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REEB GRAPH OF THE HEIGHT FUNCTION ON A PLANAR POLYGON

Height functions, which are Morse functions of the general position, are often used when studying the structure of manifolds.
The structure of such functions is described using the Reeb graph. On two-dimensional oriented closed manifolds, as well as on
compact domains with a smooth boundary, the Reeb graph is a complete topological invariant of a simple Morse function. Its
vertices have degree 1 if the vertex corresponds to a local extremum, or 3 if the vertex corresponds to a saddle critical point. For
the height function on a polygon, we consider a Reeb graph whose vertices coincide with the vertices of the polygon. In this case,
in addition to vertices of degrees 1 and 3, the Reeb graph will also have vertices of degree 2, which correspond to the regular
vertices of the polygon. We show that the Reeb graph of a polygon can be constructed in a time no less than O(n log n), which is
the best possible for many computational geometry problems. In addition, the Reeb graph can be embedded as a rectilinear graph
in a polygon. This allows you to construct a division of a polygon into monotone polygons with their subsequent triangulation. We
have also estab-lished the connection between the Reeb graph of the polygon and the Reeb graph of the height function on the
smoothed axis 3D thickening, which opens up the possibility of using these structures to build the skeleton of 3D models with its
further use in computer graphics. We give an example of constructing a Reeb graph using the process of planar sweeping with a
straight line and subsequent triangulation of a polygon. The obtained results can also be used to study the properties of Reeb
graphs of combinations of polygons in three-dimensional space. It is also promising to find all possible Reeb graphs of polygons
with a small number of vertices.
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Introduction

Relevance of the research. To study the topological properties of functions on surfaces G. Reeb (Reeb, 1954) introduced
a graph obtained by compressing each level component of the function to a point. More formally, the Reeb graph of a smooth
function on a surface is the quotient space of the surface according to the equivalence relation, in which two points are
equivalent if they belong to the same connectivity component of the level line of the function. For functions in the general
position on a closed surface, which are simple Morse functions, the Reeb graph is a complete topological invariant, which
means that it completely describes the topological structure of the division of the surface into layers of the function (Cole-
McLaughlin et al., 2004). The direction of growth of the function gives rise to the orientation of the edges of the Reeb graph.
The Reeb graph is also used to study mappings of a closed surface onto a circle (Prishlyak, 2002), as well as functions on
compact surfaces with a boundary (Hladysh, & Prishlyak, 2019), in particular for functions with critical points on the boundary
in (Hladysh, & Prishlyak, 2016). The properties of the Reeb graph on non-compact surfaces are described in (Polulyakh,
2016), as the function changes over time, so does its Reeb graph. Such typical changes are described in papers (Hladysh, &
Prishlyak, 2020; Maksymenko, 2020). If an oblique gradient field (Hamiltonian dynamical system) is considered for a function
on the surface, then its trajectories coincide with the layers of the function. Therefore, the Reeb graph is a topological invariant
of such fields. Trajectory equivalence of Hamiltonian flows generates automorphisms of Reeb graphs (Kravchenko &
Maksymenko, 2020). Also, the Reeb graph can be used for gradient flows, as well as for flows on a surface with both a
gradient and a Hamiltonian structure (Prishlyak, & Loseva, 2020). When the dimension increases, the structure of functions
and flows becomes significantly more complicated, and two-dimensional complexes are used instead of Reeb graphs, as, for
example, in (Prishlyak, 2002) for Morse-Smale flows.

For a simple polygon, the height function is piecewise linear on the boundary of the polygon. After smoothing the boundary,
we get a smooth function, which in general is a Morse function. Therefore, the topological properties of the Reeb graph of the
height function on the polygon are similar to the topological properties of smooth functions. The possibility of using the Reeb
graph in the problem of polygon triangulation and construction of the skeleton of a region or a three-dimensional body makes
the task of describing the topological properties of such graphs relevant not only for topology, but also for computational
geometry and computer graphics.

