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THE STATISTICAL SIMULATION OF DATASET IN 3D AREA
WITH PENTAMODEL TYPE VARIOGRAM TO RIVNE NPP GEOPHYSICAL MONITORING

(lMpedcmaeneHo yneHom pedakuyiliHoi kosezii 0-pom 2eon. HaykK, cm. docslidHukom OnexkcaHdpom MEHbLLOBUM)

Background. This paper presents a statistical modeling approach for three-dimensional spatial data using a pentamodel
type variogram, which provides an optimal mean-square approximation. The proposed method is applied to supplement
geophysical survey data for karst-suffusion processes in monitoring the density of the chalk stratum in the Rivne Nuclear Power
Plant (RNPP) area. A comprehensive set of geophysical investigations was conducted in the RNPP site area.

Among these investigations, radioisotope measurements of soil density and moisture around the constructed facilities are of
primary interest. However, the available observation dataset, derived from 29 wells using radioisotope methods, was insufficient
for high-resolution density characterization.

To address this limitation, a statistical modeling technique based on the pentamodel variogram was employed, enabling the
reconstruction of the random field representing the studied parameter at any point within the 3D domain of interest.

Me thods. A statistical model of the averaged density distribution of the chalk stratum within the study area was developed
using the spectral decomposition of random fields in 3D space. The algorithm allows for generating realizations of random fields
with predefined correlation structures, ensuring spatial discretization consistent with the required accuracy and resolution for
geophysical monitoring applications.

Results. An algorithm for statistical modeling of random fields with pentamodel type correlation functions was formulated
and implemented. Using the developed software, additional realizations of the random component of the chalk density field were
generated on a regular observation grid with the desired level of detail. A comparison of a set of correlation functions for one data
set in mean-square was performed. A statistical analysis of the simulated results was performed, including validation against the
original observation data and an assessment of the adequacy and convergence of the modeled fields.

Conclusions. The proposed statistical modeling method, based on pentamodel type correlation functions, provides a
robust framework for supplementing sparse geophysical datasets with high accuracy. This approach significantly improves the
reliability of density distribution estimates and can be effectively applied to geophysical monitoring and the interpretation of
spatially distributed geological parameters.

Keywords : Statistical simulation, pentamodel variogram, spectral decomposition, conditional maps, Rivne Nuclear Power

Plant (RNPP).

Background

The study of hazardous natural and anthropogenic
phenomena and disasters represents a critical scientific
challenge that requires the implementation of comprehensive
environmental monitoring systems, including geological
monitoring, supported by modern mathematical methods,
information technologies, and analytical tools. In the context
of monitoring potentially hazardous anthropogenic facilities,
several significant issues arise, such as the temporal and
spatial irregularity of data, incomplete databases, insufficient
data volume, and the need to supplement existing datasets
with the required spatial resolution without conducting
additional field investigations.

The theoretical foundations of statistical modeling
methods based on spectral decomposition of random fields
for solving various applied problems have been extensively
discussed in the literature (Yadrenko, 1983; Guyon, 1993;
Chiles, Delfiner, 2012; Vyzhva, 2003, 2011, 2021).

In several studies by the authors, practical investigations
were carried out using measured chalk density data within a
three-dimensional domain at the Rivne Nuclear Power
Plant (RNPP) site. Various correlation functions were
applied, including the Bessel correlation function (Vyzhva,
Demidov, & Vyzhva, 2013), the Cauchy correlation function
(Vyzhva et al., 2014b), the spherical correlation function
(Vyzhva, Demidov, & Vyzhva, 2020), the "cubic" correlation
function (Vyzhva, Demidov, & Vyzhva, 2024), and the
pentamodel type correlation function (Vyzhva et al., 2023).

In this study, we propose an enhanced method and
algorithm for numerical modeling of random field realizations
using pentamodel type correlation functions. It is worth
noting that statistical modeling methods for three-
dimensional random fields applied in Earth sciences have
been developed by numerous researchers, including
Mantoglou, & Wilson (1981), Wackernagel (2003), Emery
(2006), Webster, & Oliver (2007), Chiles, & Delfiner (2012),
and Tolosana-Delgado, & Mueller (2021), among others.
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Current challenges in monitoring karst-suffusion
Processes at the Rivne NPP. The problem of modeling
random fields in a three-dimensional domain arises when
addressing critical tasks of ecological and geophysical
monitoring. Over the years, a comprehensive series of
geophysical studies has been conducted in the area of the
Rivne Nuclear Power Plant (RNPP). Among these
monitoring activities, the most significant are radioisotope
investigations of soil density and moisture around the
perimeter of constructed facilities at the site. Soil density was
determined using the gamma-gamma logging method, while
soil moisture was measured by neutron-neutron logging.

