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Дослiджується задача оптимального оцiнювання лiнiйних функцiоналiв вiд невiдомих зна-
чень стохастичної послiдовностi з перiодично стацiонарними приростами на основi спостере-
жень послiдовностi зi стацiонарним шумом. Для послiдовностей з вiдомими спектральними
щiльностями отримано формули для обчислення значень середньоквадратичних похибок та спе-
ктральних характеристик оптимальних оцiнок функцiоналiв. Формули, що визначають най-
менш сприятливi спектральнi щiльностi та мiнiмаксно-робастнi спектральнi характеристики
оптимальних лiнiйних оцiнок функцiоналiв пропонуються у випадку, коли спектральнi щiльно-
стi послiдовностей точно невiдомi, а вказанi множини допустимих спектральних щiльностей.
Ключовi слова: перiодично стацiонарнi прирости, мiнiмаксно-робастна оцiнка, найменш сприя-
тлива спектральна щiльнiсть, мiнiмаксно-робастнi спектральнi характеристики.

The problem of optimal estimation of linear functionals constructed from the unobserved values
of a stochastic sequence with periodically stationary increments based on observations of the sequence
with stationary noise is considered. For sequences with known spectral densities, we obtain formulas for
calculating values of the mean square errors and the spectral characteristics of the optimal estimates of
the functionals. Formulas that determine the least favorable spectral densities and the minimax-robust
spectral characteristics of the optimal linear estimates of functionals are proposed in the case where
spectral densities of the sequence are not exactly known while some sets of admissible spectral densities
are specified.
Key Words: periodically stationary increments, minimax-robust estimate, least favorable spectral densi-
ty, minimax-robust spectral characteristics.

Introduction

The non-stationary and long memory time seri-
es models are of constant interest of researchers
in the past decade (see, for example, papers by
Dudek, Hurd and Wojtowicz [5], Johansen and Ni-
elsen [12], Reisen et al. [38]). These models are
used when analyzing data which arise in different
field of economics, finance, climatology, air polluti-
on, signal processing.

Since the first edition of the book by Box
and Jenkins (1970), autoregressive moving average
(ARMA) models integrated of order d are a
standard tool for time series analysis. These

models are described by the equation

ψ(B)(1−B)dxt = θ(B)εt. (1)

where εt, t ∈ Z, are zero mean i.i.d. random vari-
ables, ψ(z), θ(z) are polynomials of p and q degrees
respectively with roots outside the unit circle. This
integrated ARIMA model is generalized by adding
a seasonal component. A new model is described
by the equation (see new edition of the book by
Box and Jenkins [3] for details)

Ψ(Bs)(1−Bs)Dxt = Θ(Bs)εt, (2)

where Ψ(z) and Θ(z) are polynomials of degrees
of P and Q respectively which have roots outside
the unit circle.
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When the ARIMA sequence determined by
equation (1) is inserted into (2) instead of εt, we
have a general multiplicative model

Ψ(Bs)ψ(B)(1−B)d(1−Bs)Dxt = Θ(Bs)θ(B)εt
(3)

with parameters (p, d, q) × (P,D,Q)s, d,D ∈ N∗,
called SARIMA (p, d, q)× (P,D,Q)s model.

A good performance is shown by models whi-
ch include a fractional integration, that is when
parameters d and D are fractional. We refer to the
paper by Porter-Hudak [37] who studied a seasonal
ARFIMA model and applied it to the monetary
aggregates used by U.S. Federal Reserve.

Another type of non-stationarity is descri-
bed by periodically correlated, or cyclostationary,
processes introduced by Gladyshev [8]. These
processes are widely used in signal processing and
communications (see Napolitano [35] for a review
of recent works on cyclostationarity and its appli-
cations). Periodic time series may be considered as
an extension of a SARIMA model (see Lund [19]
for a test assessing if a PARMAmodel is preferable
to a SARMA one) and are suitable for forecasti-
ng stream flows with quarterly, monthly or weekly
cycles (see Osborn [36]). Baek, Davis and Pi-
piras [1] introduced a periodic dynamic factor
model (PDFM) with periodic vector autoregressi-
ve (PVAR) factors, in contrast to seasonal VARI-
MA factors. Basawa, Lund and Shao [2] investi-
gated first-order seasonal autoregressive processes
with periodically varying parameters.

