ACTPOHOMIA. 2(72)/2025 ~39 ~

YOK 524.8
DOI: https://doi.org/10.17721/BTSNUA.2025.72.39-43

Valery ZHDANOV, DSc (Phys. & Math.), Prof.

ORCID ID: 0000-0003-3690-483X

e-mail: Valery.Zhdanov@knu.ua

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

Denys TVARDOVSKY, Student

ORCID ID: 0009-0002-1031-0208

e-mail: twardowski@knu.ua

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

CIRCULAR ORBITS AROUND STATIC SPHERICALLY SYMMETRIC CONFIGURATION
WITH LINEAR MASSIVE SCALAR FIELD IN GENERAL RELATIVITY

Background. Theories with scalar fields are widely discussed in various generalizations of the Standard cosmological
model dealing with the inflation of the Universe, dynamical dark energy, Hubble tension etc. Introduction of a scalar field in static
spherically symmetric (SSS) asymptotically flat gravitational system causes the appearance of specific features in the distribution
of stable circular orbits, which may lead to observational effects in the accretion disk structure. We study this distribution in the
case of a massive scalar field in the framework of General Relativity.

Methods. We consider the Einstein equations with minimally coupled massive scalar field resulting in the ordinary
differential system that is solved numerically (SSS case). This solution is applied to study the distribution of stable circular orbits
of test bodies using properties of an effective potential for the test-body motion.

Results. There are two main regions around the asymptotically flat SSS configuration with scalar field: a weak-field region,
where we have an approximate analytical description of the problem and usual distribution of circular orbits as in case of the
Schwarzschild metric, and a scalarization region with a significant deviation of the metric from the Schwarzschild case. In the
scalarization region, a numerical solution for the linear scalar field with the corresponding metric coefficients is derived. Analytical
relations to study the test body circular orbits are obtained. We show that, for a wide range of masses of the linear scalar field and
astrophysically relevant configuration masses, there either exists a region of weakly stable circular orbits near the center, or there
are no circular orbits in the scalarization region at all.

Conclusions. The distribution of stable circular orbits is significantly different from the case of a Schwarzschild black
hole. In case of sufficiently large masses of the scalar field and configuration masses, the circular orbits in the scalarization region
will be virtually absent. This suggest a similar conclusion about the structure of accretion disks.
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Background

The standard ACDM cosmological model satisfactorily describes a large amount of astronomical observations. However,
there are a number of facts, such as the Hubble constant tension (see, e.g., Dainotti et al., 2023) etc, which suggest that a
new physics is required beyond the ACDM model to explain a number of astronomical phenomena. In this view, the scalar
field (SF) theories are attracting considerable attention, especially in models of the dynamical dark energy (see e.g., Li et al,
2013; Mortonson, Weinberg, & White, 2013). Natural questions arise about the possible effects of SFs in relativistic
astrophysical objects. For example, these may be non-connected ring-like structures in the distribution of circular orbits
(cf., e.g., Stashko, Zhdanov & Alexandrov, 2021), which can manifest itself through the structure of thin accretion disks.

In this paper we study circular orbits around static spherically symmetric (SSS) configurations with minimally coupled
scalar field in General Relativity. As distinct from the paper by Stashko, Zhdanov & Alexandrov (2021), which dealt with
massless power-law SF potentials, here we consider the solutions describing massive SF.

Methods

The Einstein equations for the metric g_, with an additional equation for SF ¢ are
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where we assume V(¢) = p*w(¢); p = 1/1, stands for the SF mass.
For a SSS space-time we use the Schwarzschild (curvature) coordinates with

ds? =e"dt? —edr? —r? (d62+sin26d(p2). @)

After introduction of a new radial variable x = ur the parameter u disappears from the Einstein equations and field
equations yielding
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1 We use the metric signature (+ — — —); Riemann tensor is R’;‘M = d,Ig5—.., Riccitensor is Rgs = R‘Z‘M. In the numerical calculations we put

¢ =G =1,k = 8n. Note that in the geometrized units uM is a dimensionless quantity.
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where the unknown functions v(x), 1(x), ¢(x) depend only on radial variable. Equations (3),(4) are obtained from the "00"

and "11" components of the Einstein equations in case of the SSS metric (2); equation (5) follows from the Klein-Gordon

equation. The other Einstein equations are not independent from (4),(5) and (6).

