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Y cmammi posenadaemovca mapkoscvka moodenv cucmemu 3 NOBMOPHUMU GUKIUKAMU 3 OOHUM
00C1Y208YI04UM NPULAOOM, OOHUM Micyem 8 4ep3i ma HeCKiHYeHHOI0 OpOIimoio 3i 3MIHHOIO [HMEHCUBHICTNIO
6XIOHO20 NOMOKY, KepO8aHAd NOPO2080I0 cmpamezicio. [[nsa maxkoi mooeni 3HAUOeHO YMOBU ICHYBAHHA Md
Gdopmynu 0ns epeoOuyH020 pO3NOOLLY KITbKOCMI 8UMO2 Y GUNAOKY CKIHYEHHOI ma HecKiHueHHOi uepeu
noemopHux eumoe. Ompumano weuoKicms 30IICHOCI CMAYIOHAPHO20 PO3NOOLTY CKIHUEHHOI cucmemu 3
NOBMOPHUMU BUKIUKAMU OO0 CMAYIOHAPHO20 PO3NOOINY HECKIHUEHHOI cucmeMu 3 OOHUM 00CIYy208YHOYUM
NpUIAOOM ma 0OHUM Micyem 8 yep3i.

Kniouosi cnosa: cmoxacmuuma cucmema, NOSMOPHI GUKIUKU, NOPO208A CMpamecis, cmayioHapHuu
pedcum, WeUOKIChb 30idCHOCHI.

This paper describes a steady state behavior of the retrial system in the case of one server, one place in
the queue and an infinity orbit. We research Markov's models of retrial systems and variable rate of input
flow controlled by threshold strategy. We defined stationary regime existence conditions and investigated
probability characteristics of process for two-dimension Markov process with continuous time which we took
as a main model of the specified system. In stationary regime for probability characteristics of the service
process were found explicit formulas. Research methods which we used are based on the initial process
approximation by the process with bounded state space. Results of the research allow us to evaluate
convergence rates of stationary distribution of finite systems with repeated calls to stationary distribution of
infinite systems. Method of probability flow equating is used for obtain explicit expressions for stationary
system probabilities through the closed path which are defined in a special way. We considered model for
one service devices and one place in the queue, which are controlled by threshold strategies.

Key Words: queue, repeated calls, threshold strategies, stationary regime, convergense rate.

CratTIO IpencTaBuB 1. T. H., Tpod. 3acnaBcekuii B.A.

Teopis cucreM 3 NOBTODHMMM BHKIMKAMH € [IyacCOHIBCBKMH 3 IHTEHCHBHICTIO /Ij , AKa 3QJICKUTH
OJJHUM 13 BaXXIUBHUX PO3JAUTIB Teopii MacoBOro
oOciyroByBaHHs. Taki cHCTeMH PO3IIISHYTI B
MoHorpadisx [1], [2]. MaremaTnuHi MOJENi CUCTEM
3 TMOBTOPHUMH BHKJIMKAMH  MalOTh  [IMPOKE
3acTOCyBaHHs B mpaktuili (muB. [3], [4]).

Y pmanii  poOOTi pO3TISAAOTECS  CHUCTEMHU
00CIIyTOBYBaHHS 3 TOBTOPHUMHU BHUKJIUKAMH THITY

[M/M/1/1+1] Ta [M /M /1/1+1™.
CTaH)_'[apTHy CUCTCMY TAaKOr'o TUITY MOXHa OIlKuCaTu

TakuM uMHOM. CHcTeMa CKIAQAAa€ThCs 3 OAHOIO
oOcnmyroByrouoro — mpwiagy. — BXigHu#  mOTiK

BiJl | - KUIBKOCTI JDKEpPEa IOBTOPHHUX BHKIIHKIB.
Bumora, ska wHagpidinia B cHcTeMy 1 3HaWmIIa
npuiajg ~ BUIBHAM,  HeraiHO  HAaJIXOAWTh  Ha
0o0CIIyTOBYBaHHS, a OOCIY)XHBIIWCH, 3aJIHINAE
cucreMy. Yac oOcCiyroByBaHHS BUMOTH Ma€
MOKa3HUKOBHUI PO3IIONLT 3 MapaMeTpoM 4 . SIKIo x

npuiaj 3aiHATHHE, TO 1 BUMOra CTa€ MOBTOPHOIO i
HaJIXOAUTH Ha Tak 3BaHy opOity. KokHa BuMora, sika
3HAaXOAUTHCS Ha OpOiTi HaMaraeTbcs MOTPANMTH HA
00CITyroByBaHHS yepes BHUIIAIKOBHUH yac,
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po3moaiIeHuH MOKa3HUKOBUM  3aKOHOM 3
mapaMerpoM Vv, 1 SKIIO B MOMEHT 3BEpPHEHHS
00CNyroByrounii mpuiaa BUIbHHH, TO L BUMOTra
HAJAXOAWUTH HA OOCIyroByBaHHS. B iHIIOMYy BUIIaAKy
BOHAa TOBEpPTa€Tbcss Ha  opOiTy 1 mporec
MOBTOPIOEThCS. TakuM 4YMHOM, Ha BIIMIHY BiX
Tpaauuiiinux cucrem (muB. [1],[2]) maemo cutyaiito,
KOJI IHTEHCHBHICTh BXIJIHOTO ITOTOKY 3QJICKHUTH Bill
KUTBKOCT1 BUMOT' B CHCTEMI.