The object of research of this article is the topological properties of Reeb graphs on flat polygons. The aim of the paper is
to describe an effective algorithm for constructing a Reeb graph in which the set of vertices coincides with the set of polygon
vertices and to investigate the possibility of making this graph rectilinear. Also, the purpose of the work is to describe the
possible application of the Reeb graph in the problem of dividing a polygon into monotone polygons.

To construct the Reeb graph, we use the method of planar sweeping with a straight line, which is effective in many
problems of computational geometry. We also use methods of graph theory, in particular topological graph theory for nested
graphs on a plane.

1. Main results

Let's fix the right rectangular Cartesian coordinate system x, y and the height function h(x, y) = y on the plane. A polygon
is in general position to a function h if the function takes different values at different vertices. Next, we consider just such
polygons.
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Let's divide all vertices of the polygon into five types:

o start vertices (start vertex) or V-vertices are the lowest points for the edges of the polygon at these points;

¢ end vertices (end vertex) or A-vertices are the highest points for the edges of the polygon at these points;

o split vertex or Y-vertex are the lowest points for two edges adjacent to it and are not the initial vertex;

e merge vertex or A-vertex are the highest points for two edges adjacent to it and are not the final vertex;

e regular vertices — they are the lower end of one side and the upper end of the other side.

At the same time, regular vertices are divided into two types — left, if the surface lies to the right of them, and right,
otherwise.

A Reeb graph can be defined as some graph (perhaps not rectilinear) that intersects each line component of the level h=1(¢)
at one point. At the same time, the vertices correspond to the vertices of the polygon. Here we consider that no more than one
vertex of the polygon lies on one level of the function. If this is not the case, then we can turn the coordinate system clockwise
by a small enough angle to satisfy this condition. Otherwise, this situation can be processed as follows: instead of the height
function, we consider a discrete function, consistent with the lexicographic order of the vertices by the second coordinate.

In particular, if two vertices have the same height, belong to the same component of the level and there are no other
vertices between them in this component, then they are connected by an edge on the Reeb graph and this edge is oriented
from the left vertex to the right. Other edges of the graph are oriented according to the direction of growth of the function (from
bottom to top).

The vertices of the Reeb graph, as well as the vertices of the polygon, are divided into 5 types:

e sources are vertices of degree 1 from which the edge originates. They correspond to the initial vertices of the polygon.

e sink are vertices of degree 1 into which the edge goes. They correspond to the final vertices of the polygon.

¢ Y-vertices are vertices of degree 3, which include one and two outgoing edges. They correspond to the peaks of the
cleavage.

¢ A-vertices are vertices of degree 3, in which two edges enter and one exits. They correspond to the vertices of fusion.

e regular vertices are vertices of degree 2 in which one edge enters and one edge exits. They correspond to the regular
vertices of the polygon.

Theorem 1. The Reeb graph can be constructed in O(n+ k log n) time, where k is the minimum number of merging vertices
and splitting vertices that does not exceed O(n log n) time.

Theorem 2. A Reeb graph is embedded as a rectilinear graph in a polygon so that its vertices coincide with the vertices of
the polygon.

Theorem 1 can be applied in the problem of polygon triangulation.

A Y-monotone polygon is a polygon whose intersection with an arbitrary horizontal line is connected (that is, an empty
set, a point, or a segment). An n-gon is Y-monotone if and only if it has no splitting vertices and no merging vertices. The
triangulation of a Y-monotone n-gon can be performed in O(n) time (Preparata, & Shamos, 1985).

So, to split a polygon into Y-monotone polygons, you need to draw a diagonal from each merging vertex to the vertex above it,
and for each splitting vertex to the vertex below it.

After constructing the Reeb graph, the diagonals are drawn as follows: for Y-vertices, we consider the edges included in
them. We find pairs of vertices on the polygon corresponding to the ends of these edges and connect them with segments.
Similarly, other segments on the polygon are constructed for A-vertices and edges coming from them.

