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STOCHASTIC SIR MODEL WITH POISSON NOISES 
 

Due to the negative impact of infectious diseases on population growth, it is important to understand the dynamic behavior of 
such diseases. Mathematical deterministic SIR models are widely used to study the spread of infectious diseases. In real life, there 
is a lot of randomness and stochasticity such as environmental noise, so using stochastic models is more suitable. Suppose we 
want to take into account abrupt environmental perturbations, such as epidemics, fires, earthquakes, etc. in the considered models. 
In that case, we must introduce Poisson noises into the population models for describing such discontinuous systems. The 
existence and uniqueness of the global positive solution are proved for the system of stochastic differential equations describing 
a non-autonomous SIR model disturbed by white noise, centered and non-centered Poisson noises. In the deterministic case there 
is a threshold of the system for an epidemic to occur, so called the basic reproduction number. Depending on the value of the 
reproduction number there is the disease-free equilibrium, or there is an endemic equilibrium, which implies the disease always 
remains. In the case of the autonomous stochastic SIR model, we study the asymptotic behavior of the solution to the 
corresponding system of stochastic differential equations around these points of equilibrium.   

 
K e y w o r d s :  stochastic SIR model, environmental noise, centered and non-centered Poisson noises, global positive solution, 

disease-free equilibrium, endemic equilibrium, asymptotic behavior. 
 
AMS 2020 classification: 60H10, 92D30. 
 
Introduction  
Due to the negative impact of infectious diseases on population growth, it is important to understand the dynamic behavior of 

such diseases. Mathematical deterministic SIR models are widely used to study the spread of infectious diseases. Let 𝑆(𝑡) denote 
the number of individuals susceptible to the disease, 𝐼(𝑡) denote the number of infected members and 𝑅(𝑡) denote the recovered 
members, who have been removed from the possibility of infection through full immunity. One of the basic deterministic SIR models 
of Kermack and McKendrick is presented and studied in (Anderson, & May, 1979). This deterministic SIR model has a form 𝑑𝑆(𝑡)𝑑𝑡 = ൫Λ − βS(t)I(t) − μS(t)൯,           𝑑𝐼(𝑡)𝑑𝑡 = 𝛽𝑆(𝑡)𝐼(𝑡) − (𝜇 + 𝜀 + 𝜌)𝐼(𝑡),𝑑𝑅(𝑡)𝑑𝑡 = 𝜌𝐼(𝑡) − 𝜇𝑅(𝑡),                             (1) 

where all parameters are positive constants, Λ is the influx of individuals into the susceptibles, 𝜇 is the natural death rate,  β is the average number of contacts per infective per day (so-called "transmission coefficient"), 𝜀 is the death rate of infective 
caused by the disease, 𝜌 is the rate of recovery from infection. 

If the basic reproduction number 𝑅଴ = ఉஃఓ(ఓାఌାఘ) we have 𝑅଴ ≤ 1, then model (1) has only equilibrium 𝐸଴ = ቀஃఓ , 0,0ቁ, which 
is globally asymptotical stable. In the case 𝑅଴ > 1 there exists a global asymptotically stable endemic equilibrium 𝐸∗ = ቀఓାఌାఘఉ , ஃఓାఌାఘ − ఓఉ , ஃ஡ఓ(ఓାఌାఘ) − ఘఉቁ. This means that disease always remains. 

In (Jiang et al., 2011) the autonomous stochastic SIR model was studied. This model is driven by a system of stochastic 
differential equations  𝑑𝑆(𝑡) = ൫Λ − βS(t)I(t) − μS(t)൯𝑑𝑡 + 𝜎ଵS(𝑡)𝑑𝑤ଵ(t),           𝑑𝐼(𝑡) = ൫𝛽𝑆(𝑡)𝐼(𝑡) − (𝜇 + 𝜀 + 𝜌)𝐼(𝑡)൯𝑑𝑡 + 𝜎ଶI(𝑡)𝑑𝑤ଶ(t),𝑑𝑅(𝑡) = ൫𝜌𝐼(𝑡) − 𝜇𝑅(𝑡)൯𝑑𝑡 + 𝜎ଷ𝑅(𝑡)𝑑𝑤ଷ(t),                            (2) 

where 𝑤௜(𝑡), 𝑖 = 1, 2, 3 are independent one-dimensional Wiener processes. The existence and uniqueness of a global 
positive solution of model (2) are proved. The authors study the asymptotic behavior of the solution to the system (2) around 𝐸଴  and 𝐸∗ respectively. In the paper by (Zhang, & Wang, 2013) the analogous results obtained for the autonomous stochastic 
SIR model with jumps, generated by centered Poisson measure 𝑑𝑆(𝑡) = ൫Λ − βS(t)I(t) − μS(t)൯𝑑𝑡 + 𝜎ଵ𝑆(𝑡)𝑑𝑤ଵ(t) + න 𝐶ଵ(𝑧)𝑆(𝑡ି)𝑁෩௓ (𝑑𝑡,𝑑𝑧),           

𝑑𝐼(𝑡) = ൫𝛽𝑆(𝑡)𝐼(𝑡) − (𝜇 + 𝜀 + 𝜌)𝐼(𝑡)൯𝑑𝑡 + 𝜎ଶ𝐼(𝑡)𝑑𝑤ଶ(t) + න 𝐶ଶ(𝑧)𝐼(𝑡ି)𝑁෩௓ (𝑑𝑡,𝑑𝑧),
𝑑𝑅(𝑡) = ൫𝜌𝐼(𝑡) − 𝜇𝑅(𝑡)൯𝑑𝑡 + 𝜎ଷ𝑅(𝑡)𝑑𝑤ଷ(t) + න 𝐶ଷ(𝑧)𝑅(𝑡ି)𝑁෩௓ (𝑑𝑡,𝑑𝑧),                           
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where 𝑋(𝑡ି) means the left limit of 𝑋(𝑡), 𝑁෩(𝑑𝑡,𝑑𝑧)  is the centered Poisson measure independent on Wiener processes 𝑤௜(t), 𝑖 = 1,2,3, 𝑍 ⊆ [0, +∞) is a measurable subset. So considered model takes into account only "small" jumps corresponding 
to the integral with respect to the centered Poisson measure. 

The impact of centered and non-centered Poisson noises to the stochastic non-autonomous stochastic predator-prey 
model that depends on the population density of the predator is studied in the paper (Borysenko, O. D., & Borysenko, O. V., 
2022). The authors proved the existence and uniqueness theorem for the positive, global (no explosions in the finite time) 
solution of the considered system is proved. It is obtained sufficient conditions of stochastic ultimate boundedness and 
stochastic permanence in the considered stochastic predator-prey model. 

In this paper, we consider the non-autonomous SIR model, disturbed by white noise and jumps generated by centered 
and non-centered Poisson measures. So, the novelty of the considered model is the following: we investigate the non-
autonomous stochastic SIR model and we take into account not only "small" jumps, corresponding to the centered Poisson 
measure but also the "large" jumps, corresponding to the non-centered Poisson measure.  

This model is driven by the system of stochastic differential equations 𝑑𝑆(𝑡) = ൫Λ(t) − β(t)S(t)I(t) − μ(t)S(t)൯𝑑𝑡 + 𝜎ଵ(𝑡)𝑆(𝑡)𝑑𝑤ଵ(t) + +න 𝛾ଵ(𝑡, 𝑧)𝑆(𝑡ି)𝜈෤ଵℝ (𝑑𝑡,𝑑𝑧) + න 𝛿ଵ(𝑡, 𝑧)𝑆(𝑡ି)𝜈ଶℝ (𝑑𝑡,𝑑𝑧), 𝑑𝐼(𝑡) = ቀ𝛽(𝑡)𝑆(𝑡)𝐼(𝑡) − ൫𝜇(𝑡) + 𝜀(𝑡) + 𝜌(𝑡)൯𝐼(𝑡)ቁ 𝑑𝑡 + 𝜎ଶ(𝑡)𝐼(𝑡)𝑑𝑤ଶ(t) + +න 𝛾ଶ(𝑡, 𝑧)𝐼(𝑡ି)𝜈෤ଵℝ (𝑑𝑡,𝑑𝑧) + න 𝛿ଶ(𝑡, 𝑧)𝐼(𝑡ି)𝜈ଶℝ (𝑑𝑡,𝑑𝑧), 𝑑𝑅(𝑡) = ൫𝜌(𝑡)𝐼(𝑡) − 𝜇(𝑡)𝑅(𝑡)൯𝑑𝑡 + 𝜎ଷ(𝑡)𝑅(𝑡)𝑑𝑤ଷ(t) + +න 𝛾ଷ(𝑡, 𝑧)𝑅(𝑡ି)𝜈෤ଵℝ (𝑑𝑡,𝑑𝑧) + න 𝛿ଷ(𝑡, 𝑧)𝑅(𝑡ି)𝜈ଶℝ (𝑑𝑡,𝑑𝑧),    
(3) 

where 𝜈௜(𝑡,𝐴), 𝑖 = 1,2 are independent Poisson measures, which are independent on 𝑤௜(𝑡), 𝑖 = 1,2,3, 𝜈෤ଵ(𝑡,𝐴) = 𝜈ଵ(𝑡,𝐴) −𝑡Πଵ(𝐴),  E[𝜈௜(𝑡,𝐴)] = 𝑡Π௜(𝐴), 𝑖 = 1,2, Π௜(𝐴), 𝑖 = 1,2 are finite measures on the Borel sets 𝐴 in ℝ.  
We prove the existence and uniqueness of the global positive solution to the non-autonomous system (3). For the 