[lpomec  kepyBaHHS  POOOTOIO CHCTEMHU
BHU3HAYAETHCS HAa OCHOBI TOPOTOBOi CTparerii, sika
peanizye  HACTYIIHUH  alroOpuTM  YIpaBIiHHSA
IIPOLIECOM  OOCITyrOBYBaHHs: BBaXaemo A; =4,
H,il=4,smo j=H+1... H
MPEJCTaBJIsE COOOK0 TOpIr, HpU Tepexoil depes
SKHH  CTPUOKOM  3MIHIOETbCS  IHTEHCHBHICTB
BXIJIHOTO MOTOKY. 3MiHHHI XapaKTep IHTEHCUBHOCTI
BXIJIHOTO TIOTOKY B MOJIENISAX TAKOTO THUIY J03BOJISIE
PO3B’SI3yBaTH I HUX ONTHUMI3aIiKHI 3aa4i.

[Ipomec obGcmyroByBaHHsS OyaeMO MOIETIOBATH
JIBOBUMIPHUM MPOIIECOM MapxkoBa

Q(t)z(Q1 (1).Q, (t)) 3 HENEpEepBHMM HYacoM Yy
asoBomy mpocropi S =1{0,1,2}x{0,1...}, ne O,(¢)
— KUTBKICTh 3alHATHUX MPHIALIB Yy MOMEHT Hacy !,
0, (t) — xinbKicTh /KEpeT MOBTOPHIX BHKIHKIB.

3a

sk j=0,1,...,

3’scyeMO  YMOBH ICHYBaHHS  CTaIliOHAPHOTO
pexumy st nporecy Q (t) t>0.
Jlema 1. Hexaii /l_llmi <oo. Tomi npu
J~>oo
Aju<1l  naugor Q(t) eproauuHuii i Horo
TPaHWYHAKA  pO3MONIT  CIIBMAAaE 3  €IUHUM
CTaIllOHAPHUM.

JoBenenHs nemu 0a3yeTbcs HA 3aCTOCYBaHHI
teopemu TBixi ([1], cTop.97).

Jns mobymoBHM pO3paxyHKOBHUX AaNTOPUTMIB i
SIBHUX (OPMYNT PO3TIISANIAETHCS CKiIHUEHHA MOJENb

[M/M/1/1+7™,
posriozin 7z —IImP(Ql( )=1,Q,(t)=

icHYyE.
I[lpu BukOHaHHI yMOBH Iemu 1

2"

IUIS  AKOi  CTamlioOHapHUH

j ) 3aBKIN

1 N—>w

CTamioHapHi  WMOBIPHOCTI HAOIIMKAIOTh

T

BIMOBi/IHI ~ CTalliOHapHI HMOBIPHOCTI pIUE!

cucremu [M /M /1/1+1].

Bigmitumo (muB. [1]), 1m0 3aBXIH BUKOHYETHCS

.. N
HEPIBHICTb 7T Sﬂ'i(j ).

OLIHIOETHCS IIBUIKICTH 301KHOCTI
(N)

T

B pobori

CTaLIiOHapHOFO pO3HO,I[iJ'Iy CUCTEMU
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[M/M/1/1+1]™ no Bimnosizxoro posmoxiny 7;

CHCTEMH [M/M/1/1+1] 3  MOBTOPHUMH
BUKJIMKaMH.

[To3znaunmo
1+ POM+ s + (K+Dv
L0, +kv) ko]
1, i=],

Al = e

ki
ne P, =% - 3aBaHTAKEHHSA CHCTEMH MEPBUHHHMH
BUKIIMKaMH, Komu opbita Q, (t)=k.

=01,...,N

HMOBIpHOCTI

Teopema 1. Slxkmo 4; >0, j
N
cucremu [M /M /1/1+1 (N) Marors BUTIISIT
N)w
j!
v +JV)A(N)
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PosrnﬂHeMo teriep cuctemy [M/M/1/1+1].

Hdnst  Toro, mio0 3HAWTH TPEACTaBICHHS JUIA
CTaIliOHAPHOTO PO3IOAUTY TPH BHUKOHAHHI YMOB
nemu 1, HeoOXimHO B popmynax Teopemu | mepeiTu
JIo TpaHutli mpu N — o .

