Usually asymptotic solution at spatial infinity is derived "on a physical level of rigor" without necessary justification. We
propose such justification that involves a convergent iteration procedure in case of certain SF with monomial potential.

We consider non-linear SF ¢ described by the action

1
S=Sgr+ I d*xJlg '[E 90,0, —V(¢)} : 1)
where Sg is the standard gravitational action of General Relativity, V(¢)is the scalar field self-interaction potential:
V(p)=9¢", n>4.
Metric of static spherically symmetric space-time in the quasi-global coordinates is
ds? = A(x)dt? e —r?(x)(d6? +sin*(0)de?) 2)
A(x)

The condition n >4 is essential because in this case we expect that ¢(x) =y, / x on large distances. For n<4 the as-

ymptotics is different. The case n =2 (linear massive scalar field has been treated in [3]).
The non-trivial Einstein equations following from (1) are

2 2 2,2 2
o)z, S dr( 2] <0, A% DR 2. @)
dx\ dx dx® 2 (dx dx dx
The equation for SF (covariant D'Alembert equation with the potential V(¢) in case of static field)
) @
dx dx do

The equations (3, 4) are not independent; further we use the first and the third equations of (3) and equation (4).

2. Asymptotic conditions and transition to the integral equations
We consider asymptotic conditions at spatial infinity as follows

A(x) :1—27m+o[%j , (5a)
where m >0 is the configuration mass,
r?(x)= x2(1+g+%+...j; (5b)
X X
¢(X)=Xf;+0(%], (5¢)

where we put C, =0, which is related to the choice of coordinates. In view of these conditions, we can pass to the system
of integral equations that can be solved iteratively. Equations (3) yield

294 _ 2m+2J.dx rav(o),
dx ’
2
A9 _20A o,
ax dx
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In view of asymptotic conditions, the coefficient C =-6m does not depend on x,, . Combining these equations we have

r?(x)=R(x,0,r), (6a)
A(x)=A(x,0,r), (6b)
¢(X):¢(X1¢1r)’ (60)

where

2m+ ZI dx"rav(o)

A(X,0,r) =‘I—Idx' 200 , (7a)
X 1 oo
Rz(x,¢,r)=r2(x0)+x_[dx"w 2x'—4m+2£dx" rv(9) |, (7b)
x0+[dx"r (x")%
2 . (7c)

q)(x.(]),r):'[dxl R2(x")A(X",d,r)

3. Definition of the class of functions and contraction mapping

We are looking for the solution {r(x),A(x),d(x)} of integral equations (7) on [x,,e=) with given x,, m>0 and rz(xo)
satisfying conditions ax§ < rz(x0)< bx§, O<a=1-e<1 b>1.Wefix x, (that affects only the choice of the radial varia-
ble); x, must be sufficiently large.

In view of the asymptotic conditions (5), we consider the set S of continuously differentiable functions satisfying
for x = x,

1-g, <A(x)<1+¢,, (8a)
gx2 <r?(x)<3bx?, (8b)
vy < el o5, (80)
X
where
O<g <1 1<b(1-¢), c=3+¢,. (8d)

Here ¢,e,,€, will be assumed to be sufficiently small in view of the asymptotic conditions (4).

For integral equations (7a-c) we have to estimate the r.h.s. of (7) for functions satisfying (8). Now denote # ={A,R,®} —
operator of the r.h.s. of equations (7). We must show that &(S)c S and the mapping «: S = S is a contractor.

After some estimates on account of (8), we have ( x = x, >>m)

2 n,,n 2 2 n.,n
R2(x,0,r) < r2(xg)+=*—|146—LCXo__| _py2 4 X° | X" |g bCUo |
1-¢, (n-3)xg? 1-g, 1-g| (n-3)x§2

R%(x,0,r)>ax2 +

(x =X, F 4m 2 3n-5 1 n
——(Xx- —+ c b,
(re,) XXM\ St ez (%)

whence for a sufficiently large x, we have ax?/3 <R?(x,0,r)<3bx?.

Using (8) we have

3 bc™yg
A(X,0,r)-1<—-2m+6—FX20 |
[AGor) -1 ax, l: (n—3)x{)"3}

which is smaller than any prescribed ¢, in case of sufficiently large x,. Thus A(x) fulfills (8a).
We shall now estimate |®| using (8)

3 3bn n-1
D(x,0,r) <— +|——  |c .
‘ ( ¢ )‘ X|:X0 (n_4)xg,4‘ XO‘ :l
Then, (I)\ fulfills (8c,d) for x > x,, provided that we choose
9bn n—1
—|c <e,; 9
(n_4)xg—4‘ XO‘ 2 ( )

this choice being possible for sufficiently large X, .
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Thus, the set of functions of C[x,,-) satisfying (8) is invariant with respect to the mapping « defined by the right hand
sides of (7).