autonomous system 𝑑𝑆(𝑡) = ൫Λ − βS(t)I(t) − μS(t)൯𝑑𝑡 + 𝜎ଵ𝑆(𝑡)𝑑𝑤ଵ(t) + න 𝛾ଵ(𝑧)𝑆(𝑡ି)𝜈෤ଵℝ (𝑑𝑡,𝑑𝑧) + න 𝛿ଵ(𝑧)𝑆(𝑡ି)𝜈ଶℝ (𝑑𝑡,𝑑𝑧), 𝑑𝐼(𝑡) = ൫𝛽𝑆(𝑡)𝐼(𝑡) − (𝜇 + 𝜀 + 𝜌)𝐼(𝑡)൯𝑑𝑡 + 𝜎ଶ𝐼(𝑡)𝑑𝑤ଶ(t) + න 𝛾ଶ(𝑧)𝐼(𝑡ି)𝜈෤ଵℝ (𝑑𝑡,𝑑𝑧) + න 𝛿ଶ(𝑧)𝐼(𝑡ି)𝜈ଶℝ (𝑑𝑡,𝑑𝑧),  𝑑𝑅(𝑡) = ൫𝜌𝐼(𝑡) − 𝜇𝑅(𝑡)൯𝑑𝑡 + 𝜎ଷ𝑅(𝑡)𝑑𝑤ଷ(t) + න 𝛾ଷ(𝑧)𝑅(𝑡ି)𝜈෤ଵℝ (𝑑𝑡,𝑑𝑧) + න 𝛿ଷ(𝑧)𝑅(𝑡ି)𝜈ଶℝ (𝑑𝑡,𝑑𝑧)    
(4) 

we study the asymptotic behavior of the solution to the system (4) around 𝐸଴  and 𝐸∗ respectively. 
1. Main results  
Let (Ω,ℱ,𝑃) be a probability space, 𝑤௜(𝑡), 𝑖 = 1,2,3, 𝑡 ≥ 0, are mutually independent standard one-dimensional Wiener 

processes on (Ω,ℱ,𝑃), and 𝜈௜(𝑡,𝐴), 𝑖 = 1,2, are mutually independent Poisson measures defined on (Ω,ℱ,𝑃) independent on 𝑤௜(𝑡), 𝑖 = 1,2,3, 𝑡 ≥ 0. Here 𝐸[𝜈௜(𝑡,𝐴)] = 𝑡Π௜(𝐴), 𝑖 = 1,2, 𝜈ప෥(𝑡,𝐴) = 𝜈௜(𝑡,𝐴) − 𝑡Π௜(𝐴), 𝑖 = 1,2, Π௜(𝐴), 𝑖 = 1,2  are finite measures 
on the Borel sets in ℝ. On the probability space (Ω,ℱ,𝑃) we consider an increasing, right continuous family of complete sub-𝜎-algebras  {ℱ௧}௧ஹ଴, where  ℱ௧ = 𝜎൛𝑤௜(𝑠), 𝜈௝(𝑠,𝐴), 𝑠 ≤ 𝑡, 𝑖 = 1,2,3, 𝑗 = 1,2ൟ.   

1.1. Existence and uniqueness of a global positive solution  
Assumption 1. It is assumed, that Λ(𝑡),𝛽(𝑡), 𝜇(𝑡), 𝜀(𝑡),𝜌(𝑡) are positive, bounded, continuous functions, 𝜎௜(𝑡), 𝑖 = 1,2,3,𝛾௝(𝑡, 𝑧), 𝛿௝(𝑡, 𝑧), 𝑗 = 1,2 are continuous on 𝑡 functions, 𝜎௜(𝑡), 𝑖 = 1,2,3, ln(1 + 𝛾௝(𝑡, 𝑧)) , ln(1 + 𝛿௝(𝑡, 𝑧)) , 𝑗 = 1,2,3 are bounded, inf௧ஹ଴൫𝜇(𝑡) +  𝜀(𝑡) +  𝜌(𝑡)൯ > 0,Π௜(ℝ) < ∞, 𝑖 = 1,2. 
Theorem 1. If Assumption 1 holds, then there exists a unique global solution 𝑋(𝑡) = (𝑆(𝑡), 𝐼(𝑡),𝑅(𝑡)) to the system (3) for any 
initial value 𝑋(0) ∈ ℝାଷ = {𝑥 ∈ ℝଷ | 𝑥௜ > 0, 𝑖 = 1,2,3}, and 𝑃{𝑋(𝑡) ∈ ℝାଷ , 𝑡 ≥ 0} = 1. 

Proof. The coefficients of the system (3) are local Lipschitz continuous. Therefore, for any initial value ൫𝑆(0), 𝐼(0),𝑅(0)൯ ∈ ℝାଷ  
there exists a unique local solution 𝑋(𝑡) = ൫𝑆(𝑡), 𝐼(𝑡),𝑅(𝑡)൯ on [0, 𝜏௘), where sup௧ழఛ೐|𝑋(𝑡)| = +∞    (cf. Gikhman, & Skorokhod, 

1982, p. 246). To show this solution is global, we need to show that 𝜏௘ = +∞  a.s.  At first, we prove that 𝑆(𝑡) and 𝐼(𝑡) do not 
explode to infinity in a finite time. Let 𝑛଴ ∈ ℕ be sufficiently large for 𝑆(0) ∈ ቂ ଵ௡బ ,𝑛଴ቃ and 𝐼(0) ∈ ቂ ଵ௡బ ,𝑛଴ቃ. For any 𝑛 ≥ 𝑛଴ we 

define the stopping time 𝜏௡ = inf ቄ𝑡 ∈ [0, 𝜏௘): 𝑆(𝑡) ∉ ቀଵ௡ ,𝑛ቁ  𝑜𝑟 𝐼(𝑡) ∉ ቀଵ௡ ,𝑛ቁ ቅ. 
Clearly, that  𝜏௡ is increasing as 𝑛 → +∞. Set 𝜏ஶ = lim௡→ஶ 𝜏௡, whence 𝜏ஶ ≤ 𝜏௘ a.s. If we prove that  𝜏ஶ = ∞ a.s., then 𝜏௘ = ∞ a.s. and   (𝑆(𝑡), 𝐼(𝑡)) ∈ ℝାଶ , 𝑡 ≥ 0 a.s.  If this statement is false, then there are constants 𝑇 > 0 and 𝜀 ∈ (0,1), such that 𝑃{𝜏ஶ < 𝑇} >  𝜀. So, there is 𝑛ଵ ≥ 𝑛଴ such that  𝑃{𝜏௡ < 𝑇} >  𝜀,∀𝑛 ≥ 𝑛ଵ. (5) 
Let us consider the non-negative function 𝑉(𝑆, 𝐼) = ቀ𝑆 − 𝑎 − 𝑎 ln ௌ௔ቁ + (𝐼 − 1 − ln 𝐼), 𝑆 > 0, 𝐼 > 0, where 𝑎 > 0 is a constant, 

which will be defined later. If we denote 𝜅௜(𝑡) = 𝜎௜ଶ(𝑡)2 + න [𝛾௜(𝑡, 𝑧) − ln(1 + 𝛾௜(𝑡, 𝑧)]Πଵ(𝑑𝑧)ℝ − න ln(1 + 𝛿௜(𝑡, 𝑧)Πଶ(𝑑𝑧)ℝ , 𝑖 = 1,2,  
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Φ(𝑡) = Λ(𝑡) + 𝑎𝜇(𝑡) + ൫𝜇(𝑡) + 𝜀(𝑡) + 𝜌(𝑡)൯ + 𝑎𝜅ଵ(𝑡) + 𝜅ଶ(𝑡) − ൫𝜇(𝑡) + 𝛽(𝑡)൯𝑆(𝑡) − 𝑎 Λ(𝑡)𝑆(𝑡) + +ൣ𝑎𝛽(𝑡) − ൫𝜇(𝑡) + 𝜀(𝑡) + 𝜌(𝑡)൯൧𝐼(𝑡), 
then by the Itô formula and the definition of a stochastic integral with respect to the non-centered Poisson measure 𝜈ଶ(𝑑𝑢,𝑑𝑧) 
we derive 𝑉൫𝑆(𝑇 ∧ 𝜏௡), 𝐼(𝑇 ∧ 𝜏௡)൯ = = 𝑉൫𝑆(0), 𝐼(0)൯ + න Φ(𝑢)𝑑𝑢்∧ఛ೙

଴ + න (S(𝑢) − 𝑎)𝜎ଵ(𝑢)𝑑𝑤ଵ(𝑢) + න (𝐼(𝑢) − 1)𝜎ଶ(𝑢)𝑑𝑤ଶ(𝑢)்∧ఛ೙
଴

்∧ఛ೙
଴ + 

+ න නൣ𝛾ଵ(𝑢, 𝑧)𝑆(𝑢ି) − 𝑎 ln(1 + 𝛾ଵ(𝑢, 𝑧)൯ + 𝛾ଶ(𝑢, 𝑧)𝐼(𝑢ି) −  ln(1 + 𝛾ଶ(𝑢, 𝑧)]𝜈෤ଵ(𝑑𝑢,𝑑𝑧)ℝ
்∧ఛ೙
଴ + 

+ න නൣ𝛿ଵ(𝑢, 𝑧)𝑆(𝑢ି) − 𝑎 ln(1 + 𝛿ଵ(𝑢, 𝑧)൯ + 𝛿ଶ(𝑢, 𝑧)𝐼(𝑢ି) −  ln(1 + 𝛿ଶ(𝑢, 𝑧)]𝜈෤ଶ(𝑑𝑢,𝑑𝑧)ℝ
்∧ఛ೙
଴ .  

