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Anomauis. Poseasnymo sadawy Kowi 0aa napabosiunozo pisHAHHA 6 00HOBUMIPHOMY NPOCMO-
Pi, KePoBar020 3a2GAbHON0 CMOTACMUYHONW Mipoto. Jlosedeno, wo 3a NesHUX YMO8 M AKUT PO36 A30K
NPAMYE 00 HYAA MAUAHCE HAMEGHO, AKUO ADCONOMHA BEAUHURA NPOCTOPOGOT 3MIHHOL npamye 00 He-
CKIHYEHHOCT.

Ka10406i ca06a:; acumMnmomuyna noeedinga, Cmoracmuyha Mipa, CIOTACMuYHe napaborivre pie-
HANHA, M axul po3s’asok, npocmip Becosa.

Abstract. We study the Cauchy problem for a parabolic equation on the line driven by a general
stochastic measure. Under some assumptions, we prove that the mild solution tends to zero almost
surely as the absolute value of the spatial variable tends to infinity.
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1 Introduction of R, and the operator L has the form
0?u(t, x) ou(t, x)
We continue investigation of the parabolic equati- Lu(t, ) = a(t) 92 +5(1) or +
on driven by a general stochastic measure. Namely, du(t, x)
we study the asymptotic behavior of the mild +e(t)ult, ) — ot (2)
lution.
soration where functions a, b, ¢ are defined on the set
Let Lo(€2, F,P) be the set of all real-valued
random variables defined on complete probabili- S=[0,T]xR={(t,z):t€[0,T], x € R}.

ty space (€2, F,P), X be a metric space and B(X)
be a o-algebra of Borel subsets of X. Let u be a
general stochastic measure (or simply «stochastic

The solution of equation (1) is understood in
the following mild sense

measure» ) on B(X), i.e. a o-additive mapping p :

B(X) — Lo(2, F,P) (see, for example, |1, Secti- u(t, ) —/p(t,x;O,y)uo(y) dy+

on7|). We do not require the fulfillment of any ¢ ®

other assumptions except o-additivity. —|—/ ds/p(t,x;S,y)f(Syy,u(Say)) dy+
0 R

Consider the following equation

+ /R du(y) /0 p(t.zss,y)o(s.y)ds.  (3)

{ Lu(t, z)dt + f(t,z,u(t,x))dt + o(t,z)du(xr) = 0, Here p(t,z;s,y) is the fundamental solution of the

u(0,2) = up(x), operator L defined by (2). The integrals of random

(1) functions with respect to ds and dy are taken for

each fixed w. Some approaches to a definition of

such integrals and their properties are investigated

where (¢t,z) € [0,T] x R, u is a general stochastic in [2]. For more details about the definition of the
measure defined on the o-algebra of Borel subsets mild solution see |3, Chapter 6].
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The existence, uniqueness and Holder Then by [11, Lemma 3.2] the stochastic functi-

regularity of the solution of equation (3) are
proved in [4].

Our aim here is to establish the conditions
under which that the solution of problem (3) tends
to zero almost surely as the absolute value of the
spatial variable tends to infinity. The same result is
presented in [5] for the heat equation. We generali-
ze it to the case of a parabolic equation.

Boris Manikin in [6] obtained the asymptotic
properties of the same parabolic equation as
t — o0. The particular case of this problem (heat
equation) is considered in [7].

Similar asymptotic behavior and the regulari-
ty of the mild solution of the wave equation
with general stochastic three-
dimensional space are investigated in [8] and [9].

The heat equation with stochastic measure
depending on time variable ¢, is considered in [10],
where it was proved that the mild solution tends
to zero as |z| — oco.

measure in

2 Preliminaries

Consider the Besov space BS([b,c]), a €
(1/2,1), b,c € R, that is, the space of functions
g : [b,c] = R such that the norm

9l Bg, (1b,el) = 1191l (1b.c) +

b 2 3
([ wapator)star)®,
0

is finite. Here
o
(f

For any fixed j € Z put

1

h 2
wspag(gr) = sup ([ lg(s +h) - g<s>|2ds) .
0<h<r

AR =G+ (k-1

n=>0, 1<

127", j + k27"
k< 2™

B

Let function

g(t,z,v): [0, T| xRx[j,j+1] — R

be such that V(t,z) €
nuous on [j,j + 1].
Put

[0,T]xR: g(t,z,-) is conti-

gn(t, =, v) Zg(t z, 7)1 (v) +
+ ) gt i+ ( — 12710 (v).