The models mentioned above are used in esti-
mation of model’s parameters and forecast issues.
Note, that direct application of the developed
results to real data may lead to significant
increasing of values of errors of estimates due
to the presence of outliers, measurement errors,
incomplete information about the spectral, or
model, structure etc. This is a reason of increasing
interest to robust methods of estimation that are
reasonable in such cases. For example, Reisen et al.
[39] proposed a semiparametric robust estimator
for the fractional parameters in the SARFIMA
model and illustrated its application to forecasti-
ng of sulfur dioxide SO2 pollutant concentrations.
Solci et al. [41] proposed robust estimates of peri-
odic autoregressive (PAR) model.

Robust approaches are successfully applied to
the problem of estimation of linear functionals
from unobserved values of stochastic processes.
The paper by Grenander [9] should be marked

as the first one where the minimax extrapolation
problem for stationary processes was formulated
as a game of two players and solved. Hosoya
[11], Kassam [14], Kassam and Poor [15], Franke
[6], Vastola and Poor [42], Moklyachuk [24] –
[29], Liu et al. [18] studied minimax extrapolati-
on (forecasting), interpolation (missing values
estimation) and filtering (smoothing) problems
for the stationary sequences and processes.
Recent results of minimax extrapolation problems
for stationary vector processes and periodically
correlated processes belong to Moklyachuk and
Masyutka [31, 32], Moklyachuk and Golichenko
(Dubovets’ka) [4, 30] respectively. Processes wi-
th stationary increments are investigated by
Luz and Moklyachuk [20]–[22]. We also menti-
on works by Moklyachuk and Sidei [33, 34],
Masyutka, Moklyachuk and Sidei [23], where the
minimax estimates of stationary processes from
observations with missed values are investigated.
Moklyachuk and Kozak [17] studied the problem
of interpolation of stochastic sequences with peri-
odically stationary increments.

In this article we present results of investi-
gation of the estimation problem for stochastic
sequences with periodically stationary increments.
In Section 1 we give definition of stochastic
sequences ξ(m) with periodically stationary
(periodically correlated) increments. These non-
stationary stochastic sequences combine periodic
structure of covariation functions of sequences
as well as the integrating one. The section also
contains a short review of the spectral theory
of vector-valued stationary increment sequences.
Section 2 deals with the classical estimation
problem for linear functionals in the case where
spectral structure of the sequences ξ(m) and η(m)
are exactly known. Estimates are obtained by
representing the sequence ξ(m) with periodically
stationary increments as a vector sequence ~ξ(m)
with stationary increments and applying the Hi-
lbert space projection technique. In Section 3,
we derive the minimax-robust estimates in the
case, where spectral densities of sequences are
not exactly known while some sets of admissi-
ble spectral densities are specified. In Subsecti-
on 3.1 we describe relations which determine the
least favourable spectral densities and the mini-
max spectral characteristics of the optimal esti-
mates of linear functionals for some sets of admi-
ssible spectral densities which are generalizations
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of the corresponding sets of admissible spectral
densities described in a survey article by Kassam
and Poor [15] for the case of stationary stochastic
processes.

1 Stochastic sequences with periodically
stationary increments

In this section, we present a brief review of the
spectral theory of stochastic sequences with peri-
odically stationary nth increments.

Consider a stochastic sequence {ξ(m),m ∈
Z}. By Bµ denote a backward shift operator with
the step µ ∈ Z, such that Bµξ(m) = ξ(m − µ);
B := B1. Recall the following definition [22, 43].