(6) 

From the definition of stopping time 𝜏௡ it follows that for 0 ≤ 𝑢 ≤ 𝑇 ∧ 𝜏௡ we have ଵ௡ < 𝑆(𝑢) < 𝑛, ଵ௡ < 𝐼(𝑢) < 𝑛 . Hence under 
condition on the coefficients of the system (3), there is a constant 𝐾 > 0 such that for 0 ≤ 𝑢 ≤ 𝑇 ∧ 𝜏௡ we obtain Φ(𝑢) ≤ sup௧ஹ଴ ൛Λ(𝑡) + 𝑎𝜇(𝑡) + ൫𝜇(𝑡) + 𝜀(𝑡) + 𝜌(𝑡)൯ + 𝑎𝜅ଵ(𝑡) + 𝜅ଶ(𝑡)ൟ + + ൤𝑎 sup௧ஹ଴ 𝛽(𝑡) − inf௧ஹ଴൫𝜇(𝑡) + 𝜀(𝑡) + 𝜌(𝑡)൯൨ 𝐼(𝑢) ≤ 𝐾.  

If we choose 𝑎 = ୧୬୤೟ಱబ൫ఓ(௧)ାఌ(௧)ାఘ(௧)൯ୱ୳୮೟ಱబ ఉ(௧) , then taking expectations, we derive from (6) Eൣ𝑉൫𝑆(𝑇 ∧ 𝜏௡), 𝐼(𝑇 ∧ 𝜏௡)൯൧ ≤ 𝑉൫𝑆(0), 𝐼(0)൯ + 𝐾𝑇.  
Let Ω௡ = {𝜔 ∈ Ω |𝜏௡(𝜔) ≤ 𝑇}, for 𝑛 ≥ 𝑛ଵ. Then by (5) we have 𝑃(Ω௡) > 𝜀, for 𝑛 ≥ 𝑛ଵ. Note that for every 𝜔 ∈ Ω௡ at least 

one of 𝑆(𝜏௡,𝜔) and 𝐼(𝜏௡,𝜔) equals either 𝑛 or 1/𝑛. So 𝑉൫𝑆(𝜏௡,𝜔), 𝐼(𝜏௡,𝜔)൯ ≥ min ൬𝑛 − 1 − ln𝑛 , 1𝑛 − 1 + ln𝑛൰.  

Therefore,  𝑉൫𝑆(0), 𝐼(0)൯ + 𝐾𝑇 ≥ 𝐸ൣ𝕀ஐ೙𝑉൫𝑆(𝜏௡), 𝐼(𝜏௡)൯൧ ≥ 𝜀min ൬𝑛 − 1 − ln𝑛 , 1𝑛 − 1 + ln𝑛൰,  

where 𝕀ஐ೙ is the indicator function of Ω௡.  
Letting 𝑛 → ∞ leads to the contradiction ∞ > 𝑉൫𝑆(0), 𝐼(0)൯ + 𝐾𝑇 = ∞. Therefore, it implies 𝑆(𝑡) and 𝐼(𝑡) will not explode 

in a finite time almost surely. 
For the process 𝜁(𝑡) = 𝑅଴(𝑡)𝑅(𝑡) we have by the Itô formula 𝑑𝜁(𝑡) = 𝑑(𝑅଴(𝑡)𝑅(𝑡)) = 𝑅଴(𝑡)𝜌(𝑡)𝐼(𝑡)𝑑𝑡,  where 𝑅଴(𝑡)= exp ቊන ቈ𝜇(𝑠) + 𝜎ଷଶ(𝑠)2 + න [𝛾ଷ(𝑠, 𝑧) − ln(1 + 𝛾ଷ(𝑠, 𝑧))]Πଵ(𝑑𝑧)ℝ ቉௧

଴ 𝑑𝑠 − න 𝜎ଷ(𝑠)𝑑𝑤ଷ(𝑠) −௧
଴− න න ln൫1 + 𝛾ଷ(𝑠, 𝑧)൯ 𝜈෤ଵ(𝑑𝑠,𝑑𝑧)ℝ

௧
଴ − න න ln൫1 + 𝛿ଷ(𝑠, 𝑧)൯ℝ 𝜈ଶ(𝑑𝑠,𝑑𝑧)௧

଴ ቋ ,  

𝑅(𝑡) satisfies the third equation in (3). Therefore  𝑅(𝑡) = 𝑅(0) + ׬ 𝑅଴(𝑠)𝜌(𝑠)𝐼(𝑠)𝑑𝑠௧଴ 𝑅଴(𝑡) .  

Since 𝐼(𝑡) has been proven to be global and positive, 𝑅(𝑡) is also global and positive. This completes the proof of the theorem. 
1.2. Asymptotic behavior around the disease-free equilibrium of the autonomous deterministic model. 
As we mentioned in the Introduction if 𝑅଴ ≤ 1, where 𝑅଴ = ఉஃఓ(ఓାఌାఘ), then model (1) has only the disease-free equilibrium 𝐸଴ = ቀஃఓ , 0,0ቁ, which is globally asymptotical stable. While for the autonomous stochastic system (4), 𝐸଴ is no longer the 

disease-free equilibrium. In this section, we will study the asymptotic behavior of the solution to the system (4) around 𝐸଴.  
Assumption 2. It is assumed, that Λ,𝛽, 𝜇, 𝜀,𝜌 are positive constants, ln(1 + 𝛾௝(𝑧)) , ln(1 + 𝛿௝(𝑧)) , 𝑗 = 1,2,3 are bounded, Π௜(ℝ) < ∞, 𝑖 = 1,2. 
Theorem 2. Let Assumption 2 be fulfilled and (𝑆(𝑡), 𝐼(𝑡),𝑅(𝑡)) be the solution of system (4) with any initial value ൫𝑆(0), 𝐼(0),𝑅(0)൯ ∈ ℝାଷ . If  𝑅଴ = 𝛽Λ𝜇(𝜇 + 𝜀 + 𝜌) ≤ 1,   2𝜇 > max ቊቈ2𝜎ଵଶ + 3න 𝛾ଵଶ(𝑧)ℝ Πଵ(𝑑𝑧) + න [3𝛿ଵଶ(𝑧)ℝ + 4|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|]Πଶ(𝑑𝑧)቉ ,   2න 𝛿ଷ(𝑧)Πଶ(𝑑𝑧)ℝ ቋ , 

2(𝜇 + 𝜀 + 𝜌) > 𝜎ଶଶ + 3න 𝛾ଶଶ(𝑧)ℝ Πଵ(𝑑𝑧) + න [3𝛿ଶଶ(𝑧)ℝ + 4|𝛿ଶ(𝑧)| + 2|𝛿ଵ(𝑧)|]Πଶ(𝑑𝑧),  

then 
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lim sup௧→ஶ 1𝑡  𝐸 ቎න ቌ൬𝑆(𝑣) − Λ𝜇൰ଶ + 𝐼ଶ(𝑣) + 𝑅(𝑣)ቍ𝑑𝑣௧
଴ ቏ ≤ 

≤ 1𝐾ଵ ൬Λ𝜇൰ଶ ቆ2𝜎ଵଶ + 3න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ + න ቈ3𝛿ଵଶ(𝑧) + 4|𝛿ଵ(𝑧)| + (𝜇𝑐ଵ)ଶ4Λଶ |𝛿ଶ(𝑧)|቉ Πଶ(𝑑𝑧)ℝ ቇ,  

where 𝐾ଵ = min ቊቈ2𝜇 − 2𝜎ଵଶ − 3න 𝛾ଵଶ(𝑧)ℝ Πଵ(𝑑𝑧) −න [3𝛿ଵଶ(𝑧)ℝ + 4|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|]Πଶ(𝑑𝑧)቉ , 
ቈ2(𝜇 + 𝜀 + 𝜌) − 𝜎ଶଶ − 3න 𝛾ଶଶ(𝑧)ℝ Πଵ(𝑑𝑧)−න [3𝛿ଶଶ(𝑧)ℝ + 4|𝛿ଶ(𝑧)| + 2|𝛿ଵ(𝑧)|]Πଶ(𝑑𝑧)቉ , 𝑐ଶ ቆ𝜇 − න 𝛿ଷ(𝑧)Πଶ(𝑑𝑧)ℝ ቇቋ, 𝑐ଵ = 2𝛽 (2𝜇 + 𝜀 + 𝜌), 𝑐ଶ = 𝑐ଵ Λβ𝜇𝜌 ൬1 − 𝑅଴𝑅଴ ൰. 