Approximations and initial conditions. Now we focus on the linear massive SF with w(¢) = ¢?/2. In case of this
potential one can use the results of Zhdanov & Stashko (2020), which show that non-trivial solution of (3)—(5) exists and is
regular for all x > 0 and there is a naked singularity at the center x = 0. Moreover ¢ and ¢'(x) do not change their signs;
therefore we can confine ourselves to the case ¢ > 0 and ¢'(x) < 0 for all x .

In case of an asymptotically flat isolated configuration we expect that at large distances from the center the field decays
exponentially ¢(x) « e~* and we have approximately the Schwarzschild metric. Let M be a mass of an isolated static system;
we denote X, = ur, = 2uM. Note that for typical SF models and astrophysically relevant masses the value of uM = M/[, > 1
is very large; this will be assumed below.

For a sufficiently large x >» X,

X
' =1-—9% ™. (6)
X
Taking into account (6), the asymptotic solution of (5) in terms of x — variable (cf. Asanov, 1968; Rowan, & Stephenson,
1976; Stashko, & Zhdanov, 2019) is

¢(X)=Q(ng e %? X0 X %

where the constant Q will be called scalar "charge". Let ry > 1, is a size of the "scalarization” region where we expect a
significant deviations from (6),(7), and for x > X, = ur, >» X, the approximation (6),(7) is valid. The exact value of r, will be
specified later.

Evidently, in the weak field region the effect of SF on the metric must be small, so we demand |¢(x)| « 1. Moreover, one
must estimate a next-order correction to (6). An analogous problem has been considered in Appendix A of (Zhdanov, 2025).
Similar considerations show that corrections to e”, e are of the order kx¢2. Therefore, in order that approximate formulas
(6),(7) be valid, we demand a stronger condition so that in the weak-field region x > X,

¢’ 0 1. ®)

Having the approximate formulas (6),(7), one can extend the solution to the scalarization region by means of numerical
methods. We consider initial conditions at x = X,

1 do

V(X)) =vg, MXp) =2 (X)) =0y =—,

X dx =%’

Xo

where vy, Ao, ¢, satisfy (6)—(8). We assumed in the calculations X, = (107 + 10°) X,.
Denote q = In Q /X,, this parameter is related to X, as follows

| X 1 1 X X 1 X
q :n—%+—°+[—+—jln(—°Jz—°+—ln(—°]-
Xg Xg Xg 2 Xg Xg 2 Xg

From numerical calculations we see that the plots of v, ¢ in the scalarization region against x/X, < 1 are practically
unchanged for different My = 102 + 102° and g = 102 + 105 (Fig.1). Moreover, there is an approximation formula

v(X) = 2In(x/ X,) - 9)
To compare the approximate formula (9) with the numerical solution over a wide range of parameters g and Mu, we

use the r.m.s. deviation A. Figure 2 shows the result of the comparison between the approximation formula and the
numerical solution.

g = 10" = 10°
-20 My = 10— 107"

Fig. 1. The left panel shows ¢(x) and v(x) that are practically indistinguishable for My = 105 + 10%° and q = 10° - 10°.
The right panel demonstrates the coincidence of the numerical solution and approximate formula (9)
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Fig. 2. Estimate of r.m.s. deviation A of the approximation (9)
from the numerical solution as a function of My for different values of q

We observe that the analytic formula (9) agrees better with the numerical result as g increases. For a fixed value of g, the
discrepancy between the numerical and approximate solutions exhibits a weak dependence on My > 102.

Circular orbits. Motion of massive test bodies in case of SSS metric (2) is reduced to the problem of one-dimensional
particle motion in the effective potential (see, e.g., Stashko, Zhdanov, & Alexandrov, 2021 for details)

U —_ Vv l L2
o (X)=€ +ﬁ )
where L = x%2dp/dt=const is the angular momentum, 7 is the proper time. Minimum of this potential correspond to a stable

circular orbit (SCO). Denote
3.

