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STOCHASTIC SIR MODEL WITH POISSON NOISES

Due to the negative impact of infectious diseases on population growth, it is important to understand the dynamic behavior of
such diseases. Mathematical deterministic SIR models are widely used to study the spread of infectious diseases. In real life, there
is a lot of randomness and stochasticity such as environmental noise, so using stochastic models is more suitable. Suppose we
want to take into account abrupt environmental perturbations, such as epidemics, fires, earthquakes, etc. in the considered models.
In that case, we must introduce Poisson noises into the population models for describing such discontinuous systems. The
existence and uniqueness of the global positive solution are proved for the system of stochastic differential equations describing
a non-autonomous SIR model disturbed by white noise, centered and non-centered Poisson noises. In the deterministic case there
is a threshold of the system for an epidemic to occur, so called the basic reproduction number. Depending on the value of the
reproduction number there is the disease-free equilibrium, or there is an endemic equilibrium, which implies the disease always
remains. In the case of the autonomous stochastic SIR model, we study the asymptotic behavior of the solution to the
corresponding system of stochastic differential equations around these points of equilibrium.

Keywords: stochastic SIR model, environmental noise, centered and non-centered Poisson noises, global positive solution,
disease-free equilibrium, endemic equilibrium, asymptotic behavior.
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Introduction

Due to the negative impact of infectious diseases on population growth, it is important to understand the dynamic behavior of
such diseases. Mathematical deterministic SIR models are widely used to study the spread of infectious diseases. Let S(t) denote
the number of individuals susceptible to the disease, I(t) denote the number of infected members and R(t) denote the recovered
members, who have been removed from the possibility of infection through full immunity. One of the basic deterministic SIR models
of Kermack and McKendrick is presented and studied in (Anderson, & May, 1979). This deterministic SIR model has a form

ds

B _ (a - pso10 - us),

YO _ ps@i) -+ e + o)1), (1)
dR(t)

——=pI() —uR(Q®),
At
where all parameters are positive constants, A is the influx of individuals into the susceptibles, u is the natural death rate,
B is the average number of contacts per infective per day (so-called "transmission coefficient"), ¢ is the death rate of infective

caused by the disease, p is the rate of recovery from infection.
If the basic reproduction number R, = ﬁ we have R, < 1, then model (1) has only equilibrium E, = (%,0,0), which
is globally asymptotical stable. In the case R, > 1 there exists a global asymptotically stable endemic equilibrium
x _ [utetp A _k Ap _P . . .
E —( 5 mierp B aGiterp) B)' This means that disease always remains.
In (Jiang et al., 2011) the autonomous stochastic SIR model was studied. This model is driven by a system of stochastic
differential equations

ds(t) = (A= BSMOI(L) — pS(V))dt + 0, S(t)dwy (1),
di(t) = (ﬁS(t)I(t) —(u+e+ p)I(t))dt + a,1(t)dw,(t), (2)

dR(t) = (pI(t) — uR(t))dt + o3R(t)dw; (1),
where w;(t),i = 1,2,3 are independent one-dimensional Wiener processes. The existence and uniqueness of a global
positive solution of model (2) are proved. The authors study the asymptotic behavior of the solution to the system (2) around
E, and E* respectively. In the paper by (Zhang, & Wang, 2013) the analogous results obtained for the autonomous stochastic
SIR model with jumps, generated by centered Poisson measure

ds(t) = (A —BSMOIL) — pS(v))dt + o3 S(E)dw; (1) + f C1(2)S(t7)N (dt, dz),
VA
di(t) = (BSOIE) — (u+ & + pI(1))dt + o,1 () dw, (D) + f C,(2)I(t7)N (dt, dz),
zZ

dR(t) = (pI(t) — uR(t))dt + 3R ()dws(t) + f C3(2)R(t7)N (dt, dz),
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where X(t~) means the left limit of X(t), N(dt,dz) is the centered Poisson measure independent on Wiener processes
w;(t),i =1,2,3,Z < [0, +) is a measurable subset. So considered model takes into account only "small" jumps corresponding
to the integral with respect to the centered Poisson measure.

The impact of centered and non-centered Poisson noises to the stochastic non-autonomous stochastic predator-prey
model that depends on the population density of the predator is studied in the paper (Borysenko, O. D., & Borysenko, O. V.,
2022). The authors proved the existence and uniqueness theorem for the positive, global (no explosions in the finite time)
solution of the considered system is proved. It is obtained sufficient conditions of stochastic ultimate boundedness and
stochastic permanence in the considered stochastic predator-prey model.

In this paper, we consider the non-autonomous SIR model, disturbed by white noise and jumps generated by centered
and non-centered Poisson measures. So, the novelty of the considered model is the following: we investigate the non-
autonomous stochastic SIR model and we take into account not only "small" jumps, corresponding to the centered Poisson
measure but also the "large" jumps, corresponding to the non-centered Poisson measure.