 

Proof. If (𝑡) = 𝑆(𝑡) − ஃఓ , then from the system (4), we derive 

 𝑑𝑈(𝑡) = ቆ−𝜇𝑈(𝑡) − 𝛽𝑈(𝑡)𝐼(𝑡) − 𝛽 ஃఓ 𝐼(𝑡)ቇ𝑑𝑡 + 𝜎ଵ ቀ𝑈(𝑡) + ஃఓቁ 𝑑𝑤ଵ(𝑡) + 

+න 𝛾ଵ(𝑧) ൬𝑈(𝑡ି) + Λ𝜇൰ 𝜈෤ଵℝ (𝑑𝑡,𝑑𝑧) + න 𝛿ଵ(𝑧) ൬𝑈(𝑡ି) + Λ𝜇൰ 𝜈ଶℝ (𝑑𝑡,𝑑𝑧), 𝑑𝐼(𝑡) = ቆ𝛽 ൬𝑈(𝑡) + Λ𝜇൰ 𝐼(𝑡) − (𝜇 + 𝜀 + 𝜌)𝐼(𝑡)ቇ𝑑𝑡 + 𝜎ଶ𝐼(𝑡)𝑑𝑤ଶ(t) +  

+න 𝛾ଶ(𝑧)𝐼(𝑡ି)𝜈෤ଵℝ (𝑑𝑡,𝑑𝑧) + න 𝛿ଶ(𝑧)𝐼(𝑡ି)𝜈ଶℝ (𝑑𝑡,𝑑𝑧), 𝑑𝑅(𝑡) = ൫𝜌𝐼(𝑡) − 𝜇𝑅(𝑡)൯𝑑𝑡 + 𝜎ଷ𝑅(𝑡)𝑑𝑤ଷ(t) + න 𝛾ଷ(𝑧)𝑅(𝑡ି)𝜈෤ଵℝ (𝑑𝑡,𝑑𝑧) + න 𝛿ଷ(𝑧)𝑅(𝑡ି)𝜈ଶℝ (𝑑𝑡,𝑑𝑧).  
(7) 

Let us consider the non-negative function 𝑉(𝑈, 𝐼,𝑅) = (𝑈 + 𝐼)ଶ + 𝑐ଵ𝐼 + 𝑐ଶ𝑅, 𝑈 ∈ ℝ, 𝐼 > 0, 𝑅 > 0,  where constants 𝑐௜ > 0, 𝑖 = 1,2 will be defined later. 
Using the Itô formula, system (7), and the definition of a stochastic integral with respect to the non-centered Poisson 

measure 𝜈ଶ(𝑑𝑡,𝑑𝑧) we derive 𝑑𝑉൫𝑈(𝑡), 𝐼(𝑡),𝑅(𝑡)൯ = {2൫𝑈(𝑡) + 𝐼(𝑡)൯[−𝜇𝑈(𝑡) − (𝜇 + 𝜀 + 𝜌)𝐼(𝑡)] + 𝜎ଵଶ ൬𝑈(𝑡) + Λ𝜇൰ଶ + 𝜎ଶଶ𝐼ଶ(𝑡) + +𝑐ଵ ൤𝛽𝑈(𝑡)𝐼(𝑡) − ൬𝜇 + 𝜀 + 𝜌 − 𝛽 Λ𝜇൰ 𝐼(𝑡)൨ + 𝑐ଶ(𝜌𝐼(𝑡) − 𝜇𝑅(𝑡) + න ൤𝛾ଵ(𝑧) ൬𝑈(𝑡) + Λ𝜇൰ + 𝛾ଶ(𝑧)𝐼(𝑡)൨ଶ Πଵ(𝑑𝑧)ℝ + +න ቊ൤𝛿ଵ(𝑧) ൬𝑈(𝑡) + Λ𝜇൰ + 𝛿ଶ(𝑧)𝐼(𝑡)൨ଶ + 2൫𝑈(𝑡) + 𝐼(𝑡)൯ ൤𝛿ଵ(𝑧) ൬𝑈(𝑡) + Λ𝜇൰ + 𝛿ଶ(𝑧)𝐼(𝑡)൨ℝ + +𝑐ଵ𝛿ଶ(𝑧)𝐼(𝑡) + 𝑐ଶ𝛿ଷ(𝑧)𝑅(𝑡)}Πଶ(𝑑𝑧)}𝑑𝑡 + 𝑑𝐽௦௧௢௖௛(𝑡) = = ቊ−𝑈ଶ(𝑡) ቈ2𝜇 − 𝜎ଵଶ − න 𝛾ଵଶ(𝑧)ℝ Πଵ(𝑑𝑧) −න [𝛿ଵଶ(𝑧)ℝ + 2𝛿ଵ(𝑧)]Πଶ(𝑑𝑧)቉ − 

−𝐼ଶ(𝑡) ቈ2(𝜇 + 𝜀 + 𝜌) − 𝜎ଶଶ − න 𝛾ଶଶ(𝑧)ℝ Πଵ(𝑑𝑧)−න [𝛿ଶଶ(𝑧)ℝ + 2𝛿ଶ(𝑧)]Πଶ(𝑑𝑧)቉ − 𝑐ଶ𝜇𝑅(𝑡) + 

+𝑈(𝑡)𝐼(𝑡) ቈ−2(2𝜇 + 𝜀 + 𝜌) + 𝑐ଵ𝛽 + 2න 𝛾ଵ(𝑧)𝛾ଶ(𝑧)Πଵ(𝑑𝑧)ℝ + 2න [𝛿ଵ(𝑧)𝛿ଶ(𝑧)+𝛿ଵ(𝑧) + 𝛿ଶ(𝑧)]Πଶ(𝑑𝑧)ℝ ቉ + 

+𝐼(𝑡) ቈ−𝑐ଵ𝛽 Λ𝜇 ൬1 − 𝑅଴𝑅଴ ൰ + 𝑐ଶ𝜌 + 2Λ𝜇 ቈන 𝛾ଵ(𝑧)𝛾ଶ(𝑧)Πଵ(𝑑𝑧)ℝ + න (𝛿ଵ(𝑧)𝛿ଶ(𝑧) + 𝛿ଵ(𝑧))Πଶ(𝑑𝑧)ℝ ቉ + 

+𝑐ଵ න 𝛿ଶ(𝑧))Πଶ(𝑑𝑧)ℝ ቉ + 2Λ𝜇 𝑈(𝑡) ቈ𝜎ଵଶ + න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ +න (𝛿ଵଶ(𝑧) + 𝛿ଵ(𝑧))Πଶ(𝑑𝑧)ℝ ቉ + 

+𝑐ଶ𝑅(𝑡)න 𝛿ଷ(𝑧)Πଶ(𝑑𝑧)ℝ + ൬Λ𝜇൰ଶ ቆ𝜎ଵଶ + න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ + න 𝛿ଵଶ(𝑧)Πଶ(𝑑𝑧)ℝ ቇቋ 𝑑𝑡 + 𝑑𝐽௦௧௢௖௛(𝑡) = = 𝐿𝐹൫𝑈(𝑡), 𝐼(𝑡),𝑅(𝑡)൯𝑑𝑡 + 𝑑𝐽௦௧௢௖௛(𝑡),  

(8) 

where 𝑑𝐽௦௧௢௖௛(𝑡) = 2൫𝑈(𝑡) + 𝐼(𝑡)൯𝜎ଵ ൬𝑈(𝑡) + Λ𝜇൰𝑑𝑤ଵ(𝑡) + ൫2൫𝑈(𝑡) + 𝐼(𝑡)൯ + 𝑐ଵ൯𝜎ଶ𝐼(𝑡)𝑑𝑤ଶ(𝑡) + 𝑐ଶ𝜎ଷ𝑅(𝑡)𝑑𝑤ଷ(𝑡) + +න ቊ൤𝛾ଵ(𝑧) ൬𝑈(𝑡ି) + Λ𝜇൰ + 𝛾ଶ(𝑧)𝐼(𝑡ି)൨ଶ + 2൫𝑈(𝑡ି) + 𝐼(𝑡ି)൯ ൤𝛾ଵ(𝑧) ൬𝑈(𝑡ି) + Λ𝜇൰ + 𝛾ଶ(𝑧)𝐼(𝑡ି)൨ℝ + +𝑐ଵ𝛾ଶ(𝑧)𝐼(𝑡ି) + 𝑐ଶ𝛾ଷ(𝑧)𝑅(𝑡ି)}𝜈෤ଵ(𝑑𝑡,𝑑𝑧) + +න ቊ൤𝛿ଵ(𝑧) ൬𝑈(𝑡ି) + Λ𝜇൰ + 𝛿ଶ(𝑧)𝐼(𝑡ି)൨ଶ + 2൫𝑈(𝑡ି) + 𝐼(𝑡ି)൯ ൤𝛿ଵ(𝑧) ൬𝑈(𝑡ି) + Λ𝜇൰ + 𝛿ଶ(𝑧)𝐼(𝑡ି)൨ℝ + +𝑐ଵ𝛿ଶ(𝑧)𝐼(𝑡ି) + 𝑐ଶ𝛿ଷ(𝑧)𝑅(𝑡ି)}𝜈෤ଶ(𝑑𝑡,𝑑𝑧). 
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If we choose 𝑐ଵ = ଶఉ (2𝜇 + 𝜀 + 𝜌) > 0, 𝑐ଶ = 𝑐ଵ ஃஒఓఘ ቀଵିோబோబ ቁ > 0, then using inequality 𝑎ଶ + 𝑏ଶ ≥ 2𝑎𝑏 we obtain the estimate 𝐿𝐹(𝑈, 𝐼,𝑅) = −𝑈ଶ ቈ2𝜇 − 𝜎ଵଶ − න 𝛾ଵଶ(𝑧)ℝ Πଵ(𝑑𝑧) −න [𝛿ଵଶ(𝑧)ℝ + 2𝛿ଵ(𝑧)]Πଶ(𝑑𝑧)቉ − 