Geophysical monitoring studies are conducted
periodically over an extended time within the industrial zone
of the Rivne NPP (Vyzhva et al., 2010). For the monitoring
program described in Vyzhva, Demidov, & Vyzhva (2013,
2014a), a key challenge was the need to supplement the
dataset obtained from radioisotope-based control of chalk
density variations within the industrial testing site using a
grid of 29 wells. A schematic representation of the measured
chalk density values and the well locations at the RNPP site
is presented in Fig. 1. These data are insufficient to fully
characterize the state of the chalk strata in the study area,
where karst-suffusion processes have been significantly
intensified by aggressive groundwater activity.
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Fig. 1. Observation points and chalk strata averaged density at industrial area of Rivhe NPP

In this study, we continue the development of three-
dimensional statistical modeling methods based on
correlation functions, specifically employing the pentamodel
type correlation function, which is well established in
geostatistical research (Chiles et al., 2005, Chiles, Delfiner,
2012; Vyzhva et al., 2023). This approach was applied to a
dataset of chalk density measurements collected from 1984
to 2002 across 29 wells at the RNPP industrial site at depths
of 28, 29, and 30 meters below the surface. The difference
between the density values from the input map and the trend
was primarily characterized as a stationary, homogeneous,
isotropic random field in three-dimensional space (Vyzhva,
Demidov, & Vyzhva, 2014a, 2014b, 2019).

In this paper, authors propose modeling the random
component within the three-dimensional domain using
spectral decomposition (Vyzhva, 2003, 2011) in combination
with a pentamodel type correlation function.

Statistical simulation of chalk density data at the
Rivne NPP. In this study, statistical simulation of chalk
density data at the Rivne Nuclear Power Plant (RNPP) site
was carried out for three depth levels: 28 m, 29 m, and 30 m
from the surface. During the analysis of chalk density data
at each level, it was found to be appropriate to separate the
deterministic and random components of the field. The
deterministic component was extracted using a curve
approximation method to identify the underlying trend. The
difference between the initial density map and the trend
generally represents a realization of a homogeneous
isotropic random field, which is a fundamental assumption in
this approach.
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The input data for each of the three levels can be
expressed as realizations of a random field in 3D space:
n(x,y,z), B=1,2,3;2z; = 28m, z, = 29m, z; = 30m, where
n(x,y,z;) = n;(r,0,@)in spherical coordinates (7,6, @), and
i — level numbers. For each level, the trend f;(r,6, @) and
the random component &;(r, 6, @) (commonly modeled as a
homogeneous isotropic random field in 3D space, also
referred to as "noise") were identified as follows:

ni(r' 9, (p) = fi(rl 9, (P) + Ei(rr 9, (P); i= 1r2r3-

Using statistical simulation, an extensive set of random
field realizations &;(r,0,¢) (i = 1,2,3) was generated for
additional points within the three-dimensional observation
domain. These simulated random components were
superimposed onto the corresponding trend functions
fi(r,0,9), i =1,2,3 to obtain refined estimates of chalk
density. As a result, the final stage of modeling provided a
more detailed and continuous representation of chalk layer
density within the study area at RNPP.

The adopted approach is based on statistical simulation of
homogeneous isotropic random fields in 3D space using
spectral decomposition (Vyzhva, 2003). This method enables
accurate reconstruction of the random component of the data
across the entire observation domain, thereby producing
realistic representations of chalk density variations.

Prior to constructing the model and implementing the
simulation procedure, a statistical analysis of the input data
was performed. If the three-dimensional data distribution
approximates a Gaussian law, the simulation procedure
developed in several works (Vyzhva, Demidov, & Vyzhva,
2013; Vyzhva, 2011) can be applied, in which realizations of
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the random field are generated from sequences of standard
normal random variables.

The statistical analysis of the chalk density data at
RNPP, obtained from 29 wells, demonstrated that the
histogram of the density distribution is approximately
Gaussian (Fig. 2). The proposed simulation methodology
also includes preliminary statistical processing to determine
the key statistical characteristics of the data, including the
correlation function model. When the Gaussian hypothesis

22

for the data field is confirmed, the mathematical expectation
and correlation function completely define the random field
in 3D space, enabling the construction of an adequate
statistical model based on spectral decomposition.