Theorem 3. The set of segments constructed in this way are diagonals that do not cross each other and divide the polygon
into monotone polygons.

Theorem 4. If the polygon in the xz plane is thickened by the y coordinate and smoothed by the Catmull — Clarke method,
then the Reeb graph on the resulting surface can be obtained from the Reeb graph of the polygon by dissolving all vertices
of degree 2.

Here, by the dissolution of a vertex of degree 2, we mean the removal of this vertex and the replacement of two edges
incident to it by one edge.

It follows from Theorem 2 that the Reeb graph is a skeleton of a polygon, and can also be used to construct a skeleton of
smoothed thickening, which can be used in 2D and 3D animation.

2. Proofs

Proof of Theorem 1. The Reeb graph is constructed starting from the lowest points by the sweeping line method. At the same
time, each of the vertices and edges included in it, except for Y-vertices, can be built in a constant time. For
Y-vertices, it is necessary to decide between which vertices (edges) that have already been built, it is located. This takes O
(log n) time. So, everything is needed O (n + k log n) time, where k is the minimum number of merging vertices and splitting
vertices. This is no faster than O (n log n).

]
Proof of Theorem 2. Let us take the corresponding vertices of the polygon as the vertices of the Reeb graph. We will prove
that if two vertices belong to the same edge, then the segment connecting them belongs to the polygon. Let's cut the polygon
with horizontal straight lines passing through these vertices (See Fig. 1). By construction, the prototype of each Reeb is a
trapezoid or a triangle (degenerate trapezium). Since the trapezoid and the triangle are convex sets, the segment connecting
the two vertices belongs to them, and therefore it also belongs to the polygon.
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Fig. 1. Sweeping (dash red horizontal) line and Reeb graph (black)
o

Proof of Theorem 3. Consider the projection of a polygon onto a Reeb graph. Consider the preimage of an edge included in the Y -
vertex. The Y- vertex is the inner point of the upper base. Therefore, the segment connecting them to the lower point lies inside the
trapezoid, and therefore inside the polygon. Therefore, it is a diagonal. Since we chose different edges, the constructed diagonals
lie in different trapezoids and, therefore, do not intersect. After diagonal cutting, the merging and splitting vertices in the resulting
polygons will be regular vertices, so these polygons are monotonic.

]

Proof of Theorem 4. Let the thickening occur in both directions as multiplication by the segment [—1,1]. Then the plane
y=0 is the plane of symmetry of both the thickening and the smoothed surface. Therefore, the formation of the critical point
of the height function lies on it. Therefore, the directions of the coordinate axes are the main directions at the critical points.
For the point of the local minimum (V-vertex), smoothing along the x- axis from V gives U. Smoothing along the y-axis from
I will also give U. Therefore, we will get a single critical point on the surface — the point of the local minimum. Similarly,
inverted V vertices give rise to local maximum points. For Y vertices, after smoothing the thickening in one direction, we
get a U, and in the other — an inverted U. This corresponds to the saddle point of the height function on the surface.

The regular vertices of the polygon after smoothing the thickening will become regular points of the height function, so
they will no longer be vertices of the Reeb graph. Therefore, the Reeb graph of the smoothed thickening is obtained by
dissolving such vertices.

O

2. An example

Let's construct the Reeb graph, the division into Y-monotone polygons and the triangulation of the polygon with vertices
P;(0,0), P,(4,—4), P;(10,0), P,(10,5), P5(8,3) , P¢;(6,5), P;(8,1), Pg(4,—3), Py(2,0), P;y(4,—1), P;;1(6,1), P;5(2,5). It is shown in
Fig. 2.

We will use the straight-line sweeping method to construct the Reeb graph. First, we arrange the vertices according to the
second coordinate lexicographically: P,, Pg, Py, Py, Py, P53, P11, P;, Ps, P15, Pg, P,. In this order, we will enter these vertices
into the queue of events.

We denote the edge P;P;,, by e; if P; < P;,, and by e ; otherwise.