F(x) = XV where V’Edl. (10)
2—xv' dx
Simple investigation yields two conditions to have SCO:
dF
L>=F(x)>0 andd—>0. (11)
X

Evidently, in the weak field region x > X, > X, we have usual SCO in the Schwarzschild space-time.

In the scalarization region, on account of (9) we have that U.ss = (x% + 1?)/x2 is monotonically increasing function.
However, formula (9) is approximate; the specificity of the problem for large uM is that the denominator of F(x) is becomes
small and more accurate investigation shows the existence of shallow minima for x/X, < 0.8.
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Fig. 3. The behavior of F(x) for different q, Mu. Regions of growth of F(x) correspond stable circular orbits.
The transition from stable to unstable circular orbits occurs around x/X, = 0.76

Examples of F(x) in the scalarization region are shown in Fig. 3. Outside the scalarization region (x > X,), the metric
becomes approximately Schwarzschild, and stable circular orbits exist in this region. The minima of the potential U.¢(x) are
very shallow, i.e. the difference max(Ueﬂ)—min(Ueﬁ) is very small; in order to make them visible in Fig. 4 we use the

normalized value
0., (9~ Ve (-minUes ()
eft maxX(Uegs (X))—min(Ueg (X))
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Fig. 4. Examples of the effective potential for different values of L? corresponding to (11).
The regions where F(x) decreases in Fig. 3 correspond to local maxima of U,¢(x) before the end of the scalarization region.
The values of g and Mu for each color are the same as the corresponding values for the same color in Fig. 3

Results
We investigated SSS configurations in General Relativity in presence of a minimally coupled linear massive scalar field

with potential V (¢) = u*$® / 2. The focus in on the scalar field with a sufficiently large value of M, typical for astrophysical
problems. Distribution of circular orbits around SSS configuration has been investigated for the configuration parameters
Mup=10%+10% and q=10°+10°, where q~r, / r,» T, being radius of the scalarization region, where there is a significant
difference of the space-time metric from that of Schwarzschild. It turns out that, in this parameter region, the dependences
of the scalar field d)(l’) and metric coefficient exp[v(r)] on the radial variable are practically unnoticeable. We found that,
for sufficiently large M p the stable circular orbits in the scalarization region either do not exist or they are very shallow. More

precisely, for some parameters there are minima of the effective potential that ensure the existence of circular orbits near the
center. However, they are shallow: in this case, particles are unlikely to remain in these "stable" orbits in the presence of minor
external influences. Thus, it can be argued that the accretion disk should be practically absent in the scalarization region. This
may be an important observational signature to distinguish the configuration with scalar field from a regular black hole.

Discussion and conclusions

The distribution of the stable circular orbits around static spherically symmetric configuration of General Relativity in
presence of a massive minimally coupled linear scalar field satisfying the conditions of asymptotic flatness is significantly
different from the case of a Schwarzschild black hole. In case of sufficiently large masses of the scalar field and configuration
masses, the circular orbits in the scalarization region will be virtually absent. This suggest a similar conclusion about the
structure of accretion disks around such hypothetical configurations.

Authors' contribution: Valery Zhdanov — statement of the problem, formal analysis and methodology, testing of the numerical
calculations, discussion of the results, writing the text and editing; Denis Tvardovsky — formal analysis and methodology, realization of
numerical algorithms, numerical simulations, discussion of the results.
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KOrnosl OPBITU HABKOJIO CTATUYHOI CQJEPVI‘-IHO-CVIMETvPVI'-IHO'_I'_ KOH®INYPALIT
3 NIHINHUM MACUBHUM CKANAPHUM MOJIEM Y 3ATrAJ1IbHIU TEOPII BIZHOCHOCTI