The principles of constructing statistical models and
simulation procedures for pentamodel type -correlation
functions have been described in detail in work (Vyzhva
et al., 2023) and are further discussed below.
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Fig. 2. Histogram of the chalky strata density (averaged data for all years of observation):
1 — the number of observations in a separate range of density, 2 — theoretical Gaussian curve

For the data correlation function B(p), where p is the
distance between the vectors x,y € R3(x =
(r,01,91),y = (n,0,,¢,)), statistical models were
selected to describe the density distribution of chalk strata
within the three-dimensional observation domain. The
correlation function was determined by comparing the root-
mean-square approximation between the empirical and
theoretical variograms derived from chalk density data.

As result, the input data was most adequately described
using of 3 types of correlation functions: the Bessel correlation
function (1) at the value of parameter ¢ = 5, the Cauchy
correlation function (2) at the value of parameter a = 1,
the spherical correlation function (3) at the value of parameter
a ~ 1,25% 1072, the "cubic" correlation function (4) at the
value of parameter a ~ 1,25* 1072 and the pentamodel
type correlation function (5) at the value of parameter
a =~ 2,4* 1072 (Vyzhva, Demidov, & Vyzhva, 2024).

The selection of these correlation functions was based
on their ability to minimize the discrepancy between
empirical and theoretical variograms, thereby ensuring the
best statistical fit to the observed chalk density data. The
Bessel and Cauchy functions demonstrated strong
performance in modeling long-range spatial correlations,
while the spherical and cubic functions effectively described
medium-range structures. The pentamodel type correlation
function has been explored to represent both local variations
and larger scale spatial continuity.

B(p) = |7 Ja(ep), ¢ =5, (1
where Ji(x) is the Bessel function of the first kind of order
k=1/2,

a4

B(P) = iy, a=1, )
3 p 1(p 3 X
B(p)={1_5 e+ esa 3)
0, p>a.
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0, p>a.

It is well established that a homogeneous isotropic
random field is characterized by a variogram y(p). In this
case, the variogram (Chiles, & Delfiner, 2012) is related to
the correlation function B(p) through the following
expression:

v(p) = B(0) — B(p). (6)

This relation reflects the dependence of the variance of the
difference between random field values at two points on the
distance between them. For p = 0, the variogram is zero, and
as p increases, it grows, indicating a decrease in correlation
between the random field values. Therefore, knowledge of B(p)
enables the construction of a variogram, which is essential for
modeling the spatial structure of the data.

Thus, the variogram of a homogeneous isotropic random
field is bounded by 2 B(0). Equation (6) demonstrates that if
the correlation function is known, the variogram can also be
determined. Conversely, if the variogram of a homogeneous
isotropic random field is bounded by a finite value, then y(p)
follows the form given in equation (6). If the variogram has a
sill, the value of B(0) must be chosen equal to or greater
than this sill. Therefore, knowing y(p) is equivalent to
knowing B(p).

The variograms of the three-dimensional chalk density
data at the RNPP were constructed using the R software
environment and the geoR package. The results correspond
to the following correlation functions: Bessel (1) correlation
function (the mean square approximation is 0,0008599),
Cauchy (2) correlation function (the mean square
approximation is 0,002816), spherical (3) correlation
function (the mean square approximation is 0,000480) and
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"cubic" correlation function (4) (the mean square
approximation is 0,001360). Variograms plots were
presented at Fig. 3(a), that according to Bessel type of
correlation function, at Fig. 3(b), that according to Cauchy

type of correlation function, at Fig. 3(c), that according to
spherical type of correlation function for the random
component of investigation 3D data.
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Fig. 3. Empirical (crosses) and theoretical (curve) variograms for input data of the chalky strata, that corresponding to the:
(a) the Bessel (1) correlation function; (b) the Cauchy (2) correlation function;
(c) the spherical (3) correlation function; (d) the "cubic" (3) correlation function

The built empirical variogram (Fig. 4) of input chalky
strata density 3D data at the Rivne NPP has the best
approximation by theoretical variogram which is connected
to the pentamodel type correlation function (5) with
parameter a =~ 2,4 * 1072,

We have, that the constructed variogram of realizations
in the studied territory (Fig. 5) has sufficiently adequate
approximation by the theoretical variogram, which is
associated with a pentamodel type correlation function
(a mean square deviation is 9,35 * 10™%).