We define the type of vertices: 1) regular vertices — Py, Pz, P;, Py1; 2) V-vertices — P,, P;o; 3) A-vertices — Py, P, Py;
4) Y-vertices — Pg, P5; 5) A-vertex — Pq.

Pip Ps P,

Fig. 2. Triangulation of the polygon
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Status S contains an ordered set of edges crossed by a horizontal line. After completing the events (the vertex), the
following status changes will occur:

P,: S =e,, e, enter the vertex v,;

Pg: S =e4,eg, e 7, ey, introduce the edge v, — vg;
Pig: S = e q,eg€ 9, €19, € 7, €, €nter the vertex v, ;
P;: S =eq,,eg€9 €10 € 7, €y, introduce the edge vg = v;;
Py: § =€ 13,€10,€ 7,€2, V1 = Vg, V19 = Vo;

P3: S =€ q3,€10,€ 7,€3, Vg = V3]

P S=eqye1,€7,€3, Vg = Vyg;

P;:S =eq5,e11,€¢ €3, V3 > Vy;

Ps: S =eq5,e11,€¢ 65 € 4,63, V7 = Us;

Py S=eges,€4,€3, V11 = Vpy;

Pg: S = ey, e3, Vs > Ug;

Pp:S=0, vs > v,.

Fig. 3. Reeb graph of the polygon

So, we obtain Reeb graph as a union of oriented edges (see Fig. 3).

Next, we find the edges included in the Y-vertex: v, - vg, v; = vs, and the edge coming from the A-vertex -- vy — v4;.
Therefore, we draw the following diagonals: P,Pg, P, Ps, PyP;,. They split the initial polygon into four Y-monotone polygons: 1)
P,P,PgPyP,,P;,, 2) P,P;P;P<P,Pg, 3) PsP,P,, 4) PyP;,P;, (see Fig. 2). We triangulate these polygons by cutting off the ears
from the bottom up, draw the following diagonals: 1) PgP;, P, Py, PyP;5, 2) PgPs, P;P,, P,P,, and in the third and fourth diagonals
do not need to be drawn, because they are already triangles.

Discussion and conclusions

The topological properties of the Reeb graph of the height function on flat polygons was described. They have certain
differences from the Reeb graph of Morse functions on closed surfaces. The proposed method of constructing triangulations
based on Reeb graphs can be an alternative to already known methods (Tereshchenko et al., 2013; Tereshchenko, V., &
Tereshchenko, Y., 2017). The results are useful for building visual models (Tereshchenko, 2009). In the future, we consider
it promising to solve the following problems: 1) finding all Reeb graphs of polygons with a small number of vertices, 2)
describing the properties of Reeb graphs of combining polygons, 3) describing the necessary and sufficient conditions under
which a Reeb graph defines a trapezoidal map.

Authors' contribution: Alexandr Prishlyak — conceptualization; methodology; empirical research; Vasyl Tereshchenko — empirical data
collection and validation; software; analysis of sources, preparation of literature review and theoretical foundations of research.

References

Cole-McLaughlin, K., Edelsbrunner, H., Harrer, J., Natarajan, V., & Pascucci, V. (2004). Loops in Reeb graphs of 2-manifolds. Discrete and
Computational Geometry 32, 231-24. http://www.pascucci.org /pdf-papers/reeb-loops.pdf

Hladysh, B., & Prishlyak, A. (2016). Functions with Nondegenerate Critical Points on the Boundary of the Surface. Ukrainian Mathematical
Journal, 68(1), 29—40. https://umj.imath.kiev.ua /index.php/umj/article/view/1819

Hladysh, B., & Prishlyak, A. (2019). Simple morse functions on an oriented surface with boundary. Journal of Mathematical Physics, Analysis,
Geometry, 15(3), 354—368 https://doi.org/10.15407 /mag15.03.354