BBenemo no3HaveHHs
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BHUKOpPHCTOBYIOUHM TPEACTABICHHS IS 72'(()::“) 3 Wy _ A tiv |
7y =7 = S R = 2NN A (N,
TeopeMu 1, MaeMo 'v 7
: o (N)_ﬂ+/11+1+(1+1 R _ VNI A (N
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—>00 0 I.V ) . )
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+ lim z(’u+ .+1+('+1)V)A+1(N) OLIIHUTHU MIBUAKICT 301KHOCTI ESE)N!VN Aj(N) JI0
N0 &= Ailv! uA(N) R; . Ilo3Haunmo
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| |
G [ Al mao i<, w0 W T Al
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: AT o 0> ]. iV uA ) T AT uA (i +])
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_i(wmlvm(n S p+ iy 207
- iv'u Sail! wA (1) ’ Beenemo nesxi nozHauenns. Hexait N, BuGpano
. Tak, mo SUpA=q, <1,a 1<y, <1/q,. IMoknamemo
hmZ(‘” Aug + (I +DV)AL(N) Ny P
N f il A(N
1A (N) I(v):inf{|>0 [( +(2ﬂ+1)w)+(w) Ju+(+1v) O}’
‘it
JZ(IH+ |+1+(|+1)V)A+1(J) Zﬂdl—ﬂ’wl_l_(ldl—l)v Y i
-0 AiW'u AWV uA (i +1) D,(N) =B, +Z/J+/1I+Iv[1+l_vj.
Ma€M0 i J+l| V/UA (I) ﬂ‘i—l

Teopema 2. Sxmo mm [M/M/1/1+1] -

CHCTEMH BUKOHYETHCSI yMOBa JeMd 1, To sl Hel
ICHYIOTB CTaIlioHapHI HMOBIPHOCTI

Teopema 3. Hexait B cuctemi 3 IOBTOPHHUMH
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N 21+ v(N +1)
(N =2)0" A (N) | =8|

vN
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<

et A+ (D). pil(4; + iv)* + jvul y
A+ ppu+ A+ (1+D)v

{“ 2u+v(N+1) 1 }

vN 1-7%
Posrnanemo MpUKIa] CHUCTEMU
[M/M/1/1+1]® . Hexait 4, =11, u=1,v=0,1.

[Iporpama, Hammcama Ha OCHOBI OTPUMAaHHX
dopmys, ma€ HACTYIHI 3HAYEHHS CTallOHAPHOTO
pO3MOAUTY

7y;(20) =

0.00734806, 0.0177823, 0.0264239,

0.0310369, 0.031622, 0.0292629, 0.0252561,
0.0206734, 0.0162316, 0.0123223,
0.00909825,0.00656287, 0.00464089, 0.00322603,
0.00220929, 0.00149327, 0.000997633,
0.000659625, 0.000432092, 0.000280672,
0.00018093.

m;(20) =

/1jj!vj,u
Ri  (u+Nv)>+Nv
Dj(NO) Nzﬂz
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0.00269361, 0.00184695, 0.00125307, 0.000842016,
0.00056087.

7,;(20) =

0.00355646, 0.01105, 0.020315, 0.0287473,
0.0345834, 0.0371954, 0.0368362, 0.0342339,
0.0302457, 0.0256405, 0.0210012, 0.0167072,
0.0129628, 0.00984138, 0.00733058, 0.00536908,
0.0038738, 0.00275753, 0.00193919, 0.00134874,
0.00105029.

VY cTarTi OTPpUMaHO HOBI pe3yJbTaTH Ui KIAcCy
CHUCTEM 3 IIOBTOPHMMH BHKIUKAaMHU 1 Yeprorw, 3
KEPOBAHOIO IHTEHCHBHICTIO BXIJIHOTO TOTOKY, SIKi
PO3BUBAIOTh TEOPIFO CTOXAaCTUYHHMX CHCTEM 3
MOBTOPHUMH BHUKJIMKaMH. PO3IJISIHYTO MOJENIb 3
OJTHUM OOCJIYTOBYIOUUM IIPHJIAJOM 1 OJHMM MiCIIeM
B 4ep3i Ta 3HAWJCHO OIIHKY IIBHJKOCTI 301KHOCTI
CTaIlIOHAPHOTO PO3IOAUTY CKIHYEHHOI CHCTEMH 3
MOBTOPHUMH  BHKJIMKAMH  JO  CTaI[ilOHAPHOI'O
pO3MONTy HECKIHUEHHOI CHCTEMH, IO MOXe OyTH
BHKOPHUCTAHO TPH IMOOYIOB1 AJITOPUTMIB PO3PAXYHKY
CTaIliOHAPHOTO PO3IOILTY.
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