−𝐼ଶ ቈ2(𝜇 + 𝜀 + 𝜌) − 𝜎ଶଶ − න 𝛾ଶଶ(𝑧)ℝ Πଵ(𝑑𝑧)−න [𝛿ଶଶ(𝑧)ℝ + 2𝛿ଶ(𝑧)]Πଶ(𝑑𝑧)቉ − 𝑐ଶ𝑅 ቆ𝜇 − න 𝛿ଷ(𝑧)Πଶ(𝑑𝑧)ℝ ቇ + 

+2𝑈𝐼 ቈන 𝛾ଵ(𝑧)𝛾ଶ(𝑧)Πଵ(𝑑𝑧)ℝ + න [𝛿ଵ(𝑧)𝛿ଶ(𝑧) + 𝛿ଵ(𝑧) + 𝛿ଶ(𝑧)]Πଶ(𝑑𝑧)ℝ ቉ + 

+2𝐼 ቈΛ𝜇 ቆන 𝛾ଵ(𝑧)𝛾ଶ(𝑧)Πଵ(𝑑𝑧)ℝ + න (𝛿ଵ(𝑧)𝛿ଶ(𝑧) + 𝛿ଵ(𝑧))Πଶ(𝑑𝑧)ℝ ቇ + (2𝜇 + 𝜀 + 𝜌)𝛽 න 𝛿ଶ(𝑧))Πଶ(𝑑𝑧)ℝ ቉ + 

+2Λ𝜇 𝑈 ቈ𝜎ଵଶ + න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ +න (𝛿ଵଶ(𝑧) + 𝛿ଵ(𝑧))Πଶ(𝑑𝑧)ℝ ቉ + ൬Λ𝜇൰ଶ ቆ𝜎ଵଶ + න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ + න 𝛿ଵଶ(𝑧)Πଶ(𝑑𝑧)ℝ ቇ ≤ 

≤ −𝑈ଶ ቈ2𝜇 − 2𝜎ଵଶ − 3න 𝛾ଵଶ(𝑧)ℝ Πଵ(𝑑𝑧) −න [3𝛿ଵଶ(𝑧)ℝ + 4|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|]Πଶ(𝑑𝑧)቉ −   
−𝐼ଶ ቈ2(𝜇 + 𝜀 + 𝜌) − 𝜎ଶଶ − 3න 𝛾ଶଶ(𝑧)ℝ Πଵ(𝑑𝑧)−න [3𝛿ଶଶ(𝑧)ℝ + 4|𝛿ଶ(𝑧)| + 2|𝛿ଵ(𝑧)|]Πଶ(𝑑𝑧)቉ − 

−𝑐ଶ𝑅 ቆ𝜇 − න 𝛿ଷ(𝑧)Πଶ(𝑑𝑧)ℝ ቇ + ൬Λ𝜇൰ଶ ቆ2𝜎ଵଶ + 3න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ + න [3𝛿ଵଶ(𝑧)+4|𝛿ଵ(𝑧)| + (𝜇𝑐ଵ)ଶ4Λଶ |𝛿ଶ(𝑧)|]Πଶ(𝑑𝑧)ℝ ቇ. 

(9) 

Let 𝑛଴ ∈ ℕ be sufficiently large for 𝑈(0) + ஃఓ ∈ ቂ ଵ௡బ ,𝑛଴ቃ, 𝐼(0) ∈ ቂ ଵ௡బ ,𝑛଴ቃ and 𝑅(0) ∈ ቂ ଵ௡బ ,𝑛଴ቃ. For any 𝑛 ≥ 𝑛଴ we define the 

stopping time  𝜏௡ = inf ൜𝑡 ≥ 0:𝑋(𝑡) ∉ ቀଵ௡ ,𝑛ቁଷൠ, where 𝑋(𝑡) = (𝑈(𝑡) + ஃఓ , 𝐼(𝑡),𝑅(𝑡)), (𝑈(𝑡), 𝐼(𝑡),𝑅(𝑡)) is the solution to the 
system (7).  According to Theorem 1, the system (4) has a unique global (no explosion in the finite time interval) solution (𝑆(𝑡), 𝐼(𝑡),𝑅(𝑡)), therefore the solution to the system (7) is also global and lim௡→ஶ 𝜏௡ = +∞ a.s. From (8), applying the properties 
of stochastic integrals with respect to Wiener processes and with respect to centered Poisson measures, we derive 0 ≤ 𝐸ൣ𝑉൫𝑈(𝑡 ∧ 𝜏௡), 𝐼(𝑡 ∧ 𝜏௡),𝑅(𝑡 ∧ 𝜏௡)൯൧ = 𝑉൫𝑈(0), 𝐼(0),𝑅(0)൯ + 𝐸 ቈන 𝐿𝐹൫𝑈(𝑣), 𝐼(𝑣),𝑅(𝑣)൯𝑑𝑣௧∧ఛ೙଴ ቉. (10) 

If 𝑛 → ∞, then from (10) we have 0 ≤ 𝐸ൣ𝑉൫𝑈(𝑡), 𝐼(𝑡),𝑅(𝑡)൯൧ = 𝑉൫𝑈(0), 𝐼(0),𝑅(0)൯ + 𝐸 ቈන 𝐿𝐹൫𝑈(𝑣), 𝐼(𝑣),𝑅(𝑣)൯𝑑𝑣௧
଴ ቉. (11) 

Therefore, applying the estimate (9), we obtain from (11) 𝐾ଵ𝐸 ቈන ൫𝑈ଶ(𝑣) + 𝐼ଶ(𝑣) + 𝑅(𝑣)൯𝑑𝑣௧
଴ ቉ ≤ 𝑉൫𝑈(0), 𝐼(0),𝑅(0)൯ + 

+ ൬Λ𝜇൰ଶ ቆ2𝜎ଵଶ + 3න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ + න ቈ3𝛿ଵଶ(𝑧) + 4|𝛿ଵ(𝑧)| + (𝜇𝑐ଵ)ଶ4Λଶ |𝛿ଶ(𝑧)|቉ Πଶ(𝑑𝑧)ℝ ቇ 𝑡,  

where 𝐾ଵ = min ቊቈ2𝜇 − 2𝜎ଵଶ − 3න 𝛾ଵଶ(𝑧)ℝ Πଵ(𝑑𝑧) −න [3𝛿ଵଶ(𝑧)ℝ + 4|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|]Πଶ(𝑑𝑧)቉ , 
ቈ2(𝜇 + 𝜀 + 𝜌) − 𝜎ଶଶ − 3න 𝛾ଶଶ(𝑧)ℝ Πଵ(𝑑𝑧)−න [3𝛿ଶଶ(𝑧)ℝ + 4|𝛿ଶ(𝑧)| + 2|𝛿ଵ(𝑧)|]Πଶ(𝑑𝑧)቉ , 𝑐ଶ ቆ𝜇 − න 𝛿ଷ(𝑧)Πଶ(𝑑𝑧)ℝ ቇቋ.  

Therefore, lim sup௧→ஶ 1𝑡  𝐸 ቎න ቌ൬𝑆(𝑣) − Λ𝜇൰ଶ + 𝐼ଶ(𝑣) + 𝑅(𝑣)ቍ𝑑𝑣௧
଴ ቏ ≤ 

≤ 1𝐾ଵ ൬Λ𝜇൰ଶ ቆ2𝜎ଵଶ + 3න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ + න ቈ3𝛿ଵଶ(𝑧) + 4|𝛿ଵ(𝑧)| + (𝜇𝑐ଵ)ଶ4Λଶ |𝛿ଶ(𝑧)|቉ Πଶ(𝑑𝑧)ℝ ቇ. 
 

 

The proof of the theorem is completed. 
Remark 1. If 𝛾௜(𝑧) ≡ 0,𝛿௜(𝑧) ≡ 0, 𝑖 = 1,2,3, then Theorem 2 is Theorem 3.1 from (Jiang et al., 2011). 

1.3. Asymptotic behavior around the endemic equilibrium of the autonomous deterministic model 
As we mentioned in the Introduction, if 𝑅଴ = ఉஃఓ(ఓାఌାఘ) > 1, then there exists a global asymptotically stable endemic 

equilibrium 𝐸∗ = ቀఓାఌାఘఉ , ஃఓାఌାఘ − ఓఉ , ஃ஡ఓ(ఓାఌାఘ) − ఘఉቁ in the deterministic model (1). While for the autonomous stochastic system (4), 𝐸∗ is no longer the endemic equilibrium. In this section, we will study the asymptotic behavior of the solution to the system (4) 
around 𝐸∗.  
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Theorem 3. Let Assumption 2 be fulfilled and (𝑆(𝑡), 𝐼(𝑡),𝑅(𝑡)) be the solution of system (4) with any initial value ൫𝑆(0), 𝐼(0),𝑅(0)൯ ∈ ℝାଷ . If  𝑅଴ = 𝛽Λ𝜇(𝜇 + 𝜀 + 𝜌) > 1,   2𝜇 > 𝜎ଵଶ + 2න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ + න (2𝛿ଵଶ(𝑧) + 3|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ , 2(𝜇 + 𝜀 + 𝜌) > 𝜎ଶଶ + 2න 𝛾ଶଶ(𝑧)ℝ Πଵ(𝑑𝑧) + න [2𝛿ଶଶ(𝑧)ℝ + (3 + 𝑎)|𝛿ଶ(𝑧)| + |𝛿ଵ(𝑧)|]Πଶ(𝑑𝑧), 
𝜇 > 𝜎ଷଶ + න 𝛾ଷଶ(𝑧)Πଵ(𝑑𝑧)ℝ + න (𝛿ଷଶ(𝑧) + 2|𝛿ଷ(𝑧)|)Πଶ(𝑑𝑧)ℝ , 