Methods

Model, the spectral representation of homogeneous
isotropic random fields in the 3D area, approximation
theorem. Some theorems from the spectral theory of
random fields now we present. We consider a real-valued
homogeneous isotropic random field (r, 6, @) in the three-

=~
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dimensional area, here 1,0, ¢ are spherical coordinates. It
was previously proven (Yadrenko, 1983; Vyzhva, 2003;
Vyzhva, 2011, p. 208) that square-mean continuous real-
valued isotropic random field §(r,6,¢), that is in 3D
Euclidean space RS2, admit the spectral decomposition by
spherical harmonics.

The correlation function B(p) of the homogeneous
isotropic random field &(r,0, @) in three-dimensional area
depends on distance p between the vectors x and y, where
x,y € R3, these vectors are given as follows x,y € R3,
x=(r,01,91), ¥y = (12,02, 92):

p=ry 2(1 —cosy) =rst(y/2),
where cos y is angular distance between vectors x and y,

where x,y € R3:
cosy = c0s0;cos0, + st smO,cos(p, — 9,).
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Fig. 4. Empirical (crosses) and theoretical (curve) variograms
of input data arrays of chalk layer density, corresponding to
pentamodel type correlation function (a ~ 2,4 = 1072)

However, the spectral decomposition of considered
random field is used to solve the problems of statistical
modeling of realizations of a random field in three-
dimensional space, where real-valued random variables
occur. Let us present a theorem where the considered
spectral distribution is applied.

Theorem 1. Let a mean square continuous realvalued
homogeneous isotropic random field §(r, 6, ¢) is in 3D space
with zero mean. Then this random field admits (Vyzhva,
2011, p. 210) such decomposition:

§(r,0,¢) =
=Xm=0 X120 Cm1 Pn(cos®) [gh, 1(1) cos Lo + 63, »(r) st le], (7)
in the spectral decomposition (7) the symbols B4, m, &y,
mean: B} is associated Legendre functions of degree m, &,,,
are constants sequences and are calculated by the formula:
—_ !
=i % oy em D=l (2 ®

random processes sequences {¢}, (1)}, k=1,2:
l o)1)
sh () = |

— = Zpn(dh),
0o (Ar):
such that satisfying the following conditions:
1) Mg‘in,k(r) =0;
2) Mg, 1(r) o, 1 (1) = 81 8% 8 b (1), )
in the conditions 1) and 2) of the form (9) Sm' is Kronecker
symbol, b,,,(r) are the spectral coefficients and {Z},(.)}isa
sequence of orthogonal random measures on Borel subsets
from the interval [0,+x), i.e.
E Zh(S)) Zp(S;) = 8 81 (5, nS,)

for any Borel subsets S; and S,, here ®(}) is the bounded
nondecreasing function so-called spectral function of
random field &(r, 6, ).

The spectral density of homogeneous isotropic random

field &(r, 0, @) is determined by formula f(1) = d®(1)/dA
and also it is obtained by correlation function of this random

field as integral:
F) =2, pAsm(p) B(p) dp. (10)
The spectral coefficients b,,, () of random field §(r, 0, @)
considered in three-dimensional space are defined by the

spectral density f(A) of this random field in the way:
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Fig. 5. Empirical (crosses) and theoretical (curve) variograms
of simulated data arrays of chalk layer density, corresponding
to pentamodel type correlation function (a ~ 2,4 x1072)

o S 200)

bn(r) = f;7 TE—FN)dA. (11
The statistical simulation of homogeneous isotropic

random fields in the 3D space on the basis the spectral

decomposition (7) coefficients (11) are considered further.

En(,8,0) = %:0 Xim0 Cm PTL(COSQ)[Cin, 1(r) cosle +
+ Tk, 2 () slihl(p], N €N. (12)

Further we used mean square estimate from the paper
(Vyzhva, Demidov, & Vyzhva, 2018). The following theorem
is based on the results obtained in (Vyzhva, Demidov, &
Vyzhva, 2018).

Theorem 2. Let a mean square continuous realvalued
isotropic random field §(r, 6, @) on the sphere S;(r) in 3D
space with zero mean (r —radius of sphere). If p; < +oo,
then the mean square approximation of this random field by
model (10) is such that

M IE(r,0,9) — & (r 6, 0)12 < Ty, (13)

where
pg = fy Mo (@) (14)

If we proposed, that r (radius of sphere) is not fixed, then
the random field §(r, 8, @) is in 3D Euclidean space R®.