1<k<2n

76

on

wta) = [ gt 0)da(o), (t.0) € [0.TIXR,
[5,5+1]

has the version

ﬁj(tvx) = / 90(t7$av)dﬂ(v)+
[7,5+1]

+Z/{j

n>1

— gn-1(t, x,v))du(v),

(4)

(gn (ta xz, ’U)
J+1]

such that, for all

e>0,weQ,(t,

x) €0, 7] x R,

we get

7 (t,2) < |g(t, 2, 4)u(lj, 5+ 1)) |+

+{Z 2" N gt @i+ k27—
n>1 1<k<2n
—g(t,:E,j + (k - 1)2—n)|2}

1

For this version we have, by [12, Theorem 1.2],

(SIS

X

A(])

2

> 3 u

n>1 1<k<2n

7;(t, z)| <

S T WaEl, )

kn
n>1 1<k<2n
where o« = £/2+1/2 and the sum with a stochastic
measure is finite by [11, Lemma 3.1]. Note that
we can chose the same version (4) for all (¢t,z) €
[0,T] x R, while the constant C' depends on « and
does not depend on j,t, x,w.

ln(A

3 Main result

The following conditions are assumed throughout
the paper.

Al. Function up(y) = uo(y,w) : R x @ — R is
measurable and bounded, namely,

[uo(y, w)| < Cuo (W)-
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A2. Function ug(y) is Holder continuous in
y € R, that is,

[uo(y1) = uo(y2)| < Lug (@) [y1 — 2,

Blug) = 1/2.
A3. Function f(s,y,z) : [0,T7] x RxR — Ris
measurable and bounded, namely,

£ (s,y,2)] < Cy.

A4. Function f(s,y, z) is uniformly Lipschitz
iny € R, z € R, that is,

|f(s,y1,21) =f (5,42, 22) | < Ly (|y1 — y2|+|21 — 22|).

A5. Function o(s,y) : [0,7] x R — R is
measurable and bounded, namely,

|o(s,9) < o

A6. Function o(s,y) is Holder continuous in
y € R, namely,

lo(5,91) — 0(5,92)| < Lo |y1 — 42|*@, B(0) >1/2.

A7. Fundamental solution p of the operator L
is homogeneous in the space variable, namely,

p(t,x;s,y) = p(t,x —y;s).

A8. Functions a(t), b(t), c(t) are continuous
in [0,7] and there are ae > 0, A > 0, Ag > 0 such
that

la(ty) — a(te)| < Aty —t2|, a(t1) > Ao,

for all ¢1,t2 € [0, 7.
A9. Function |y|” is integrable with respect to
p on R for some 7 > 1/2.

A10. |ug(y)| — O,

sup | f(s,y,2)| = 0,

s€[0,T], zeR
as |y| — oo.

Note that we consider the fundamental soluti-
on p of the operator L that is homogeneous in
the space variable (Assumption A7). In this case
coeflicients a, b, ¢ do not depend on the space vari-
able.

If Assumption A8 holds, then according to [13,
Section 4, Theorem 1| we have

1 Ae?
Ip(t,z;8)| < M(t—s) ze =5, (6)
t, x; |2
‘8]9(8’5’ s) < M(t— 3)*16_1.@ 7 (7)

where X\ and M are positive constants.

The symbols C' and C(w) denote nonrandom
and random constants which can vary from line to
line.

2023, 2
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Theorem 3.1. Suppose Assumptions Al—A10

hold. Then the solution of equation (3) has a versi-

on u(t,x) such that for all t € [0,T], w € Q,
lu(t,z)| = 0, |z| — oo.

Proof. According to [4, Theorem|, under

Assumptions A1-A7 for all t € [0,T], 2 € R,

equation (3) has the unique solution u(¢,x).
We have

W@wﬂékép@w—ymMde4+

t
—+ /0 dS/Rp(t,l‘y;‘S)f(sayvu(Say))dy‘Jr

+

/Rd/t(y)/0 p(t,x —y;s)o(s,y) ds
— Li(t,2) + Do(t,2) + I3(t, ).

(8)

Now each of terms is treated separately.
First consider the integral with respect to
stochastic measure. Put

t
h(t,l‘,y) :/ p(t,x—y, S)U(Say)d‘sa
0

then

I3(t7 .’E) <

> /( IRUGERLCY
23

JEZ
Let arbitrary j € Z, t € [0,T], = € R, be
fixed. Then the random function

nﬂtx)=:/ Wtz y)du(y)
(J,g+1]

has a version (4) that admits estimate (5). This
version is denoted by the same symbol 7. Thus,
for any o € (1/2,1), we have

i (t, )| < |h(t, 2, 5)u(ld, J + 1))+
+C|h(t, 2, )| Bg, (.j4+17) X

S SERD SRS

n=1 1<k2n

.

and

Ig(t,.l‘) < Z |77j(t7 J})| < Jl(ta l’) + JQ(t>$)7 (9)
JEZ
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the following result.