This model is driven by the system of stochastic differential equations

ds(t) = (A(®) — BOSMIE) — p(OSD)dt + 01 (D)S(E)dw, (1) +
+ f y1(t, 2)S(t™)V, (dt,dz) + J 6,(t, 2)S(t7)v, (dt,dz),
R R

di(2) = (BOSOI) = (u(®) + £() + p@)I(D) dt + 7> (DI ()dw, (1) +
3
+f y2(t, 2)1(t7)V, (dt,dz) +f 8, (t, 2)I(t7)v, (dt, dz), ©
R R
dR(t) = (p(DI(t) — u(OR(D))dt + a3()R(t)dw;(t) +

+f y5(t, 2)R(t™)V; (dt,dz) +f 85(t, 2)R(t™)v, (dt, dz),
R R
where v;(t,A),i = 1,2 are independent Poisson measures, which are independent on w;(t),i = 1,2,3, 7,(t,4A) = v,(t,A) —
tl, (4), E[v;(t,A)] = tll;(4),i = 1,2, [1;(A), i = 1,2 are finite measures on the Borel sets 4 in R.

We prove the existence and uniqueness of the global positive solution to the non-autonomous system (3). For the
autonomous system

ds(t) = (A= BSMOI®) — pS(v))dt + o3 S(E)dw, (1) + f 1 (DS )V, (dt,dz) + f 8, (2)S(t)v, (dt, dz),
R R
di(t) = (BSOIE) — (u+ & + p)I())dt + a5 (t)dw, (1) + f v, (It )V, (dt,dz) + f 8,(2)1(t7)v, (dt,dz), (4)
R R

dR(t) = (pl(t) - ,uR(t))dt + a3R(t)dws(t) + fm y3(2)R(t™)V, (dt,dz) + fmz 65(2)R(t™)v, (dt,dz)

we study the asymptotic behavior of the solution to the system (4) around E, and E* respectively.

1. Main results

Let (Q,F, P) be a probability space, w;(t),i = 1,2,3,t = 0, are mutually independent standard one-dimensional Wiener
processes on (Q,F, P), and v;(t, A),i = 1,2, are mutually independent Poisson measures defined on (Q, F, P) independent on
w;(t),i =1,2,3,t = 0. Here E[v;(t, A)] = tI1;(4),i = 1,2, ,(t, A) = v;(¢, A) — tI1;(4),i = 1,2, 1;(A), i = 1,2 are finite measures
on the Borel sets in R. On the probability space (£, F, P) we consider an increasing, right continuous family of complete sub-
o-algebras {F;}so, Where F, = o{w;(s),v;(s,4),s < t,i=12,3,j = 1,2}.

1.1. Existence and uniqueness of a global positive solution
Assumption 1. It is assumed, that A(t), B(t), u(t), (t), p(t) are positive, bounded, continuous functions, a;(t),i = 1,2,3,
yi(t, 2),6;(t,z),j = 1,2 are continuous on t functions, o;(t),i = 1,2,3,In(1 + y;(t, 2)), In(1 + §;(t,2)),j = 1,2,3 are bounded,
igg(y(t) + e(®) + p(t) > 0,1;(R) < o0,i =1,2.

Theorem 1. If Assumption 1 holds, then there exists a unique global solution X(t) = (S(t),1(t), R(t)) to the system (3) for any

initial value X(0) € R3 = {x € R® | x; > 0,i = 1,2,3}, and P{X(t) € R3,t = 0} = 1.

Proof. The coefficients of the system (3) are local Lipschitz continuous. Therefore, for any initial value (S(O), I(O),R(O)) € R3

there exists a unique local solution X(t) = (S(t),l(t),R(t)) on [0,7,), where sup|X(t)| = +o (cf. Gikhman, & Skorokhod,
t<T,

1982, p. 246). To show this solution is global, we need to show that 7, = +o a.s. At first, we prove that S(t) and I(t) do not

explode to infinity in a finite time. Let n, € N be sufficiently large for S(0) € [ni no] and 1(0) € [ni no]. For any n = n, we

0 ! 0 !

define the stopping time 7,, = inf{t €[0,7,):5(t) ¢ (in) orI(t) ¢ (in) }

Clearly, that t, is increasing as n —» +. Set 7, = lim 7,,, whence 7, < 7, a.s. If we prove that 7, = o a.s., then

n—-oo
7, = a.s.and (S(t),1(t)) € R%,t = 0 a.s. If this statement is false, then there are constants T > 0 and ¢ € (0,1), such that
P{t, < T} > ¢. So, there is n; = n, such that
P{t, <T}> &Vn=n,. (5)