Based on the model (12) and estimate (13), the
algorithm for the statistical simulation of realizations of
Gaussian homogeneous isotropic random fields &(r, 6, @) in
3D Euclidean space R®was constructed. We have described
this algorithm.

In this paper we constructed the algorithm for the
statistical simulation of Gaussian homogeneous isotropic
random fields on three-dimensional space with pentamodel
type correlation function of the form (5).

The spectral density is obtained for pentamodel type
correlation function (5) by means the formula (10) and then
we have:

1 =2|(5 + 25 — ) cos00) — (555 -
270) sh0a) + -2 270].

—_ P —_

324 526 (15)
as\ asA

The spectral coefficients, which correspond to the
pentamodel type correlation function (4) of homogeneous
isotropic random field §(r,6,¢), are calculated by the
formula (11) and we have:
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b ()_ifoo]fn+%0\r)[(5_a 105_270) (ha) —
mT _Snr 0 A 2 Tt asps) COSWAA
1 270 30 270
(55— 25 sm(ha) + o — 2ot d. (16)
These spectral coefficients b,,(r),m =0,1,2,..N

from (16) are calculated by Mathematica software for
density chalky strata data.

Results

The statistical simulation procedure of random field
in 3D area with the pentamodel type correlation
function. In this paper we generated the realizations of
homogeneous isotropic random field in 3D area with the
pentamodel type correlation function (5) at the values of
parameter a ~ 2,4 1072, By the technique of spectral
decomposition and finding of spectral coefficients the
statistical simulation of density chalky strata data at the
Rivne NPP object was performed.

By means of the abovementioned model (12), which is
described in (Vyzhva etal., 2023), the procedure of
numerical simulation the realizations of the 3D data field
random component with the pentamodel type correlation
function was conducted.

For the constructed model the value of number @ is
determined by the inequality, which is the estimate of the
mean square approximation of random field §(r, 0, @) by
partial sums &(r, 6, ). This number N corresponds to the
prescribed small number ¢ (approximation accuracy). The
mentioned inequality was obtained in theorem 2.
Consequently, the estimate of the mean square

fK 5aA3+105 270 0a) (
), 2 asA  a°A3 cosiaa

The spectral coefficients b,,(r), m=0,1,2,..N are
calculated for the pentamodel type correlation function (5)
as integral (16).

2. Simulate the sequences of independent Gaussian
normal random variables:

{ Crln,k(r)}:
k=1,2,m=20,1, 2,... N;I= 1,..., m;
that satisfying the conditions (9) with spectral coefficients (16).

3. Calculate the realization of the stochastic random field
§(r,0,¢) by formula (12) in given point (7;,6;,¢,),
i=12..,j=12..6p=12..P in the 3D
observations area by means of substituting in it values
numbers N and sequences of Gaussian random variables
from the previous items 1, 2 and 3.

4. Check whether the realization of the random field
&(r,0,¢p) generated in step 4 fits the data by testing the
corresponding statistical characteristics (distribution and
correlation function).

By means of this algorithm the statistical simulation of
realizations of the Gaussian isotropic random fields £(r, 6, @)
with pentamodel type correlation function can be done.

Note that the procedure can be applied to random fields
with different type of distribution. Then the sequences of
random variables {¢;;(r),i = 1,2;k = 0,1,2,...,N(r, €) } must
be distributed according to the appropriate distribution type.

The original Spectr software, developed in Python, was
designed to generate realizations of random fields in a three-
dimensional domain based on the results of statistical data
processing and the described simulation algorithm. In this
software, the pentamodel type correlation function (5) with
the parameter a ~ 2,4 x 10~2 was applied. Using Spectr,
realizations of the random field é(r, 6, ¢) were computed for
100 points at each of the three observation levels (r;, 6}, ¢;),
i=12,....I;j=1,2,...,G; p=1,2,...,P within the three-

2
M3 =
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approximation of the random field §(r,6,¢) with the
pentamodel type correlation function (5) by the partial sums

£(r, 0, @) has the following representation:
3

5
MIE(r,6,0) —Ex( 8@ < T,

where
2 (K [(5aA® 105 270 51
o =2 [ [ (55 + 255 — ) cosOha) = (5 -
270 30 270
m) Eh()\a) + PE ﬁ] dA, K = const. (17)

We define the dependence of the number N on r and ¢
in the case of correlation function of the pentamodel type (5)
in the form of an inequality:

N(r€) > /5’2‘:3 M. (18)