) =Y |ht,z, (G5 + 1), To(t,x) <CY [\h(t,:z:, e+ +
JEZ JEZ
1 1
7) = C Dbt g, 41 % ([ agis () tar) } x
JEZ 0 o
. 1 . 1
D2 3 AP} {302 ST AP}
n>1 1<k<2n n>1 1<k<2m
= C > At )y (1 ¥
Consider the first term from (9). Get jez
X 1
: {2 3 w@aghR) +
CN—27 . n>1 <k<2m
Jit,z) < <Z<1+m> 2 rh<t,x,g>\2) x ek .
JEL ) +CZ</ w2’[j7j+1](h,r)) T_Qa ld )2
(Z 2 JEZ
X (1+!j!)27\u([j,j+1])2> = Fy - Fy. Ny s
—n, (@212
jez A2 Y AP <
{n21 1<kg2n }

By Assumption A8 for 7 > 1/2 according to < Ot x) + Cna(t, ).

[11, Lemma 3.1] for function (1 + [j])71(; j41(¥)
we obtain that Iy < 400 a.s. And we can assume
u(t,z) = 0 on the set of w such that Fy = 4o0. Tor(t,2) =

Further, by Assumptions A5,A7 and upper 1
2
bound (6) we have = (S I Ry

JEZ
« ( Z2fn€ Z
JjE

>+
7z n>1 1<k<2n

:DI'D27

Here

X

1

t
h(t,z,j <CU/ t,x— j:8)|ds < . 2
|n(t, z, 5))| (e = gis)lds ,H(A,&)),z) _

¢ 1 Aa—jl?

CoM | (t—s) 2e "t
0

<20,MVEt < C

<

s <

10
(10) and

Due to the fact >z (1 + 7)) 72" < +o0, we
conclude that Fj is bounded. Moreover, by esti-
mates from (10) we obtain, for any fixed j € Z,

X

YA+l

JET

Joa(t,z) = (

x (/01 (wa,fj 1) (o)) =27 dr) %D 2

X
h(t,x,j) =0, |x|— oc. (11) .
(T X X mag) -
Thus by the Lebesgue’s dominated convergence (; n%:l K%;zn
theorem we get — Dy Dy

Fi =0, |z|— oo Firstly, estimate the Ls-norm of function
h(t,z,-) for fixed parameters (¢, z). We have from
Consequently, (10), for any j € R,
. 1
J+1 2
Ji(t,z) =0, |z = oo. 1At @, )Ly (g 5+1) = </ \h(t,x,y)\Qdy> <
J

< CVit,

Now we consider term Ja(t, z). For it, we have
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hence, for any v € (0,1), where constant C' depends on
v, M, A and T.

1At 2, s (1) — Os 2] = 0. Taking into account the representation

We obtain that series D; converges and tends

t
to 0 as |z| tends to oo. jQ(t,x) < / ‘p(t,m — Yy — s)a(s,y)’ds+
On the other hand, by [11, Lemma 3.1] series . 0
Dy is bounded almost surely. Here we use Lemma +/ ‘p(t, z—y;8)o(s, y)‘ds <C
3.1 for functions

gi(y) = 2_%5(1+|j|)THA<”(y)’j € Z,n € N, k = 1, n.we can similary to (11) conclude that
kn

We can put u(t,z) = 0 on the set {Dy = +o00}. Jo(t, ) = 0, |z — oo. (14)
Thus,
Recall that v,y € (0,1) and B(o) > 1/2.
Jo(t,x) = 0, |z| — oo. (12) Thus,
Further we estimate function ws [ j41)(h,7), h(t, 2,y +v) — h(t, z,y)| < Cv™,
for r € [0,1], and term Jaa(t,x). Let v € [0,7], we
have where a; = min{f(o),~}. Since v € (0, 1) is arbi-
trary, the last estimate is correct for any a; <
‘h(t,l‘,y—F’U) —h(t,x,y)| = 5(0’)

Therefore,

t
/ p(t,x —y—v;s)o(s,y+v)ds—
0

wy [ j+1)(h, 1) =

t
—/ p(t,r —y;s)o(s,y)ds| <
0

1

J+l-v 2
t _ sup( / |h<t,x,y+v>—h<t,x,y>|2) <
</ Itz —y —v;8)||o(s,y +v) — o(s,y)|ds+ OSSN
0