BcTyn. Teopii 3i ckanapHuMu nosssMu Wupoko o62080proOMb 8 y3a2asibHeHHsIx CmaHOapmHoi KocMosio2i4HOi Modesti, ujo cmocyrombcsi
iHgnayii Bceceimy, duHamiyHoi memMHoi eHepeii, Hubble Tension mowo. BeedeHHs1 cKa/sipHO20 MO/ 8 cMamuy4Hy cghepuyHo-cuMempuyHy (SSS)
acumMnmomuy4Ho NyIocKy 2pasimauyiliHy cucmemy 3a3eudyal npu3eodums do ocobiueocmeli po3nodiny cmabinbHux Kkosoeux op6im, siki MoOxXyms 6ymu
noe'a3aHi 3i cnocmepexHumu egphekmamu. Mu sueyaemo yeti po3nodin y eunadky MacueHO20 CKaslsIpHO20 IoJIsl 8 Mexax 3a2aJsibHoi meopil idHocHOCMi.

MeToAau. Mu posansdaemo pieHssHHs1 EliHwumeliHa 3 MiHiMasibHO 38'A3aHUM MacueHUM CKaJIIpHUM roJieM, wo npuzeodums Ao 3euyaliHoi
ducgpepeHyianbHOI cucmeMu, sika po3e'si3yembcsi YucesnbHo (eunadok SSS). Leli po3e'sizok 3acmocosyromb 07151 8u84YeHHs1 po3nodiny cmabinbHux
Kosoeux op6im npo6HUX Min Ha ocHoei ennacmueocmeli eghekKmueHO20 NomeHyiasy.

Pe3ynbTaTtu. Haskono acuMmnmomu4Ho niockoi KoHgicypauii SSS € dsi ocHoeHi o6nacmi: o6nacmb cnabkozo nons, e MU MaemMo
HabnuxeHuli aHanimuyHuii onuc po3e'a3Ky ma 3euyaliHuli po3nodin konoeux op6im, sk y eunadky mempuku Lllleapywunsda, ma obnacmb
ckansipu3ayii 3i 3HaYHUM eidxuneHHIM Mempuku eid mempuku Lllleapywunsda. B obnacmi ckansipusayii ompumaHo yucnoei po3e'si3ku onsi
cKansipHo20 nossi 3 eidnogiGHUMU Mempu4YHUMU KoedpiyieHmamu. OmpumaHo aHanimuyHi cnieeiOHoweHHs1 Ons docnidkeHHs1 Kosloeux op6im
npo6Hoz2o mina. Mu noka3zyemo, ujo 0nsi wupoko2o diana3oHy Mac ckassipHo2o nons U acmpogi3udyHo periegaHMHuUX KoHgicypayiliHux Mmac a6o
icHye obnacmb cnabkocmabinbHux kpy2oeux op6im nobnusy yeHmpa, abo kpyzoei op6imu e o6nacmi ckansipusayii e3az2ani eidcymHi.

BucHoBku. Po3nodin cmabinbHux kosoeux op6im cymmeeso gidpizHsembcsi 8id eunadky 4opHoi dipu Llleapywunsda. [na docmamHbo
8esIUKUX Mac cKasisipHO20 MoJsisi ma KoHgpicypayiliHux mac konoei op6imu e obnacmi ckansipusayii 6ydyms npakmu4Ho eidcymHi. Lje do3eonsie
3po6umu aHanoz2ivyHuli UCHOBOK w000 CMPyKMypu akpeuiliHux duckis.

Kno4yoBi cnoBa: pensmuesicmcbki 06'ckmu, 2o5i cuH2ynspHocmi, MoougikoeaHa 2pagimauyisi.
ABTOpM 3a8BNSAIOTb NPO BIACYTHICTb KOHMMIKTY iHTepeciB. CnoHcopn He Bpanu y4acTi B po3pobneHHi AocnimKeHHs; y 36opi, aHanisi un
iHTepripeTauii AaHnX; y HAaNUCaHHI PyKOnMuCy; B PiLLeHHI MPo nybnikauitio pesynbTaTis.

The authors declare no conflicts of interest. The funders had no role in the design of the study; in the collection, analyses or interpretation
of data; in the writing of the manuscript; in the decision to publish the results.

ISSN 1728-273x