(12) 

then lim sup௧→ஶ 1𝑡  𝐸 ቈන ((𝑆(𝑣) −𝑚ଵ𝑆∗)ଶ + (𝐼(𝑣) −𝑚ଶ𝐼∗)ଶ + (𝑅(𝑣) −𝑚ଷ𝑅∗)ଶ)𝑑𝑣௧
଴ ቉ ≤ 𝑀(𝜎, 𝛾, 𝛿)𝐾(𝜎, 𝛾, 𝛿),  

where 𝐾(𝜎, 𝛾, 𝛿) = min ൜𝑘ଵ2 , 𝑘ଶ2𝜇 , 𝑏𝑘ଷ2  ൠ ,   𝑎 = (2𝜇 + 𝜀 + 𝜌)𝛽 , 0 < 𝑏 < 𝜇𝜌ଶ ቆ2(𝜇 + 𝜀 + 𝜌) − 𝜎ଵଶ − 2න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ − න (2𝛿ଵଶ(𝑧) + 3|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ ቇ, 
𝑘ଵ = 2𝜇 − 𝜎ଵଶ − 2න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ − න (2𝛿ଵଶ(𝑧) + 3|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ ,  

𝑚ଵ = 1𝑘ଵ ቆ2𝜇 − න (|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ ቇ , 
𝑘ଶ = 2𝜇(𝜇 + 𝜀 + 𝜌) − 𝜇𝜎ଶଶ − 2𝜇න 𝛾ଶଶ(𝑧)Πଵ(𝑑𝑧)ℝ − 𝜇න (2𝛿ଶଶ(𝑧) + (3 + 𝑎)|𝛿ଶ(𝑧)| + |𝛿ଵ(𝑧)|)Πଶ(𝑑𝑧)ℝ − 𝑏𝜌ଶ, 

 𝑚ଶ = 2𝜇𝑘ଶ ቆ𝜇 + 𝜀 + 𝜌 − 12න (|𝛿ଵ(𝑧)| + (1 + 𝑎)|𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ − 𝑏𝜌ଶ2𝜇 ቇ 

𝑘ଷ = 𝜇 − 𝜎ଷଶ − න 𝛾ଷଶ(𝑧)Πଵ(𝑑𝑧)ℝ − න (𝛿ଷଶ(𝑧) + 2|𝛿ଷ(𝑧)|)Πଶ(𝑑𝑧)ℝ ,𝑚ଷ = 1𝑘ଷ ቆ𝜇 − න |𝛿ଷ(𝑧)|Πଶ(𝑑𝑧)ℝ ቇ, 𝑀(𝜎, 𝛾, 𝛿) = 𝑘ଵ2 𝑚ଵ(𝑚ଵ − 1)𝑆∗ଶ + 𝑘ଶ2𝜇𝑚ଶ(𝑚ଶ − 1)𝐼∗ଶ + 𝑏𝑘ଷ2 𝑚ଵ(𝑚ଵ − 1)𝑅∗ଶ + +𝑎 ቆ12𝜎ଶଶ + න (𝛾ଶ(𝑧) − ln൫1 + 𝛾ଶ(𝑧)൯Πଵ(𝑑𝑧)ℝ + න (𝛿ଶ(𝑧) − ln൫1 + 𝛿ଶ(𝑧)൯Πଶ(𝑑𝑧)ℝ ቇ 𝐼∗ + 𝑎2න |𝛿ଶ(𝑧)|Πଶ(𝑑𝑧)ℝ . 

 

Proof. Let us consider the function 𝐹(𝑆, 𝐼,𝑅) = 𝐹ଵ(𝑆, 𝐼) + 𝐹ଶ(𝑅) ≥ 0, (𝑆, 𝐼,𝑅) ∈ ℝାଷ , where   𝐹ଵ(𝑆, 𝐼) = 12 (𝑆 − 𝑆∗ + 𝐼 − 𝐼∗)ଶ + 𝑎 ൬𝐼 − 𝐼∗ − 𝐼∗ ln 𝐼𝐼∗൰ , 𝐹ଶ(𝑅) = 𝑏2 (𝑅 − 𝑅∗)ଶ.  

Here constants 𝑎 > 0, 𝑏 > 0 to be defined later. 
By the Itô formula, system (4), and the definition of a stochastic integral with respect to the non-centered Poisson measure 𝜈ଶ(𝑑𝑡,𝑑𝑧) we derive 𝑑𝐹ଵ൫𝑆(𝑡), 𝐼(𝑡)൯ = 𝐿𝐹ଵ൫𝑆(𝑡), 𝐼(𝑡)൯𝑑𝑡 + (𝑆(𝑡) − 𝑆∗ + 𝐼(𝑡) − 𝐼∗)𝜎ଵ𝑆(𝑡)𝑑𝑤ଵ(𝑡) + +(𝑆(𝑡) − 𝑆∗ + 𝐼(𝑡) − 𝐼∗)𝜎ଶ𝐼(𝑡)𝑑𝑤ଶ(𝑡) + 𝑎(𝐼(𝑡) − 𝐼∗)𝜎ଶ𝑑𝑤ଶ(𝑡) + +න ൤(𝑆(𝑡ି) − 𝑆∗ + 𝐼(𝑡ି) − 𝐼∗)൫𝛾ଵ(𝑧)𝑆(𝑡ି) + 𝛾ଶ(𝑧)𝐼(𝑡ି)൯ + 12ℝ ൫𝛾ଵ(𝑧)𝑆(𝑡ି) + 𝛾ଶ(𝑧)𝐼(𝑡ି)൯ଶ + +𝑎(𝛾ଶ(𝑧)𝐼(𝑡ି) − 𝐼∗ ln(1 + 𝛾ଶ(𝑧))]𝜈෤ଵ(𝑑𝑡,𝑑𝑧) + න ൣ(𝑆(𝑡ି) − 𝑆∗ + 𝐼(𝑡ି) − 𝐼∗)൫𝛿ଵ(𝑧)𝑆(𝑡ି) + 𝛿ଶ(𝑧)𝐼(𝑡ି)൯ +ℝ+ 12 ൫𝛿ଵ(𝑧)𝑆(𝑡ି) + 𝛿ଶ(𝑧)𝐼(𝑡ି)൯ଶ + 𝑎(𝛿ଶ(𝑧)𝐼(𝑡ି) − 𝐼∗ ln(1 + 𝛿ଶ(𝑧))]𝜈෤ଶ(𝑑𝑡,𝑑𝑧). 𝑑𝐹ଶ൫𝑅(𝑡)൯ = 𝐿𝐹ଶ(𝑅(𝑡), 𝐼(𝑡))𝑑𝑡 + 𝑏(𝑅(𝑡) − 𝑅∗)𝜎ଷ𝑅(𝑡)𝑑𝑤ଷ(𝑡) + +න ൤𝑏(𝑅(𝑡ି) − 𝑅∗)𝛾ଷ(𝑧)𝑅(𝑡ି) + 12 𝑏𝛾ଷଶ(𝑧)𝑅ଶ(𝑡ି)൨ℝ 𝜈෤ଵ(𝑑𝑡,𝑑𝑧) + 

+න ൤𝑏(𝑅(𝑡ି) − 𝑅∗)𝛿ଷ(𝑧)𝑅(𝑡ି) + 12 𝑏𝛿ଷଶ(𝑧)𝑅ଶ(𝑡ି)൨ℝ 𝜈෤ଶ(𝑑𝑡,𝑑𝑧),  

 

(13) 

where 𝐿𝐹ଵ(𝑆, 𝐼) = (𝑆 − 𝑆∗ + 𝐼 − 𝐼∗)(Λ − 𝜇𝑆 − (𝜇 + 𝜀 + 𝜌)𝐼) + 𝑎(𝐼 − 𝐼∗)൫𝛽𝑆 − (𝜇 + 𝜀 + 𝜌)൯ + + 12 (𝜎ଵଶ𝑆ଶ + 𝜎ଶଶ𝐼ଶ) + 𝑎2 𝜎ଶଶ𝐼∗ + න ൤12 (𝛾ଵ(𝑧)𝑆 + 𝛾ଶ(𝑧)𝐼)ଶ + 𝑎(𝛾ଶ(𝑧) − ln(1 + 𝛾ଶ(𝑧)))𝐼∗൨ Πଵ(𝑑𝑧)ℝ + +න ൤(𝑆 − 𝑆∗ + 𝐼 − 𝐼∗)(𝛿ଵ(𝑧)𝑆 + 𝛿ଶ(𝑧)𝐼) + 12 (𝛿ଵ(𝑧)𝑆 + 𝛿ଶ(𝑧)𝐼)ଶ + 𝑎(𝛿ଶ(𝑧)𝐼 − 𝐼∗ ln(1 + 𝛿ଶ(𝑧)))൨ Πଶ(𝑑𝑧)ℝ  ≤ −𝜇(𝑆 − 𝑆∗)ଶ − (𝜇 + 𝜀 + 𝜌)(𝐼 − 𝐼∗)ଶ + 