Hladysh, B., & Prishlyak, A. (2020). Deformations in the General Position of the Optimal Functions on Oriented Surfaces with Boundary.
Ukrainian Mathematical Journal, 71(8), 1173—1185. https://umj.imath.kiev.ua/index.php/umj/article/view/1495

Kravchenko, A., & Maksymenko, S. (2020). Automorphisms of Kronrod—Reeb graphs of Morse functions on compact surfaces. European
Journal of Mathematics, 6(1), 114—131. https://doi.org/10.1007/s40879-019-00379-8

Maksymenko, S. (2020) Deformations of functions on surfaces by isotopic to the identity diffeomorphisms. Topology and its Applications,
282, 107312 https://doi.org/10.1016 /j.topol.2020.10731

Polulyakh, E. (2016). Kronrod—Reeb Graphs of Functions on Noncompact Two-Dimensional Surfaces. Il, Ukrainian Mathematical Journal, 67(10),
1572—1583. https://umj.imath.kiev.ua/index.php /umij/article/view/1990

Preparata, F., & Shamos, M. (1985). Computational Geometry: An Introduction. Springer. https://www.cs.kent.edu/~dragan/CG /CG-Book.pdf

Prishlyak A. (2000) Conjugacy of Morse functions on surfaces with values on a straight line and circle. Ukrainian Mathematical Journal,
52(10), 1623-1627. https://link.springer.com/article /10.1023/A:101046131970

Prishlyak, A. (2002). Topological equivalence of Morse-Smale vector fields with beh2 on three-dimensional manifolds. Ukrainian Mathematical
Journal, 54(4), 603-616. https://umj.imath.kiev.ua/index.php/umij/article/view/4087
Prishlyak, A., & Loseva, M. (2020). Topology of optimal flows with collective dynamics on closed orientable surfaces. Proceedings of the
International Geometry Center, 13(2), 50—67. https://doi.org/10.15673/tmgc.v13i2.173
Reeb, G. (1954). Sur les points singulies d'une forme de Pfaff completion integrable ou d'une fonction numerique. Comptes Rendus
Hebdomadaires des Séances de I'’Académie des Sciences, 222, 847-849.
Tereshchenko, V. (2009) One tool for building visual models. CSSim 2009. 1st International Conference on Computational Intelligence,
Modelling, and Simulation, 2009, 59-62. https://doi.org/10.1109/CSSim.2009.55
Tereshchenko, V., Pilipenko, S., & Fisunenko, A. (2013). Domain triangulation between convex polytopes. Procedia Computer Science, 18, 2500-2503.
https://doi.org/10.1016/j.procs.2013.05.428
Tereshchenko, V., & Tereshchenko, Y. (2017). Triangulating a region between arbitrary polygons. International Journal of Computing, 16(3),
160-165. https://www.computingonline.net /computing/article/viewFile/899/798
OTpumaHo pepakuiet xypHany / Received: 30.09.24
MpopeueH3oBaHo /| Revised 14.10.24
CxBaneHo Ao Apyky / Accepted: 26.11.24

ISSN 1812-5409 (Print), ISSN 2218-2055 (Online)



~ 58 ~ B 1 C H U K KuiBcbkoro HauioHanbHoro yHieepcurety imeHi Tapaca LleBueHka

Onekcanap NPULLNAK, a-p is.-maT. Hayk, npodp.

ORCID ID: 0000-0002-1234-5678

e-mail: prishlyak@knu.ua

KviBcbkui HalioHanbHUI yHiBepcuTeT imeHi Tapaca LLleByeHka, KuiB, YkpaiHa

Bacunb TEPELWEHKO, a-p &i3s.-mat. Hayk, npod.