Definition 1.1. For a given stochastic sequence
{ξ(m),m ∈ Z}, the sequence

ξ(n)(m,µ) = (1−Bµ)nξ(m) =

=

n∑
l=0

(−1)l
(
n

l

)
ξ(m− lµ), (4)

where
(
n
l

)
= n!

l!(n−l)! , is called stochastic nth
increment sequence with step µ ∈ Z.

The stochastic nth increment sequence
ξ(n)(m,µ) satisfies the following relations:

ξ(n)(m,−µ) = (−1)nξ(n)(m+ nµ, µ),

ξ(n)(m, kµ) =

(k−1)n∑
l=0

Alξ
(n)(m− lµ, µ), k ∈ N,

where coefficients {Al, l = 0, 1, 2, . . . , (k−1)n} are
determined by the representation

(1 + x+ . . .+ xk−1)n =

(k−1)n∑
l=0

Alx
l.

Definition 1.2. The stochastic nth increment
sequence ξ(n)(m,µ) generated by stochastic
sequence {ξ(m),m ∈ Z} is wide sense stationary
if the mathematical expectations

Eξ(n)(m0, µ) = c(n)(µ),

Eξ(n)(m0 +m,µ1)ξ
(n)(m0, µ2) = D(n)(m,µ1, µ2)

exist for all m0, µ,m, µ1, µ2 and do not depend
on m0. The function c(n)(µ) is called the mean
value of the nth increment sequence ξ(n)(m,µ)
and the function D(n)(m,µ1, µ2) is called the

structural function of the stationary nth increment
sequence (or structural function of nth order of the
stochastic sequence {ξ(m),m ∈ Z}).
The stochastic sequence {ξ(m),m ∈ Z} which
determines the stationary nth increment sequence
ξ(n)(m,µ) by formula (4) is called the stochastic
sequence with stationary nth increments (or
integrated sequence of order n)

Theorem 1.1. The mean value c(n)(µ) and
the structural function D(n)(m,µ1, µ2) of the
stochastic stationary nth increment sequence
ξ(n)(m,µ) can be represented in the forms

c(n)(µ) = cµn, (5)

D(n)(m;µ1, µ2) =∫ π

−π
eiλm(1− e−iµ1λ)n(1− eiµ2λ)n

1

λ2n
dF (λ), (6)

where c is a constant, F (λ) is a left-continuous
nondecreasing bounded function such that
F (−π) = 0. The constant c and the function F (λ)
are determined uniquely by the increment sequence
ξ(n)(m,µ).
On the other hand, a function c(n)(µ) which
has form (5) with a constant c and a function
D(n)(m;µ1, µ2) which has form (6) with a functi-
on F (λ) which satisfies the indicated conditions
are the mean value and the structural function of
a stationary nth increment sequence ξ(n)(m,µ).

Note that we will call by spectral function and
spectral density of the stochastic sequence with
stationary increments the spectral function and
the spectral density of the corresponding stati-
onary increment sequence.

Making use of representation (6) and the
Karhunen theorem [13, 7] one can obtain the
spectral representation of the stationary nth
increment sequence ξ(n)(m,µ):

ξ(n)(m,µ) =

∫ π

−π
eimλ(1− e−iµλ)n

1

(iλ)n
dZξ(n)(λ),

(7)
where Zη(n)(λ) is a stochastic process with
uncorrelated increments on [−π, π) connected wi-
th the spectral function F (λ) by the relation
(−π 6 λ1 < λ2 < π)

E|Zξ(n)(λ2)− Zξ(n)(λ1)|
2 = F (λ2)− F (λ1) <∞.
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Definition 1.3. A stochastic sequence {ξ(m),m ∈
Z} is called stochastic sequence with periodically
stationary (periodically correlated) increments wi-
th period T if the nth increment sequence

ξ(n)(m,µT ) = (1−BµT )nξ(m)

is stationary.