(14) 
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+൫𝑎𝛽 − (2𝜇 + 𝜀 + 𝜌)൯(𝑆 − 𝑆∗)(𝐼 − 𝐼∗) + 12 (𝜎ଵଶ𝑆ଶ + 𝜎ଶଶ𝐼ଶ) + 𝑎2 𝜎ଶଶ𝐼∗ + +𝑆ଶ න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ + 𝐼ଶ න 𝛾ଶଶ(𝑧)Πଵ(𝑑𝑧)ℝ + 𝑎𝐼∗ න (𝛾ଶ(𝑧) − ln൫1 + 𝛾ଶ(𝑧)൯Πଵ(𝑑𝑧)ℝ + + 12 (𝑆 − 𝑆∗)ଶ න (|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧) +ℝ 12 (𝐼 − 𝐼 ∗)ଶ න (|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ + +𝑆ଶ න (𝛿ଵଶ(𝑧) + |𝛿ଵ(𝑧)|)Πଶ(𝑑𝑧)ℝ + 𝐼ଶ න (𝛿ଶଶ(𝑧) + |𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ + 𝑎2න |𝛿ଶ(𝑧)|Πଶ(𝑑𝑧)ℝ + + 𝑎2 (𝐼 − 𝐼 ∗)ଶ න |𝛿ଶ(𝑧)|Πଶ(𝑑𝑧)ℝ + 𝑎𝐼∗ න (𝛿ଶ(𝑧) − ln൫1 + 𝛿ଶ(𝑧)൯Πଶ(𝑑𝑧)ℝ . 
Here we use equalities Λ = 𝐼∗(𝜇 + 𝜀 + 𝜌) + 𝜇𝑆∗,𝛽𝑆∗ = 𝜇 + 𝜀 + 𝜌, and basic estimates 2𝑐𝑑 ≤ 𝑐ଶ + 𝑑ଶ,   (𝑐 + 𝑑)ଶ ≤ 2(𝑐ଶ + 𝑑ଶ). 
Applying the equality 𝜌𝐼∗ = 𝜇𝑅∗ and estimate 2𝑐𝑑 ≤ 𝑐ଶ + 𝑑ଶ we obtain 𝐿𝐹ଶ(𝑅, 𝐼) = 𝑏(𝑅 − 𝑅∗)(𝜌𝐼 − 𝜇𝑅) + 12 𝑏𝜎ଷଶ𝑅ଶ + 𝑏2𝑅ଶ න 𝛾ଷଶ(𝑧)Πଵ(𝑑𝑧)ℝ + 𝑏(𝑅 − 𝑅∗)𝑅න 𝛿ଷ(𝑧)Πଶ(𝑑𝑧)ℝ + 

+ 𝑏2𝑅ଶ න 𝛿ଷଶ(𝑧)Πଶ(𝑑𝑧)ℝ ≤  𝑏(𝑅 − 𝑅∗)𝜌(𝐼 − 𝐼∗) − 𝑏𝜇(𝑅 − 𝑅∗)ଶ + 𝑏2 ቆ𝜎ଷଶ + න 𝛾ଷଶ(𝑧)Πଵ(𝑑𝑧)ℝ + 

+න (𝛿ଷଶ(𝑧) + |𝛿ଷ(𝑧)|)Πଶ(𝑑𝑧)ℝ ቇ𝑅ଶ + 𝑏2 (𝑅 − 𝑅∗)ଶ න |𝛿ଷ(𝑧)|Πଶ(𝑑𝑧)ℝ ≤ 𝑏2 ቈ𝜌ଶ𝜇 (𝐼 − 𝐼∗)ଶ − 

−ቆ𝜇 −න |𝛿ଷ(𝑧)|Πଶ(𝑑𝑧)ℝ ቇ (𝑅 − 𝑅∗)ଶ + ቆ𝜎ଷଶ + න 𝛾ଷଶ(𝑧)Πଵ(𝑑𝑧)ℝ +න (𝛿ଷଶ(𝑧) + |𝛿ଷ(𝑧)|)Πଶ(𝑑𝑧)ℝ ቇ𝑅ଶ቉. 
(15) 

Choose 𝑎 = (ଶఓାఌାఘ)ఉ   and taking together (14) and (15), we get 𝐿𝐹(𝑆, 𝐼,𝑅) = 𝐿𝐹ଵ(𝑆, 𝐼) + 𝐿𝐹ଶ(𝑅, 𝐼) ≤ −ቆ𝜇 − 12න (|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ ቇ (𝑆 − 𝑆∗)ଶ − 

−ቆ𝜇 + 𝜀 + 𝜌 − 12න (|𝛿ଵ(𝑧)| + (1 + 𝑎)|𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ − 𝑏𝜌ଶ2𝜇 ቇ (𝐼 − 𝐼∗)ଶ − 𝑏2 ቆ𝜇 − න |𝛿ଷ(𝑧)|Πଶ(𝑑𝑧)ℝ ቇ (𝑅 − 𝑅∗)ଶ 

+ቆ12𝜎ଵଶ + න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ + න (𝛿ଵଶ(𝑧) + |𝛿ଵ(𝑧)|)Πଶ(𝑑𝑧)ℝ ቇ 𝑆ଶ + ቆ12𝜎ଶଶ + න 𝛾ଶଶ(𝑧)Πଵ(𝑑𝑧)ℝ + 

+න (𝛿ଶଶ(𝑧) + |𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ ቇ 𝐼ଶ + 𝑏2 ቆ𝜎ଷଶ + න 𝛾ଷଶ(𝑧)Πଵ(𝑑𝑧)ℝ +න (𝛿ଷଶ(𝑧) + |𝛿ଷ(𝑧)|)Πଶ(𝑑𝑧)ℝ ቇ𝑅ଶ + 

+𝑎 ቆ12𝜎ଶଶ + න (𝛾ଶ(𝑧) − ln൫1 + 𝛾ଶ(𝑧)൯Πଵ(𝑑𝑧)ℝ + න (𝛿ଶ(𝑧) − ln൫1 + 𝛿ଶ(𝑧)൯Πଶ(𝑑𝑧)ℝ ቇ 𝐼∗ + 𝑎2න |𝛿ଶ(𝑧)|Πଶ(𝑑𝑧)ℝ = = −𝑘ଵ2 (𝑆 − 𝑚ଵ𝑆∗)ଶ − 𝑘ଶ2𝜇 (𝐼 − 𝑚ଶ𝐼∗)ଶ − 𝑏𝑘ଷ2 (𝑅 −𝑚ଶ𝑅∗)ଶ + 𝑀(𝜎, 𝛾, 𝛿), 

(16) 

where 𝑘ଵ = 2𝜇 − 𝜎ଵଶ − 2න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ − න (2𝛿ଵଶ(𝑧) + 3|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ ,  
𝑚ଵ = 1𝑘ଵ ቆ2𝜇 − න (|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ ቇ, 

𝑘ଶ = 2𝜇(𝜇 + 𝜀 + 𝜌) − 𝜇𝜎ଶଶ − 2𝜇න 𝛾ଶଶ(𝑧)Πଵ(𝑑𝑧)ℝ − 𝜇න (2𝛿ଶଶ(𝑧) + (3 + 𝑎)|𝛿ଶ(𝑧)| + |𝛿ଵ(𝑧)|)Πଶ(𝑑𝑧)ℝ − 𝑏𝜌ଶ, 
 𝑚ଶ = 2𝜇𝑘ଶ ቆ𝜇 + 𝜀 + 𝜌 − 12න (|𝛿ଵ(𝑧)| + (1 + 𝑎)|𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ − 𝑏𝜌ଶ2𝜇 ቇ, 

𝑘ଷ = 𝜇 − 𝜎ଷଶ − න 𝛾ଷଶ(𝑧)Πଵ(𝑑𝑧)ℝ − න (𝛿ଷଶ(𝑧) + 2|𝛿ଷ(𝑧)|)Πଶ(𝑑𝑧)ℝ ,𝑚ଷ = 1𝑘ଷ ቆ𝜇 − න |𝛿ଷ(𝑧)|Πଶ(𝑑𝑧)ℝ ቇ, 𝑀(𝜎, 𝛾, 𝛿) = 𝑘ଵ2 𝑚ଵ(𝑚ଵ − 1)𝑆∗ଶ + 𝑘ଶ2𝜇𝑚ଶ(𝑚ଶ − 1)𝐼∗ଶ + 𝑏𝑘ଷ2 𝑚ଵ(𝑚ଵ − 1)𝑅∗ଶ + +𝑎 ቆ12𝜎ଶଶ + න (𝛾ଶ(𝑧) − ln൫1 + 𝛾ଶ(𝑧)൯Πଵ(𝑑𝑧)ℝ + න (𝛿ଶ(𝑧) − ln൫1 + 𝛿ଶ(𝑧)൯Πଶ(𝑑𝑧)ℝ ቇ 𝐼∗ + 𝑎2න |𝛿ଶ(𝑧)|Πଶ(𝑑𝑧)ℝ . 