ORCID ID: 0000-0002-0139-6049

e-mail: v.ter@knu.ua

KuiBcbkuit HauioHanbHUM yHiBepcuteT iMeHi Tapaca LLleBuyeHka, KuiB, YkpaiHa

MPA® PIBA ®YHKLII BACOTU HA NMNAHAPHOMY MOMIrOHI

I1id yac docnidxeHHss cmpykmypu MHo208udie Yacmo eukopucmosyroms yHKUii sucomu, wjo € pyHkyismu Mopca 3a2asnibHO20 MOJIOXKEHHSI.
Ue ¢yHKuii, y ssKux yci Kpumu4Hi moyYku € HeaupodxeHuMu. Cmpykmypy makux ¢pyHkyili onucyroms 3a dornomozoro 2pagha Pi6ba. Ha deosumipHux
opieHmoeaHux 3aMKHeHUX MHo208udax, mak caMo siK i Ha KOMakmHux obnacmsix i3 2nadkoto Mexero, 2pagh Pi6ba € noeHUM mornono2iyHuUM iHeapi-
aHmom npocmoi goyHkuii Mopca. Mozo eepwuHu Maroms cmeniHb 1, AKuio eepuwuHa 8idnosidae nokanLHOMy ekcmpemymy, abo 3, KUl eepwuHa
sidnoeidae cidnosili KpUMuYHiIl moyyi. Y 3anponoHosaHoMy docnidxeHHi Ons yHKyii sucomu Ha 6aeamoKymHuKy po3ansiHymo epadg Pi6a, eep-
WUuHU s1IKo20 36i2atombcsi 3 eepwiuHamu 6a2amokymHuka. Y ybomy eunadky y 2pagha Pi6a, kpim eepwuH cmeneHie 1 ma 3, 6ydymb wje eepuwuHu
cmeneHs 2, ujo gidnosidaromb pe2ynsipHUM eepwuHaM 6azamokymHuka. lMoka3aHo, wjo epagh Piba 6acamokymHuka moxe 6ymu nobydoeaHuli 3a
4ac He meHwul Hix O(n log n), wWo € HalikpawumM MOXnueum Onsi 6acambox 3aday ob64ucnoeansHoi 2zeomempii. Kpim mozo, epagh Pi6ba moxHa
eK/acmu siKk npsAMoniHiliHul 2pagh y 6acamokymHuk. Lje dae 3moay no6ydyeamu po3bummsi 6aeamoKymHuka Ha MOHOMOHHI 6a2zamoKymHuku 3
nodanbuworo iXHbOI mpiaHaynsayieto. TakoXx HaMu ecmaHoesIeHo 38’130k 2pagha Piba 6azamokymHuka 3 2paghom Piba ¢pyHKyii eucomu Ha 32nadxe-
Homy 3D-nomosuieHHi, wo 8idkpusae Moxugicme 3acmocyeaHHs1 Yux KOHCmpYKUili onsi nobydoeu kicmsika 3D-modeneli 3 nodanbwum lio2o eu-
KopucmaHHsIM y Komn'tomepHill e2padgpiyi. HaeedeHo npuknad nobydoeu 2pagha Piba 3a 0ornoMo20r0 npoyecy rniockKko2o0 3amimaHHsI NPsSIMOlo, ma
nodanbwoi mpiaHaynsayii 6acamokymHuka. Ompumani pe3ynbmamu makoX Moxymb 6ymu eukopucmaHi 05s1 eueyeHHs1 ennacmueocmeli epagie
Pi6a 06'c¢0Hanb 6a2amokymHukie y mpueumipHomy npocmopi. Takox nepcrnekmueHUM € 3HaX0O0XXeHHs1 8cix Moxnueux spagpie Piba 6acamokymHu-
Kie 3 HegesIUKUM YUCJIOM 8EPUWUH.

Knwo4yoBi cnoBa: ¢yHkyis Mopca, mononoziyHa cmpykmypa, mpaneuyeidanbHa kapma, npsiMoniHitiHul epad.

ABTOpM 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CnoHcopu He Bpanu yyacTi B po3pobneHHi AocniaxeHHs; y 36opi, aHanisi umn
iHTepnpeTaLii AaHVX; y HAaNMUCaHHi PyKOMuUCy; B pilLeHHi Mpo nybrnikaLilo pe3ynbTaris.
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