Let us consider the non-negative function V(S,I) = (S —a—aln 2) +({I—-1-1InI),S >0,I > 0,where a > 0is aconstant,

which will be defined later. If we denote

2
g Z(t) + f [yi(t,z) — In(1 + y;(t, 2)]11;, (dz) — f In(1 + §;(t, 2) 1,(dz), i=1,2,
R R

K (t) =
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A(t)
P = A®) + ap(®) + (u(0) + e(®) +p(O) + ary () + 12 (6) = () + BO)S(O) — a3 +

+Hap(®) = (u(@®) +(®) + pO)]1©®),
then by the 1t6 formula and the definition of a stochastic integral with respect to the non-centered Poisson measure v, (du, dz)
we derive

V(S(T AT, I(T ATy)) =

TAT, TATy TATy
= V(S(O),I(O)) + f o (u)du + f (S(w) — a)o, (W)dw, (u) + f (I(w) — Doy, (w)dw,(u) +
0 0 0
TATy
| ] ‘ ‘ ¢ v
+ [yl(u, 2)S(w™) —aln(1 +y,(u, Z)) +y,(w,2)I(w™) — In(1 +y,(u, 2)]¥,(du,dz) +
e
+ f J- [51(u, 2)S(w™) —aln(1 +6;(u, Z)) + 8,(w, 2)I(w™) — In(1 + 6, (u, 2)]V,(du, dz) .

0 R
From the definition of stopping time t,, it follows that for 0 < u < T A 7,, we have % <Sw) < n,% < I(u) < n.Hence under
condition on the coefficients of the system (3), there is a constant K > 0 such that for 0 < u < T A 7,, we obtain
o(u) < Stlig{A(t) + au(t) + (,u(t) +e(t) + p(t)) +ak,(t) + K, (t)} +

+ [a stggﬁ(t) - 1121(1)’(;1(0 +e(t) + p(t))] 1(w) <K.
inf(u(©+e(O+p©)

If we choose a =
pAe)

, then taking expectations, we derive from (6)

E[V(S(T At,), I(T Aty)] < V(S(0),1(0)) + KT.
Let Q, = {w € Q |1,(w) < T}, for n = n,. Then by (5) we have P(Q,) > ¢, for n = n,. Note that for every w € (, at least
one of S(t,,, w) and I(t,, w) equals either n or 1/n. So
1
V(S(rn,a)),l(rn,w)) > min(n -1- lnn,;— 1+ lnn).
Therefore,

1
V(5(0),1(0)) + KT = E[lq,V(S(0),1(1,))] = e min (n —1-Inn,——1+In n),
where I, is the indicator function of Q,,.
Letting n — oo leads to the contradiction o > V(5(0),1(0)) + KT = . Therefore, it implies S(t) and I(t) will not explode
in a finite time almost surely.
For the process {(t) = Ry (t)R(t) we have by the Ité formula d{(t) = d(Ry(t)R(t)) = Ry(t)p(t)I(t)dt, where
Ro(t)

t 2 t
= exp {fo [#(5) +037(S) + fm [ys(s,z) —In(1 + }’3(5,2))]“1(‘12)] ds — J:) a3(s)dws(s) —

t t
— J- f ln(l +v3(s, z)) v,(ds,dz) — f f ln(l + 85(s, z)) v, (ds, dz)},
0 YR 0 YR
R(t) satisfies the third equation in (3). Therefore
R(0) + [ Ry(s)p(s)I (s)ds

Ro(t)
Since I(t) has been proven to be global and positive, R(t) is also global and positive. This completes the proof of the theorem.
1.2. Asymptotic behavior around the disease-free equilibrium of the autonomous deterministic model.

As we mentioned in the Introduction if R, < 1, where R, = H(ﬂ’i’;p), then model (1) has only the disease-free equilibrium

Ey = (;—\00) which is globally asymptotical stable. While for the autonomous stochastic system (4), E, is no longer the
disease-free equilibrium. In this section, we will study the asymptotic behavior of the solution to the system (4) around E,.

Assumption 2. It is assumed, that A, B, i, p are positive constants, In(1 +v;(2)), In(1 + 6;(2)),j = 1,2,3 are bounded,
I;(R) < o0,i = 1,2.