The statistical simulation procedure of Gaussian
homogeneous isotropic random field §(r,6,¢) in 3D area
with the pentamodel type correlation function (5) was built
by means of the model (10) and the estimate (16). This
random field is determined by its statistical characteristics:
the mathematical expectation and the pentamodel type
correlation function B(p) of form (5) at the value of
parameter a ~ 2,4 * 1072,

Algorithm:

1. Natural number N (border of summation) is chosen
according to necessary accuracy € > 0 of approximation the
model (12) mentioned below:

5 3
: s (19
where
51 270 30 270
?_W) st(Aa) +ﬁ_ﬁ dA, K = const.

dimensional study area. Based on these realizations, a
statistical estimate of the correlation function was obtained.
This estimate was compared with the predefined
pentamodel type correlation function (5), which allowed for
a statistical assessment of the adequacy of the generated
realizations. The constructed variogram of these realizations
for the study area (Fig. 6) demonstrated a close fit to the
theoretical variogram associated with the pentamodel-type
correlation function. These results confirm that the selected
statistical model for the chalk density data at the RNPP site
is sufficiently accurate. Furthermore, the Specir software
developed for generating such random field realizations
ensures high precision in the modeling process.

The results obtained using additional modeling
procedures are presented in Fig. 6. Fig. 6(a) shows an
example of a chalk density map constructed from well
observation data (averaged over several years for 29 wells
at a depth of 28 m) using the Surfer software. However, due
to the limited number of measurements, the accuracy of
such a map is insufficient to provide a reliable
characterization of the chalk strata condition.

Fig. 6(b) illustrates the contours of equal chalk density
values generated based on simulation results, which include
the anchor borehole data obtained by calculating the
spectral coefficients of the pentamodel type correlation
function. Furthermore, the inclusion of 100 simulated values
in the intervals between observation points provides a more
accurate approximation of the density distribution. This
improvement allows for more informed decision-making
regarding the state of the chalk strata and helps identify
locations that require testing or additional research.

Similarly, the results of the simulation procedure for
borehole observation data (averaged over several years for
29 boreholes at a depth of 29 m) are presented in Fig. 7.
Fig. 7(a) displays a chalk density map created from
observation data using the Surfer software. Fig. 7(b) shows
contours of equal density values derived from the simulation
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data, which also incorporate the anchor borehole values. enabling a more accurate assessment of the chalk strata
The integration of 100 simulated values between the condition and supporting better-informed decisions for
observation points improves the approximation quality, thus further investigations.

p, 10° kg'm3
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1,36

1,32

1,28

1,24
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Fig. 6. The distribution of chalky strata density is on the industrial area of Rivne nuclear power plant at a depth of 28 m.
from the surface, according to (a) the averaged data of 29 observational wells over 1984-2004 years,
for (b) the simulated data that based on the values in secure wells by spectral coefficients the pentamodel type

1.48
p, 10° kg-m® 1.46

1.44

AR

(b)

Fig. 7. The distribution of chalky strata density is on the Rivne NPP object at a depth of 29 m from the surface,
according to (a) the averaged data of 29 observational wells over 1984-2004 years,

for (b) the simulated data that based on the values in secure wells by spectral coefficients the pentamodel type
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Finally, the results obtained using the simulation
procedure for the observation wells (averaged data collected
over several years for 29 wells at a depth of 30 m) are
presented in Fig. 8. Fig. 8(a) shows an example of a chalk
density map constructed from the observational data using
the Surfer software. Fig. 8(b) displays contours of equal
chalk density values derived from the simulation results,
which include anchor well data. Furthermore, the addition of
100 simulated values in the intervals between the
observation points provides a more reliable approximation,
enabling a more accurate assessment of the chalk strata
condition and supporting informed decision-making.

A statistical evaluation of the correlation function was
performed for the simulated realizations of the chalk density
distribution within the 3D observation domain at the RNPP
site. This estimate was compared with the theoretical
pentamodel type correlation function (5) with the parameter
a =~ 2,4+ 1072, confirming the adequacy of the realizations

227
28

AR (XN

(b)

through statistical analysis. The constructed variogram of
these realizations for the study area (Fig. 5) closely matched
the theoretical variogram associated with the pentamodel
type correlation function. These results demonstrate that the
selected correlation model for the random component of the
data is sufficiently accurate and that the developed Spectr
software provides reliable performance for generating
random field realizations.

The pentamodel type correlation function provided the
highest degree of flexibility, allowing the representation of
both local variations and broader-scale spatial continuity.