1
< sup (C’\l—v|v20‘1> < Crot.

o<v<r

—i—‘/o (p(t,:c—y—v;s)—p(t,w—y;s))a(s,y)ds =

— jl(t,g;)_FjQ(t,x), Hence there exists o € (1/2,1) such that
1/2 < a<ag < B(o) and

1
2 _9q—
/0 (w27[j,j+1] (h, T)) T 2 1 dT‘ <

Next we use Assumption A6 and estimate (6)
to conclude

2
J(t,x J)/ M(t —1/2g= T g < 1 2(a1—a) |1
< / Cr—2a—1p2en g, — C'ri <O,
g 01}6(0). 0 2(0[1 — Oé) 0
Moreover, similarly to (11) we obtain where C' depends on (o).
. On the other hand, due to convergences
Ji(t,x) = 0, |z] = oo (13) (13) and (14), by the Lebesgue’s dominated

convergence theorem we conclude

Also, by A5 and (7),

~ 1
t Jo(t,x) = /0 (wQ,[j’j_H](h, 7“))27“_20‘_1 dr — 0, || — oc.
y+v t gy
_ / It = wis) o N dwds| <
ow Consequently,

t y+v )\\sz\Q
< C’U/ / M(t — s)_lef t—s  dwds. Ey — 0, |z| — oo,

0

According to upper bound (11) from [4] by A5 and similary to (12) we get

we get B
Jo(t,z) < Cv7, Jaa(t,z) =0, |z| — oo,
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and the same result is fulfilled for Ja(t,z) =

Jo1(t, ) + Jaa(t, x). That is why we have
Is(t,x) = 0, |z|— oo.

Consider another terms of (8). For an arbi-
trary yo € Ry, we have

Ir(t,z) <
t
< / ds/ p(t,z —y;s)f(s,y,u(s,y)) dy| +
0 ly|<yo
t
+ / dS/ p(t,x —y;8)f(s,y,u(s,y))dy| =
0 ly|>vo

= Iy (t,x) + I2a(t, ).

By Assumption A9 for any € > 0 there exists
Yo € Ry, such that

sup  |f(s,y,2)] <&, ¥V |y| > yo.

s€[0,T],zeR

Let fix this yy. Since

/R p(t,x — y: 9)ldy < C,

where C' depends on M, A from (6), and on T (see
[4, estimate (7)]), we can conclude that

Ino(t, o) < et < eT.
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Further by the Lebesgue’s dominated

convergence theorem we get
I (t,z) = 0, |z| — occ.
Here we use the estimates

|p(t,3j - Y s)f(s,y,u(s,y)| <

_ Az—y|?
t—s

< CpM(t—s) ze

(obtained by inequality (6) and Assumption A3)
and

_/\\'yo—y\Q

_ Az—yl?
t=s |$’ 2 Yo,

e t—s <Ke
and also the arguments similar to those applied in
the inequality (11).

Thus we obtain that I(t,x) tends to zero as
|z| — oo.

The same arguments and condition A10 for
function wug give us convergence

Li(t,x) = 0, |z| — oo.

As the result, we get the statement of our
Theorem.

croxacrudanoro wmiporoo / LM. Bopnapuyk,
B.M. Pajuenko // Haykosuii Bicuuk Yepwi-
BerbKOTO Hall. yH-Ty. Martemaruka. — 2012. —
T.2, Ne1. - C. 711,

. Manikin B. Asymptotic properties of the
parabolic equation driven by stochastic
measure / B. Manikin // Modern Stochasti-
cs: Theory and Applications. — 2022. — Vol. 9,
no. 4. — P. 483-498.

Paduenrxo B.M. Acumnroruyna 1oBejiHKa
PO3B’SI3KY PIiBHSIHHS TEIJIOMPOBITHOCTI 31 CTO-
XacTU4IHO Mipoto npu t — oo / B.M. Pajuen-
ko // Hayxoswmit Bicank YxHY. Cepis: Ma-
Tematuka i indopmaruka. — 2012. — Bun. 23,
Ne 1. - C. 119-124.

8. Bodnapuyr [ AcmMmmTormka M’GKOTO PO3-
B’SI3KY XBMJIBOBOT'O DiBHAHHS y TPUBUMipDHO-
My TPOCTOPi, KEPOBAHOTO 3araJbHOK) CTOXa-
cruanoto miporo / 1. Bommapuyk // Bicauk
Kuiscekoro ynisepcurery imeni Tapaca Illes-
venka. Bicank KHY imeni Tapaca [llepuenka.