R(t) =

Theorem 2. Let Assumption 2 be fulfilled and (S(t),I(t),R(t)) be the solution of system (4) with any initial value
(5(0),1(0),R(0)) € R3. If
BA
=— <1,
ulp+e+p)

2u>maX{[2612+3 f y2(@) T (d2) + f [3612(z)+4|61(z>|+|62<z)|]nz(dz)], 2 f ag(z)nz(dn},
R R R

Ry

2(u+s+p)>a§+3j y%(z)nl(dz)+f [362(2) + 416,(2)] + 218, (2|11, (d2),
R R
then
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2
lirtn_)s;lp% E [J: <<S(v) - %) +12(v) + R(v)) dv

(ucy)?
42

<

1 (A
< K_1(;) (2012 + 3J-R yi(@)M,(dz) + J-R [3512(2) + 4|6,(2)| +

[ (Z)I] Hz(dZ)>,

where

K = min{[zﬂ —20f - 3f vi(@ M (dz) — f [367(2) + 416:(2)| + |5z(2)l]ﬂz(d2)],
R R

[2(# +e+p)—oF - 3f Y3 (2) 1, (dz) —f [367(2) + 46,(2)| + 2I51(Z)I]Hz(d2)] ,Co (u - f 53(Z)H2(dz)>}'
R R R
(1)

2
¢ =-Qu+e+p), CZ:Cl,up R
0

B

Proof. If (t) = S(t) —2 , then from the system (4), we derive

du(t) = (—,uU(t) - BUI(L) — ﬁ%l(t)) dt + 0, (U() + %) dw, (t) +
AL A
+ f]R 1(2) (U(t )+ ;) v, (dt, dz) + fR 8,(2) (U(t )+ ;) v, (dt, dz),
i) = (ﬁ (U(t) + g) 1) = (u+e+ p)l(t)> dt + 0,1 () dw, (0) + )
+f y,(D)I(t™)V, (dt,dz) + f 6, (2)I(t7)v, (dt,d2),
R R

dR(t) = (pI(t) — uR(t))dt + o5R(t)dws(t) + f y3(2)R(t7)V, (dt, dz) + f 83(2)R(t7)v, (dt, dz).
R R

Let us consider the non-negative function V(U,I,R) = U+ D?+c;I+c,R, UER, I >0, R>0, where constants
¢; > 0,i = 1,2 will be defined later.
Using the 1td6 formula, system (7), and the definition of a stochastic integral with respect to the non-centered Poisson

measure v, (dt, dz) we derive
2

av(U®),1(0),R®)) = 2(U(®) + 1)) [—1U(E) — (u + £ + p)I(D)] + 07 (U(t) + 2) + o2I2(t) +
A A 2
+ [UOIO) (w2 4+ = ) 10] + 010 - up@ + | [1@ (VO +7) +@10)] M+

A 2 A
+ fR {[51(2) (U(t) + ;) + 52(2)1@)] +2(U() +1(D) [51(2) (U(t) + ;) + 52(z)l(t)] +
+C152(Z)I(t) + 6253(Z)R(t)}l'[2 (dz)}dt + d]stoch(t) =

- {—UZ(t) [2u ot - [ onan- [ v+ 261(z>]n2(dz)] -
R R
—I2() [2(;4 +e+p)—of— J’ v2(2) 1,(dz) —f [62(2) + 26, (2)]1, (dz)] — cuR(t) + (8)
R R

+UI(¢) [—Z(ZM tetp)taf+2 f Y1(2)y2(2)14(dz) + 2f [61(2)8,(2)+61(2) + 52(2)]H2(dz)] +
R R

1_R0
Ry

A A
+0O |-y () e+ 25 [ n@n@m@)+ [ 6,060+ 5,@m@)|+

A
o f 62(z))nz(dz>]+z—v(t>[of+ f V22T, (d2) + f (6f(z>+61(z>)nz(dz)]+
R u R R

A 2
vk [ a0 +(3) (o + [ i@m@n+ [ s2m@ )+ dra -

= LF(U(0),1(t), R(©))dt + dJstocn(t),
where

A
Aseoen(®) = 2(U() +1(0))0 (U(t) + ;) dw, () + (2(U®) + 1) + ¢1)o,1(0)dw, (£) + cz03R () dws (£) +

A 2 A
+f {[n(z) (Ve +2) + @] +20E) + 1) [n@ (Ve +3) +r@ie)| +
+c172(2)1(t7) + cav3(2)R(E7)}V,(dt, dz) +
+f {[51@) (U(t—) + é) + 62(Z)I(t_)]2 +2(U() +1(t7)) [51(2) (U(t‘) + é) + 62(z)I(t_)] +
R Hu u
+¢10,(2)I(t7) + c,65(2)R(t ™)}, (dt, dz).
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If we choose ¢; = %(Zu +e+p)>0,c,=¢; 2—5(%) > 0, then using inequality a? + b? > 2ab we obtain the estimate
0

LE(U,1,R) = —U? [2# - f y2(2) Ty (dz) - f [62(2) + 261<z)]n2(dz)] -
R R
e [2(# rerp-oi- [ oL@ - [ B+ zsz(z)]nz(dz>] — &R (u - 63(z>nz(dz>> +
R R R