The simulation process effectively supplemented sparse
observational data, improving the resolution of chalk density
distribution and the accuracy of geological interpretation.
Statistical analysis confirmed the adequacy of the proposed
model and its applicability for geophysical monitoring of
potentially hazardous sites.

p, 10% kg-m3

Fig. 8. The distribution of chalky strata density is on the industrial area of Rivne nuclear power plant at a depth of 30 m.
from the surface, according to (a) the averaged data of 29 observational wells over 1984-2004 years,
for (b) the simulated data that based on the values in secure wells by spectral coefficients the pentamodel type

Discussion and conclusions

Theoretical foundations, methodology, and procedures
for statistical modeling of random fields in a three-
dimensional domain using a pentamodel type correlation
function, which is optimal in the mean-square sense,
significantly enhance the efficiency of monitoring
observations in areas of potentially hazardous facilities. This
approach enables the interpolation and extrapolation of
parameter values between and beyond observation grid
nodes, providing a more accurate description of the three-
dimensional density distribution of chalk strata within the
industrial zone of the Rivne Nuclear Power Plant (RNPP).

The results presented in Vyzhva, Demidovji@l and Vyzhva
(2020) demonstrate that the accuracy of statistical modeling
of Gaussian isotropic random field realizations using a

ISSN 1728-2713 (Print), ISSN 2079-9063 (Online)

spherical correlation function is comparable to that achieved
with a pentamodel correlation function (4.8 x 107*). Thus,
although the statistical modeling method with pentamodel-
type correlation functions ensures the required accuracy, the
comparable results justify the use of the spherical model as
an alternative without significant loss of precision.

Previous studies by the authors (Vyzhva, Demidov, &
Vyzhva, 2013, 2014a, 2014b, 2019, 2020, 2023, 2024) have
shown that the proposed method can be effectively applied
to detect anomalous zones in the analysis of geophysical
parameters within a three-dimensional domain.

Beyond its value for geophysical investigations and
environmental monitoring tasks, this approach has proven
effective in identifying anomalous regions in various
geological datasets, including gravimetry and
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magnetometry. Furthermore, statistical modeling based on
random functions offers broad potential for applications in
related Earth sciences disciplines, such as environmental
magnetism (Menshov et al., 2015).

Authors' contribution: Zoya Vyzhva — problem formulation,
development of analytical expressions for the model, selection of
scientific novelty, formal analysis, methodology, review and editing;
Andriy Vyzhva — statistical modeling algorithm development, editing;
Vsevolod Demidov — review of publications, data processing,
conclusions, refinement and editing; Tetiana Shovkoplias — improved of
analytical expressions for the model.
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'KniBcbkuit HauioHanbHWIA yHiIBepcuTeT iMeHi Tapaca LLleByeHka, Kuis, YkpaiHa

20N "Haykanadproras", Kuie, YkpaiHa

CTATUCTUYHE MOOENIOBAHHSA BAHUX B 3D OBJIACTI 3 BAPIOTPAMOIO TUMY NEHTAMOAENb
anAa reoeI3N4YHOro MOHITOPUHTY PIBHEHCbKOI AEC

B c Ty n. llpedcmaeneHo po3pobneHy Modesnib ma asi2o0pumm cmamucmuYyHO20 MOOesTI08aHHs1 0aHUX y mpueuMIpHiIli o6r1acmi 3 euKkopucmaH-
HsIM eapiozpamM neHmamoOesIbHO20 muny, wWo 3abe3neyyroms onmumasibHe HabuXeHHs1 8 cepedHbOMY Keadpamu4yHOMY 3HauYyeHHI. SIk npuknad
npodeMoHCMpPOo8aHO 3acimocyeaHHs1 3arnpornoHo8aHo20 Memody 07151 O0MNOBHEHHs pe3ysibmamie 2eoizu4Hux AocidxeHb Kapcmoego-cygho3iliHux
npoyecie npu MOHIMopuHay winbHocmi KkpeldsiHoi moewi Ha mepumopii PieHeHcbkoi AEC. Ha maiidan4uky po3miujeHHs1 PieHeHcbkoi AEC 6yno
BUKOHaHO KoMrlsieKc 2eohizu4Hux pobim. Ceped npoeedeHux criocmepexeHb Halbinbwuli iHmepec cmaHoensimb padioi3omonHi AocnidXeHHs
winsHocmi ma eosio2ocmi rpyHmie y 30Hi icHyro4ux crnopyo. lpu ybomMy nocmasno 3ae0aHHsI 3a08HeHHs] 0aHUX, OMPUMaHUX y x00i KOHMpPOoJIo
3MiHU winbHocmi kpelidsiHOi moeuwi padioizomonHuMmu Memodamu Mepexi crocmepexeHb, WO eKtoYana 29 ceepdOsio8uUH.