Bicnux Kuiscvko020 HayionaAbH020 YHIBEPCUMEMY

imens Tapaca Illeswenra 2023, 2
Cepia: $i3uKo-mamemamuiHi HAYKU
Cepist: dizuko-maremaruyni Hayku. — 2019. — 5.

10.

11.

12.

13.

Ne 4., - C. 12-17.

Bodnarchuk I.M., Radchenko V.M. The wave
equation in the three-dimensional space dri-
ven by a general stochastic measure /
I.M. Bodnarchuk, V.M. Radchenko // Theory
of Probability and Mathematical Statistics. —
2020. - 100. — P. 43-60.

Bbodnapuwyx I AcummroTnuHa — TOBEIIHKA
M’IKOTO PO3B’I3Ky CTOXaCTUIHOIO PIBHSHHS
remnonposinnocri / I. Bognapuyk // Bicuuk
Kwuiecbkoro yriBepcurery imeni Tapaca Iles-

gyenka. Maremaruka 1 mexamika. — 2016. —

Ne (2)36. — C. 40-42.

Radchenko V. Mild solution of the heat
equation with a general stochastic measure /
V. Radchenko // Studia Mathematica. —
2009. — Vol. 194, no. 3. — P. 231-251.

Kamont A. A discrete characterization of
Besov spaces // Approx. Theory Appl
(N.S.) = 1997. — Vol. 13, no. 2. — P. 63-77.

Hlyin A.M., Kalashnikov A.S., Oleynik O.A.
Linear second-order partial differential equati-
ons of the parabolic type / A.M. Ilyin,
A.S. Kalashnikov, O.A. Oleynik // J. Math.
Sci. — 2002. — Vol. 108, no. 4. — P. 435-542.

References

1.

KWAPIEN, S. and WOYCZYNSKI, W.A.
(1992) Random  Series and  Stochastic
Integrals:  Single and Multiple. Boston:
Birkh&user.

. RADCHENKO, V.N. (1997) On a definition

of the integral of a random function, Theory
of Probability and its Applications. 41 (3).
p. 997-601.

DA PRATO, G. and ZABCZYK, J. Sto-
chastic Equations in Infinite Dimentions.
Encyclopedia Math. Appl. 45 — Cambridge:
Cambridge Univ. Press, 1992.

. BODNARCHUK, I.M. (2017) Regularity of

the Mild Solution of a Parabolic Equation wi-
th Stochastic Measure. Ukrainian Mathemati-
cal Journal. 69 (1). p. 1-18.

81

10.

11.

12.

13.

Bulletin of Taras Shevchenko
National University of Kyiv
Series: Physics & Mathematics

BODNARCHUK, .M. & RADCHENKO, V.M.
(2012) Asymptotic behavior of a solution of
the heat equation with general stochastic
measure. Scientific Herald of Yuriy Fedkovych
Chemivtsi  National  University.  Series:
mathematics. 2 (1), p. 7-11.

. MANIKIN, B. (2022) Asymptotic properties

of the parabolic equation driven by stochastic

measure. Modern Stochastics: Theory and
Applications. 9 (4). p. 483-498.
RADCHENKO, V.M. (2012) Asymptotic

behavior of a solution for the heat equati-
on with a stochastic measure as ¢t — oo.
Scientific Bulletin of Uzhhorod University.
Series of Mathematics and Informatics. 23 (1).
p- 119-124.

. BODNARCHUK,I. (2019) Asymptotics of the

mild solution of a wave equation in three-

dimensional space driven by a general
stochastic measure. Bulletin of Taras
Shevchenko National University of Kyiv.
Series:  Physics and Mathematics. mno.4.
p.12-17.

. BODNARCHUK,I.M. & RADCHENKO, V.M.

(2020) The wave equation in the three-
dimensional space driven by a general
stochastic measure Theory of Probability and
Mathematical Statistics. 100. p. 43-60.

BODNARCHUK, I. (2016) Asymptotic be-
havior of a mild solution of the stochastic heat
equation. Bulletin of Taras Shevchenko Nati-
onal University of Kyiv. Maths. Mechanics.
no. (2) 36, p. 40-42.

RADCHENKO, V. (2009) Mild solution of
the heat equation with a general stochastic
measure.  Studia  Mathematica. 194 (3).

p. 231-251.

KAMONT, A. (1997) A discrete characteri-
zation of Besov spaces. Approz. Theory Appl.
(N.S.). 13(2). p. 63-77.

ILYIN, AM., KALASHNIKOV, A.S. and
OLEYNIK, O.A. (2002) Linear second-order
partial differential equations of the parabolic
type. J. Math. Sci. 108 (4). p. 435-542.

Received: 18.08.2023