+2U1 [f V1(Z)V2 (Z)H1(dz) + f [51(2)52(2) + 51(2) + 62(2)]H2(dz)] +
R R
+21 [’—‘ ( f @@ (dz) + f (6,(2)6,(2) + 51(z))n2<dz)> Juretp) f 52(2))Hz(d2)] n
HA\JR R , B R
+2%U [of + f]R yi(@, (dz) + f]R (6 (2) + 61(2))H2(dz)] + (2) <af + fR yi ()N, (dz) + f]R Sf(z)nz(dz)> <

<-u? [2u — 207 -3 fm Y2() M (dz) — fR [362(2) + 416, (2)] + |6z(z)|]nz(dz>] -

-1 [2(# +et+p)—of -3 fR v: (2) 11y (dz) — f}R [363(2) + 416, (2)| + 2|51(Z)|]Hz(d2)] -

A\? 2
k(- [ ss@m@n) + () (20243 @men+ [ pst@rssel+ L s@nm@ )

Let n, € N be sufficiently large for U(0) + % € [—,no], 1(0) € [—,no] and R(0) € [ni,nO]. For any n > n, we define the
0 0

1 1
no n

stopping time 1, = inf{t >0:X(t) ¢ (%,n)S}, where X(t) = (U(t) +%,I(t),R(t)), U),1(t),R(t)) is the solution to the

system (7). According to Theorem 1, the system (4) has a unique global (no explosion in the finite time interval) solution
(S(@®),1(t), R(t)), therefore the solution to the system (7) is also global and lim 7,, = + a.s. From (8), applying the properties
n—oo

of stochastic integrals with respect to Wiener processes and with respect to centered Poisson measures, we derive
0 < E[V(U(t Aty), I(t ATy), R(EATy))] = V(U(0),1(0),R(0)) + E UMT"LF(U(V),1(v),R(v))dv]. (10)
If n - oo, then from (10) we have ’
0 <E[V(U®),I(t),R(®))] =V(U(0),1(0),R(0)) + E UtLF(U(v),I(v),R(v))dv]. (11)
Therefore, applying the estimate (9), we obtain from (11) ’
K,E [ fo W) + 2w + R(v))dv] < v(U(0),1(0), R()) +

(ucy)?
472

2
+ () (20243 @m@a+ [ [ssie a1 G im0l @)

where

Ky = min{[zﬂ —20f -3 fR vi (@)1 (dz) - f}R [367(2) + 416, ()| + |5z(Z)I]Hz(dZ)],

[Z(M tetp)—of-3 f]R v: (2) 11, (dz) — fR [363(2) + 416, (2)| + 2I51(Z)I]Hz(dz)] 12 </l - fR 53(Z)Hz(d2)>}-

Therefore,
fo t ((S(v) - 2)
(pey)?

1 /A2
(—) (2012 +3 f]R yi ()N, (dz) + f]R [3612(2) + 418,(2)| + e |52(Z)|]H2(dz)>-

S_
Ky \u

1 2
lim sup 7 E <

t—oo

+1?(v) + R(v)) dv

The proof of the theorem is completed.
Remark 1. If y;(z) = 0,8;(2) = 0,i = 1,2,3, then Theorem 2 is Theorem 3.1 from (Jiang et al., 2011).

1.3. Asymptotic behavior around the endemic equilibrium of the autonomous deterministic model

As we mentioned in the Introduction, if Ry = $> 1, then there exists a global asymptotically stable endemic

pretp A £ _So ﬁ) in the deterministic model (1). While for the autonomous stochastic system (4),

B utetp  B’ulutetp) B
E* is no longer the endemic equilibrium. In this section, we will study the asymptotic behavior of the solution to the system (4)
around E*.

equilibrium E* = (

ISSN 1728-3817
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Theorem 3. Let Assumption 2 be fulfilled and (S(t),I1(t),R(t)) be the solution of system (4) with any initial value
(5(0),1(0),R(0)) € R3. If
BA
=— >1,
ulu+e+p)

2u>of + Zf yi (@), (dz) +f (267 (2) + 318,(2)] + 18,(2)DT, (d2),
R R

Ry

(12)
2ute+p)>ai+? f V2(2) T (d2) + j [282(2) + (3 + )18, (D] + 6, () 1T, (d),
R R

u>of+ fn& vi (@), (dz) + fR (63(2) + 2183(2) DT, (d2),

then
lim sup+ £ [ | (S0 = mySY +U@) = mydY? + RE) —m R*)Z)dv] < M@r.0)
tooo L 0 1 2 3 = K(O', 7, 6);
where
_ . (k1 ky bkj _Qu+te+p)
K(o,y,8) = mln{?,Z,T}, a= T’