Ans eupiweHHs ybo2o 3aédaHHsA 3acMocoeaHO Memod CmMamucmuYyHO20 MOOesIlo8aHHsI 3 UKOPUCMaHHSIM eapio2paMu neHmMamoodesibHo20
muny, wo dae 3mo2y eidmeoprosamu eunadkoee rnose docridxyeaHo20 06'ekma e mpusumipHili obnacmi e AoginlbHUX MOYKaxX CrOCMepPEXeHHSI.

M e T o A u. 3a donomozoro cnekmpanbHO20 po3kiady eunadkosux foJiie y mpueumMipHomy npocmopi no6ydoeaHo cmamucmuyHy Modesib po-
3n0diny ycepedHeHoi winbHocmi kpelidsiHoi moewi 8 Mmexax docnidxyeaHoi mepumopii. Po3apobneHuli anzopumm 3abe3neyye 2eHepayiro peanisa-
yiti sunadkoeux nosiie i3 3a0aHUMU KopensAyiliHUMU eflacmueocmsiMu ma rnpPocmopoeoro duckpemus3sayictro, ujo eidnoesidoae sumoz2am do moyHocmi

ModesntoeaHHs.
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Pe3ynbTaTtu. ChopmynogaHo ma peasizogaHo aszopumm cmamucmuyHo20 Modeslto8aHHsI eunadKoeux roslie 3 KOpesnsiyiliHor yHK-
yiero neHmamodenbHo20 muny. Ha ocHoei po3po6rieHo20 npo2pamHo20 3abe3neyeHHss ompumaHo dodamkoei 3ModesniboeaHi peanizayii sunadkosoi
cknadoeoi winbHocmi KpelidsiHoi moeuwi Ha peaynsipHili cimyi cmocmepexxeHb 3 Heo6xiOHUM cmyneHem demanisayii. [fpoeedeHo nopieHsAHHSI Ha6opy
KopesnsayiliHux ¢pyHKuili nsi 0OH020 Habopy OaHuUX y cepeOHLOMY Keadpamu4yHoMy 3Ha4eHHi. [[poeedeHO cmamucmuy4HUl aHasi3 ompuMaHux pe-
3ynbmamie YucesibHO20 MOOesIHo8aHHsI, 8KITIOYarOYU nepeesipKy ix adekeamHocmi euxiOHUM OaHUM criocmepexxeHb ma oyiHKy 36ixHocmi nosie, wo
modesnrorombCs.

B 1 c H o B Kk u. 3anponoHoeaHuli Memod cmamucmu4Ho20 Modeslro8aHHs1 eunadkKoeux rnoJsiie 3 KopensyiliHumu ¢pyHKUissMu meHmamooesibHo20
muny dae 3Mo2y 3anoeHreamu 8i0cymHi OaHuUx 3 eUcokuM cmyneHem docmoegipHocmi ma Moxxe 6ymu e¢heKmueHo 3acmocoeaHuli Npu eupileHHi
3ae0aHb 2eopi3u4HO20 MOHIMoOpuUH2y ma iHmepnpemauii npocmopoeo po3nodifieHuUx napaMmempie 2eos102i4HO020 cepedosuLya.

Knw4yoBi cnoBa: cmamucmuyHe MoOesto8aHHsI, KopensiyiliHa pyHKYiss muny neHmamodesb, ciekmpanbHuUlli po3knad, KOHOUYiliHicmb
kapm, PieHeHcbka AEC.

ABTOpM 3asiBNAIOTL NPO BiACYTHICTL KOHMNIKTY iHTepeciB. CnoHcopu He Bpanu yvacTi B po3pobneHHi gocnimkeHHs; y 36opi, aHanisi um
iHTepnpeTaLii AaHKX; y HANUCaHHI pyKonucy; B pilleHHi Npo nybnikaito pesynbTaris.

The authors declare no conflicts of interest. The funders had no role in the design of the study; in the collection, analyses or interpretation
of data; in the writing of the manuscript; or in the decision to publish the results.

ISSN 1728-2713 (Print), ISSN 2079-9063 (Online)