 

Due to conditions (12) we can choose  0 < 𝑏 < 𝜇𝜌ଶ ቆ2(𝜇 + 𝜀 + 𝜌) − 𝜎ଵଶ − 2න 𝛾ଵଶ(𝑧)Πଵ(𝑑𝑧)ℝ − න (2𝛿ଵଶ(𝑧) + 3|𝛿ଵ(𝑧)| + |𝛿ଶ(𝑧)|)Πଶ(𝑑𝑧)ℝ ቇ,  

and we obtain that 𝑘௜ > 0,𝑚௜ > 1, 𝑖 = 1, 2, 3.  
From (13) we derive 𝑑𝐹൫𝑆(𝑡), 𝐼(𝑡),𝑅(𝑡)൯ = 𝑑𝐹ଵ൫𝑆(𝑡), 𝐼(𝑡)൯ + 𝑑𝐹ଶ൫𝑅(𝑡)൯ = 𝐿𝐹൫𝑆(𝑡), 𝐼(𝑡),𝑅(𝑡)൯𝑑𝑡+𝑑𝐽௦௧௢௖௛(𝑡), (17) 
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where 𝑑𝐽௦௧௢௖௛(𝑡) = (𝑆(𝑡) − 𝑆∗ + 𝐼(𝑡) − 𝐼∗)𝜎ଵ𝑆(𝑡)𝑑𝑤ଵ(𝑡) + (𝑆(𝑡) − 𝑆∗ + 𝐼(𝑡) − 𝐼∗)𝜎ଶ𝐼(𝑡)𝑑𝑤ଶ(𝑡) + 𝑎(𝐼(𝑡) − 𝐼∗)𝜎ଶ𝑑𝑤ଶ(𝑡) + +න ൤(𝑆(𝑡ି) − 𝑆∗ + 𝐼(𝑡ି) − 𝐼∗)൫𝛾ଵ(𝑧)𝑆(𝑡ି) + 𝛾ଶ(𝑧)𝐼(𝑡ି)൯ + 12ℝ ൫𝛾ଵ(𝑧)𝑆(𝑡ି) + 𝛾ଶ(𝑧)𝐼(𝑡ି)൯ଶ + 

+𝑎(𝛾ଶ(𝑧)𝐼(𝑡ି) − 𝐼∗ ln(1 + 𝛾ଶ(𝑧))]𝜈෤ଵ(𝑑𝑡,𝑑𝑧) + න ൣ(𝑆(𝑡ି) − 𝑆∗ + 𝐼(𝑡ି) − 𝐼∗)൫𝛿ଵ(𝑧)𝑆(𝑡ି) + 𝛿ଶ(𝑧)𝐼(𝑡ି)൯ℝ + + 12 ൫𝛿ଵ(𝑧)𝑆(𝑡ି) + 𝛿ଶ(𝑧)𝐼(𝑡ି)൯ଶ + 𝑎(𝛿ଶ(𝑧)𝐼(𝑡ି) − 𝐼∗ ln(1 + 𝛿ଶ(𝑧))]𝜈෤ଶ(𝑑𝑡,𝑑𝑧) +  𝑏(𝑅(𝑡) − 𝑅∗)𝜎ଷ𝑅(𝑡)𝑑𝑤ଷ(𝑡) + +න ൤𝑏(𝑅(𝑡ି) − 𝑅∗)𝛾ଷ(𝑧)𝑅(𝑡ି) + 12 𝑏𝛾ଷଶ(𝑧)𝑅ଶ(𝑡ି)൨ℝ 𝜈෤ଵ(𝑑𝑡,𝑑𝑧) + 

+න ൤𝑏(𝑅(𝑡ି) − 𝑅∗)𝛿ଷ(𝑧)𝑅(𝑡ି) + 12 𝑏𝛿ଷଶ(𝑧)𝑅ଶ(𝑡ି)൨ℝ 𝜈෤ଶ(𝑑𝑡,𝑑𝑧). 
 

Let 𝑛଴ ∈ ℕ be sufficiently large for 𝑆(0) ∈ ቂ ଵ௡బ ,𝑛଴ቃ, 𝐼(0) ∈ ቂ ଵ௡బ ,𝑛଴ቃ and 𝑅(0) ∈ ቂ ଵ௡బ ,𝑛଴ቃ. For any 𝑛 ≥ 𝑛଴ we define the stopping 

time  𝜏௡ = inf ൜𝑡 ≥ 0:𝑋(𝑡) ∉ ቀଵ௡ ,𝑛ቁଷൠ, where 𝑋(𝑡) = (𝑆(𝑡), 𝐼(𝑡),𝑅(𝑡)), (𝑆(𝑡), 𝐼(𝑡),𝑅(𝑡)) is the solution to the system (4).  According 
to Theorem 1, the system (4) has a unique global (no explosion in the finite time interval) solution (𝑆(𝑡), 𝐼(𝑡),𝑅(𝑡)), and  lim௡→ஶ 𝜏௡ = +∞ a.s. Integrating both sides of (17) from 0 to 𝑡 ∧ 𝜏௡, then taking expectations, and applying inequality (16) we obtain 0 ≤ 𝐹൫𝑆(𝑡 ∧ 𝜏௡), 𝐼(𝑡 ∧ 𝜏௡),𝑅(𝑡 ∧ 𝜏௡)൯ ≤  𝐹൫𝑆(0), 𝐼(0),𝑅(0)൯ − −𝐸 ቈන ൬𝑘ଵ2 (𝑆(𝑣) −𝑚ଵ𝑆∗)ଶ + 𝑘ଶ2𝜇 (𝐼(𝑣) −𝑚ଶ𝐼∗)ଶ + 𝑏𝑘ଷ2 (𝑅 −𝑚ଶ𝑅∗)ଶ൰ 𝑑𝑣௧∧ఛ೙଴ ቉ + 𝑀(𝜎, 𝛾, 𝛿)𝑡 ≤ ≤  𝐹൫𝑆(0), 𝐼(0),𝑅(0)൯ −  𝐾(𝜎, 𝛾, 𝛿)𝐸 ቈන ((𝑆(𝑣) −𝑚ଵ𝑆∗)ଶ + (𝐼(𝑣) −𝑚ଶ𝐼∗)ଶ + (𝑅 −𝑚ଶ𝑅∗)ଶ)𝑑𝑣௧∧ఛ೙଴ ቉ + 𝑀(𝜎, 𝛾, 𝛿)𝑡 (18) 

where 𝐾(𝜎, 𝛾, 𝛿) = min ቄ௞భଶ , ௞మଶఓ , ௕௞యଶ  ቅ . 
If 𝑛 → ∞, then from (18) we have 1𝑡 𝐸 ቈන ((𝑆(𝑣) −𝑚ଵ𝑆∗)ଶ + (𝐼(𝑣) −𝑚ଶ𝐼∗)ଶ + (𝑅 −𝑚ଶ𝑅∗)ଶ)𝑑𝑣௧

଴ ቉ ≤ 1𝐾(𝜎, 𝛾, 𝛿)𝑡 ൣ𝐹൫𝑆(0), 𝐼(0),𝑅(0)൯ + 𝑀(𝜎, 𝛾, 𝛿)𝑡൧. (19) 

If 𝑡 → ∞, then we have from (19) lim sup௧→ஶ 1𝑡  𝐸 ቈන {(𝑆(𝑣) −𝑚ଵ𝑆∗)ଶ + (𝐼(𝑣) −𝑚ଶ𝐼∗)ଶ + (𝑅(𝑣) −𝑚ଷ𝑅∗)ଶ}𝑑𝑣௧
଴ ቉ ≤ 𝑀(𝜎, 𝛾, 𝛿)𝐾(𝜎, 𝛾, 𝛿).  

The proof of the theorem is completed. 

Remark 2. If 𝛾௜(𝑧) ≡ 0,𝛿௜(𝑧) ≡ 0, 𝑖 = 1,2,3, then Theorem 3 is Theorem 4.1 from (Jiang et al., 2011).  

Discussion and conclusions 
The existence and uniqueness of the global positive solution are proved for the system of stochastic differential equations 

describing a non-autonomous SIR model disturbed by white noise, centered and non-centered Poisson noises. In the 
deterministic case there is a threshold of the system for an epidemic to occur, so called the basic reproduction number. 
Depending on the value of the reproduction number there is the disease-free equilibrium, or there is an endemic equilibrium, 
which implies the disease always remains. In the case of the autonomous stochastic SIR model, we study the asymptotic 
behavior of the solution to the corresponding system of stochastic differential equations around these points of equilibrium.   
 
Authors' contribution: Oleksandr Borysenko – conceptualization, writing and editing; Olga Borysenko – methodology, writing-viewing and 
editing. 
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СТОХАСТИЧНА SIR-МОДЕЛЬ ІЗ ПУАССОНІВСЬКИМИ ШУМАМИ 

 
Ураховуючи негативний вплив інфекційних захворювань на зростання популяції, важливо зрозуміти динаміку поведінки таких 

захворювань. У вивченні розповсюдження інфекційних захворювань широко використовують детерміновані математичні SIR-моделі. У 
реальному світі є багато випадкових чинників, що впливають на динаміку поширення інфекційних захворювань, тому використання 
стохастичних моделей є більш виправданим. Якщо під час побудови математичної моделі ми хочемо брати до уваги такі збурення, яким 
піддається довкілля, як пожежі, землетруси тощо, то ми маємо вводити в популяційну модель пуассонівські шуми, щоб описувати такі 
системи зі стрибками. Ми довели існування і єдиність глобального додатного розв'язку системи стохастичних диференціальних 
рівнянь, що описує неавтономну SIR-модель, збурену білим шумом, центрованим і нецентрованим пуассонівськими шумами. У 
детермінованому автономному випадку існує поріг системи, так зване основне репродуктивне число, за якого відбувається епідемія. 
Залежно від величини репродуктивного числа існує рівновага, вільна від захворювання, або ендемічна рівновага, яка означає, що 
захворювання залишається назавжди. Щодо автономної стохастичної SIR-моделі зі стрибками, ми вивчили  асимптотичну поведінку 
розв'язку відповідної системи стохастичних диференціальних рівнянь навколо цих точок рівноваги.  

 
К л ю ч о в і  с л о в а :  стохастична SIR-модель, шум довкілля, центрований і нецентрований пуассонівські шуми, глобальний 

додатний розв'язок, рівновага вільна від захворювання, ендемічна рівновага, асимптотична поведінка. 
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