0<b< %(2(;1 +&+p)—of - 2f vi (@) (dz) - J @81 + 315 @) + |62(Z)|)H2(dz)>'

p R *

ky =2u—o? — zf Y2(2)1,(dz) —f (287 (2) + 316,(2)| + 16,(2) )T, (d2),
R R

1
my = k_1<2# - fm 16:(@)] + |52(Z)|)H2(dz)>'
k, = 2u(u+ € + p) — po2 — ZMf Y3 (21, (dz) - Mf (283(2) + (3 + @)|8,(2)| + |8.(2) )15 (dz) — bp?,
R R
2 1 be”
m, = k_l:<# +e4p —EIR (6, (2)] + (1 + a)16,(2) N1, (dz) _%>

ks =0l — fR V22T (d2) - fR (62(2) + 2185 (D )TTp(dz), ms = ki(u - fR |63(z)|n2(dz)).

k k bk
M(o,y,8) = %ml(ml —1)s*2 +ﬁm2(m2 -+ T3m1(m1 —DR? +

+a (% o2 + f]R (v2(2) — ln(l + yz(z)) I,(dz) + f]R (6,(2) — ln(l + 62(2)) l'[z(dz)) I+ %fm |6, (2) |11, (d2z).
Proof. Let us consider the function F(S,1,R) = F;(S,1) + F,(R) = 0,(S,1,R) € R3, where
Fi(S,D) = %(s —S I -1+ a(] -r-r lnIL*), F,(R) = g(R — R")2.
Here constants a > 0,b > 0 to be defined later.

By the It6 formula, system (4), and the definition of a stochastic integral with respect to the non-centered Poisson measure
v, (dt, dz) we derive

dF; (S, 1)) = LF,(S(®), I(©))dt + (S(t) — S* + 1(t) — [) o, S(t)dw, (t) +
+(S(@) = S*+I(t) = I")ox1({t)dw,(t) + a(I(t) — I*)o,dw,(t) +

1 2
+ J’R [(S(t‘) =S+ 1) = ID1@SE) +v(I(t7)) + E(yl(z)s(t_) +y2@DI(E)) +

+a(y,(2)I(t™) — I In(1 +y,(2))]7, (dt, dz) + fR [SED) =S +1(t7) =1)(8:(2D)SEt7) + 8,(DI(ET)) +

+ %(61(Z)S(t') + 62(z)l(t'))2 +a(8,(I(t7) — I"In(1 + 8,(2))]V,(dt, dz). (13)

dF,(R(t)) = LF,(R(t), I(£))dt + b(R(t) — R")asR(t)dws(t) +

+ f [b(R(t‘) — Ry (DR + lbyg(z))reZ(t-)] 9, (dt, dz) +
R 2

1
+ f [b(R(t—) — R)85(DR() + Eba_;f(z)RZ(t-)] v, (dt, dz),
R
where
LE,(S, D= =S"+1-IDA—-puS—(u+e+p)D+al —ID(BS—(u+e+p)) +

1 a 1
450257 + 02 + 5031 + [ [0n@5 + 1@ + @) = (1 + v M) +
2 2 o 12 (14)

+ fR [(s _ S T — ) (8,(2)S + 8,(2)D) + %(51(2)5 + 8,2 + a(8,(2)] — I"In(1 + 52(2)))] M, (dz)
S—uS =8V —(u+et+p) =1+
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+(ap-Q@u+e+p)S—-SHU-1)+ %(01252 + 02I?) + %JZZI* +
+52 [ @M@ + 12 [ @M@ +a [ (26 ~In(1+ 7, @) M) +
R R R

1 1

56 =50 [ 18I+ 18,GDNER +50 ~ 177 [ (15,G1+ 15D +
R R
+52 [ G1) + 16D + 17 | GF6) + 18, (d) +5 [ 18,@IN;(dz) +
R R R

+g(1—1*)2f |52(z)|n2(dz)+a1*f (62(2) = In(1 + 8,(2)) M, (dz).

Here we use equalities A = I*(u + £ + p) + uS*, BS* = u + £ + p, and basic estimates 2cd < ¢ + d?, (c +d)? < 2(c? + d?).
Applying the equality pI* = uR* and estimate 2cd < c? + d? we obtain

LF,(R,I) = b(R — R*)(pl — uR) + %boSZRZ + ng f v2(2),(dz) + b(R — R*)Rf 85(2)M, (dz) +
R R

+9R2 f 82(2),(dz) < b(R— R*)p(I —I") — bu(R — R*)? + E<a32 +f y2(2)I1,(dz) +
2 R 2 R

(15)
b b [p?
+[ @0+ s@ILE) R+ R -k [ @@ <55 a2 -

—<u— f |63(z)|n2(dz)>(R—R*)2+(a§+ f V2@, (d2) + f (6§(z>+|63(z)|)n2(dz)>R2].
R R R

(2utetp)

Choose a = and taking together (14) and (15), we get

1
LE(S,LLR) = LF,(S,1) + LF,(R,]) < — <H _Ef 16:(2)] + |52(Z)|)Hz(d2)> (§—-59%-
R

1 bp? b
—<u+e+p—§fR (I6:(2)I +(1+a)l62(Z)I)Hz(dZ)—%> (I-r1)? —§<u—fR I63(Z)IHz(dZ)> (R — R")?