Now we estimate the contractive properties of & :S = S. We denote &f(x)=f(x)—f'(x), where f(x),f'(x)e S.

After cumbersome estimations on account of (8), we get

IA(X,0',r") ~ A(x,0,r)| < s, Hx‘28r2(x)H +8,%5" [x80(x)

, (10a)
n-2 n-2
where dimensionless s, =O(m]+0 \xo\z (XO] , §=0 \xo\z (XOJ tend to zero for x, — e (dimensions:
Xo Xo Xo

Xo~ X, W~X2)

(x)] = sup{ff(x)
Next, using (8) we get

, X=X}

x2 ‘Rz(x,rz,Q)—Rz(x,r'z,CD')

< {s3 [x28r2 (0] + 841" Hx8¢(x)H} , (10b)
S; =Si(xy) >0 for x; — .
Analogously for ®(x,¢,r), we get

‘(D(X1¢lr)_q)(x’¢l’r')

2
SX7° Ss o +Sexo [X80] ¢ <

7
Xo dr? =
S7max(ss,ss) ~7| %o |x30) ¢ (10c)
where s; =S;(Xx,) =0, Xq—oo.
Thus, we see from (10) that the mapping « is contractive in the norm
r’(x) -1
|AC)|+ 2| %o [xo(x)], (11)

where x, — o= . This finishes the consideration of convergence of the iteration sequence obtained with operator A .

By the end, we note that consideration with the norm can be expected to work in much wider situation, e.g., in case of a
superposition of several SFs.
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AcTpoHomiyHa o6cepBaTopis

KuiBcbkoro HauioHanbHoro yHiBepcuTeTy iMeHi Tapaca LLleByeHka

CKANAPHE NOJE HA BEINUKUX BIOCTAHSIX Bii COEPUYHO CUMETPUYHOI CTATUYHOI KOH®IIYPALIT

Po3ansinymo HeniHilive ckansipHe none 3 dicro
1
S=Ser+ Id4XV| gl {5 g"o,0, - V(‘P)} ,

. . . . P . B 2n
de SGR — cmaHOapmHa 2pasimauyitliHa Oisi 3a2anbHOi meopii 8iGHOocHOCmi, nomeHyian camodii ckansipPHO20 MosIi € MOHOMHUM: V((])) =07,

N > 2. ¥Ymoea Ha cmeniHb 1 noe’A3aHa i3 aCUMITMOMUKOIO MOJIs1 Ha 8EUKUX 8idCMaHsIX.
Po3sansinymo cghepuyHO cumMempuyHi po3e'si3ku cucmemu pieHsiHb EliHwmeliHa ma ckansipHO20 noJisi y npocmopi-4aci y keasianobasnbHuUX Ko-
opduHamax i3 MempuKoro

ds? = A(x)dt* — A™(x)dx® - r?(x)(d6” +sin*(6)dg ) .
Cucmema — ye mpu 38uvyaliHi dugpepeHuyianbHi pieHsIHHS; iT 36edeHo Ao iHMezpasibHUX PieHSAHb, 3pPy4YHUX Ons NpoeedeHHs1 imepayiliHoi npo-
uedypu, sika He eusodumb i3 MHOXUHU S HenepepsHo OugbepeHUilioBHUX ebYHKUil, Wj0 3ad08ONLHSAIOMbL ME8Hi O6MEeXeHHsl, 30Kpema
1-g, < AX)<1+g,, ax?/3<r?(x)<3bx?, ‘(])(X)‘ < C‘Xo‘ / X, 8e koncmanmu €,8,b,C,Y, 3adoeonbHsoms neeHi eumozu. Ha ocHosi

npuHYyuUny cmuckar4ux eidobpaxxeHb NMokasaHo 36ikHicmb imepayiliHoi npoyedypu, sika dac po3e'siI30k Ha AocmamHbO 8eJIUKUX 8i0cmaHsX 8id
yeHmpa. Pe3ynbmam moxe 6ymu eukopucmaHo OJisl YUCJI08020 3HaxXOOXEeHHsI MeMPUKU ma CKasisipHO20 roJisi wiisixom o6epHeHo20 iHmezpyeaH-
Hs1 8i0 8enluKux 00 MeHWux 3Ha4yeHb padianbHOi 3MiHHOJ.

Knro4voei cnoea: cghepuyHo cumempuyHull npocmip-4ac, ckajsipHe rnoJsie, MOHOMHuUl MomeHyiars, yucsosee iHmezpyeaHHs