+(307+ [ riom@+ [ G0+ 8@ )5+ (502 + | viem @ +
R R R (16)

b
+ @@ H1s@ILE) P 3 (o+ [ pomens [ 6@+ s@hn@ )r
R R R
+a (%022 +f 2(2) —In(1 + y,(2)) I, (d2) +f (6,(2) —In(1 + 8,(2)) l'[z(dz)>l* +%f 16,(2)I11,(dz) =
R R R

k k bk
= =5 (S =mS)? =2 —mal)? =2 (R = maR)? + M(,,5),

where

ky=2u—o? -2 fR V2@, (dz) fR 262(2) + 318,(2)] + 18,(D)D,(d2),
1
my = —<2u - f 16,2 + |62(z)|)n2(dz)>.
k1 R
ky = 2u(u+ ¢ + p) — po? — 2 fR V2@, (d2) - fm 262(2) + (3 + )8,@)] + 16: @)D, (d2) — bp?,
2 1 bp?
my = k—“(u tetp _Efm 18, + (1 + Q18, )DL, (d2) —%)

1
ks =p—of - fR vi (@, (dz) - fR (63(2) + 2183(2)DT,(dz) , m; = k_3<” - fR |53(Z)|Hz(d2)>,

_k 2, ke .2, bks 2
M(o,y,8) = 7m1(m1 - 1)S +Zm2(m2 -1 +Tm1(m1 —1DR* +

1
+a (EUZZ + f (y2(2) — ln(l + yz(z)) I, (dz) + f (6,(2) — ln(l + 62(2)) l'[z(dz)> I+ %f |6, (2)|11,(dz).
R R R
Due to conditions (12) we can choose
0<b< %(2(11 +e+p)—of - 2f Yi(@My(dz) - f (287(2) +3181(2)| + I62(Z)I)Hz(dz)>,
P R R

and we obtain that k; > 0,m; > 1,i =1,2,3.
From (13) we derive
dF(S(6),1(8),R(t)) = dF,(S(), 1()) + dF,(R(t)) = LF(S(£),1(t), R(t))dt+d]srocn (1), (17)
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where
Astocn(t) = (S() =S+ 1(t) — Moy S(O)dwy (t) + (S) — S +1(£) — [ o, 1(t)dw,(8) + a((t) — I")odw,(¢) +

1 2
+ f [(S(t‘) =S 1t = I (@DSE) + 7. (DI(E7)) + 3 (n@SE) +v.@1(t))" +
R
+a(y,(2)I(t™) = I"In(1 + y,(2))]¥,(dt, dz) + f]R [SED) =S +1(t) = I)(8:,(2)SE7) + 8,(DI(EY)) +
+%(51(2)S(t_) + 62(2)1(15_))2 +a(6,(2)I(t™) — I"In(1 + 6,(2))]¥,(dt,dz) + b(R(t) — R*)a3R(t)dws(t) +
1
+ [ [pre) = RO @RE) + 3 bri@R )| 7t d2) +
R

+ f [b(R(t—) — RS, ()R(E) +1b5§(z)R2(t—)] 5,(dt, dz).
R 2

Let ny € N be sufficiently large for S(0) € [ni,no], 1(0) € [ni,no] and R(0) € [ni,n()]. For any n = n, we define the stopping
3
time 7, = inf{t >0:X(t) ¢ (%n) } where X (t) = (5(t), I(t), R(t)), (S(t), I(t), R(t)) is the solution to the system (4). According

to Theorem 1, the system (4) has a unique global (no explosion in the finite time interval) solution (S(t),1(t),R(t)), and
lim 7,, = 4+o0 a.s. Integrating both sides of (17) from 0 to t A 7,,, then taking expectations, and applying inequality (16) we obtain

o 0 < F(S(tAT), I(t ATp), R(EAT)) < F(S(0),1(0),R(0)) —
- U ; (ﬁ (S) = myS")? + 22 (1) = Mol + 22 (R - mzR*)z) dv] +M(o,y,0)t <
o \2 2u 2

(18)
tAT,
< F(8(0),1(0),R(0)) — K(a,y,6)E [[ (SW) —myS)?2+ (U(w) —muI)?+ (R — mzR*)Z)dv] + M(o,y,6)t
0
where K(o,y,5) = min {%,f—;,%}.
If n - oo, then from (18) we have
1 t 1
?E [fo (S(W) —myS*)? + (I(v) — myI*)? + (R — muR*)?)dv| < 71((0_’ o)t [F(S(O),I(O),R(O)) + M(o,v, S)t]. (19)
If t - oo, then we have from (19)
. 1 ¢ . . . M(o,y,6)
llr?joupz E [fo {(S(w) —mS)? + U(v) — myI*)? + (R(v) — m3R )Z}dv] < K(o.7.0)

The proof of the theorem is completed.
Remark 2. If y;(z) = 0,6;(z) = 0,i = 1,2,3, then Theorem 3 is Theorem 4.1 from (Jiang et al., 2011).

Discussion and conclusions

The existence and uniqueness of the global positive solution are proved for the system of stochastic differential equations
describing a non-autonomous SIR model disturbed by white noise, centered and non-centered Poisson noises. In the
deterministic case there is a threshold of the system for an epidemic to occur, so called the basic reproduction number.
Depending on the value of the reproduction number there is the disease-free equilibrium, or there is an endemic equilibrium,
which implies the disease always remains. In the case of the autonomous stochastic SIR model, we study the asymptotic
behavior of the solution to the corresponding system of stochastic differential equations around these points of equilibrium.

Authors' contribution: Oleksandr Borysenko — conceptualization, writing and editing; Olga Borysenko — methodology, writing-viewing and
editing.
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CTOXACTHUYHA SIR-MOLENb I3 NYACCOHIBCbKUMMU LLYMAMMU

Ypaxoeyryu HecamueHuli ennue iHgheKyiliHux 3axeoproeaHb Ha 3POCMAaHHSI MOnynsiyii, eaxnueo 3po3ymMimu OuHamiKy noeediHKU makux
3axeoprosaHb. Y eueyeHHi po3noecrodkeHHs iHgheKyiliHux 3axeoprosaHb WUPOKO euKopucmosyroms demepMiHoeaHi MamemamuyHi SIR-modeni. Y
peanibHOMy ceimi € 6azamo eunadkoeux YUHHUKIE, W0 ensuearomb Ha OUHaMIKy MowupeHHs1 iHgheKUiliHux 3axeoproeaHb, MOMY UKOPUCMAHHSI
cmoxacmuyHux modesel € 6inbw sunpasdaHum. SIkwo nid yac no6ydosu mamemMamuyHoi Modesi Mu xo4eMo 6pamu 0o yeaz2u maki 36ypeHHs1, AKUM
niddaemsbcs Aoekinns, siK Noxexi, 3emaempycu mouw,o, mo MU MaeMo 88o0uMu & nonysAyiliHy MoOesib MyacCcoHi8ChKi wymu, uj,06 onucyeamu maki
cucmemu 3i cmpubkamu. Mu Aoeenu icHysaHHs1 i €OuHicmb 25106an1bH020 d00amHO20 PO38'A3KYy cucmeMu cmoxacmuyHux AugepeHyianbHUX
pieHsIHb, W0 ornucye HeaemoHOMHy SIR-modenb, 36ypeHy 6inum wyMoM, UeHMPO8aHUM i HeyeHmMPO8aHUM MyacCOHieCbKUMU wymamu. Y
demepMiHO8aHOMY agImMOHOMHOMY eunadKy iCHye nopie cucmemu, mak 386aHe OCHogHe perpodyKmueHe 4Yucrio, 3a siko2o 8idbysaembcs enidemisi.
3anexHo ei0 eenu4yuHu penpodyKMuUueHO20 4Yucsa iCHye pieHoeaza, einbHa e€id 3axeoproeaHHsi, abo eHOeMiyHa pieHOoeaza, sika O3Ha4ae, Wo
3axeoproeaHHs 3anuwaemscsi Hazaexou. Lljodo aemoHomMHOi cmoxacmuyHoi SIR-modeni 3i cmpubkamu, Mu eueyusiu acumMnmMomu4Hy noeediHKy
po38'a3Ky eidnoesioHoi cucmemu cmoxacmu4yHux AughepeHuyiasbHUX Pi6HSIHb HAaBKOJIO YUX MOYOK pieHOo8az2u.

Knwo4yoBi cnoBa: cmoxacmuyHa SIR-modenb, wym 0Qoekinnsi, yeHmpoeaHull i HeyeHmMpoeaHuli NyaccoHiecbki wymu, 2no06anbHuUl
0do0amHuli po3e's30k, pieHogaz2a einlbHa eid 3axeoproeaHHs, eHOeMiyHa pieHo8a2a, acuMnmomu4Ha noeeodiHka.

ABTOpM 3asBNAIOTb NPO BiACYTHICTb KOHANIKTY iHTepeciB. CNoHcopu He Bpanu yyacTi B po3pobneHHi 4oCniaxeHHs; y 36opi, aHanisi umn
iHTepnpeTauii AaHWX; y HanMcaHHi pyKonucy; B pilleHHi Nnpo ny6nikauito pesynbTartis.
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