It follows from Definition 1.3 that the
sequence

ξp(m) = ξ(mT+p−1), p = 1, 2, . . . , T ;m ∈ Z (8)

forms a vector-valued sequence ~ξ(m) =
{ξp(m)}p=1,2,...,T ,m ∈ Z with stationary nth
increments. Really, for all p = 1, 2, . . . , T ,

ξ(n)p (m,µ) =
n∑
l=0

(−1)l
(
n

l

)
ξp(m− lµ) =

=
n∑
l=0

(−1)l
(
n

l

)
ξ((m− lµ)T + p− 1) =

= ξ(n)(mT + p− 1, µT ),

where ξ(n)p (m,µ) is the nth increment of the p-th
component of the vector-valued sequence ~ξ(m).

Theorem 1.2. The structural function
D(n)(m,µ1, µ2) of the vector-valued stochastic
stationary nth increment sequence ~ξ(n)(m,µ) can
be represented in the form

D(n)(m;µ1, µ2) =

=

∫ π

−π
eiλm(1− e−iµ1λ)n(1− eiµ2λ)n

1

λ2n
dF (λ),

(9)

where F (λ) is the matrix-valued spectral function
of the stationary stochastic sequence ~ξ(n)(m,µ).
The stationary nth increment sequence ~ξ(n)(m,µ)
admits the spectral representation

~ξ(n)(m,µ) =

∫ π

−π
eimλ(1− e−iµλ)n

1

(iλ)n
d~Zξ(n)(λ),

(10)
where d~Zξ(n)(λ) = {Zp(λ)}Tp=1 is a (vector-valued)
stochastic process with uncorrelated increments on
[−π, π) connected with the spectral function F (λ)
by the relation

E(Zp(λ2)− Zp(λ1))(Zq(λ2)− Zq(λ1)) =

= Fpq(λ2)− Fpq(λ1),−π 6 λ1 < λ2 < π.

2 Hilbert space projection method of esti-
mation

Consider a vector-valued stochastic sequence with
stationary nth increments ~ξ(m) constructed from
the sequence ξ(m) with the help of transformati-
on (8). Let the stationary nth increment sequence
~ξ(n)(m,µ) = {ξ(n)p (m,µ)}Tp=1 has an absolutely
continuous spectral function F (λ) and the spectral
density f(λ) = {fij(λ)}Ti,j=1.

Let ~η(m) = {ηp(m)}Tp=1 be an uncorrelated
with the sequence ξ(m) stationary stochastic
sequence with absolutely continuous spectral
function G(λ) and spectral density g(λ) =
{gij(λ)}Ti,j=1.

We will assume that the mean values of
the increment sequence ~ξ(n)(m,µ) and stationary
sequence ~η(m) equal to 0. We will also consider
the increment step µ > 0.

Consider the problem of mean square optimal
linear estimation of the functional

AN~ξ =
N∑
k=0

(~a(k))>~ξ(k) (11)

which depend on the unobserved values of the
stochastic sequence ~ξ(k) = {ξp(k)}Tp=1 with stati-
onary nth increments. Estimates are based on
observations of the sequence ~ζ(m) = ~ξ(m) + ~η(m)
at points of the set Z \ {0, 1, 2 . . . , N}.

Assume that spectral densities f(λ) and g(λ)
satisfy the minimality condition∫ π

−π
Tr
[

λ2n

|1− eiλµ|2n
(f(λ) + λ2ng(λ))−1

]
dλ <∞.

(12)
This is the necessary and sufficient condition
under which the mean square errors of the opti-
mal estimates of the functional AN~ξ is not equal
to 0.

The classical Hilbert space estimation techni-
que proposed by Kolmogorov [16] can be described
as a 3-stage procedure: (i) define a target element
of the space H = L2(Ω,F ,P) to be estimated, (ii)
define a subspace of H generated by observations,
(iii) find an estimate of the target element as an
orthogonal projection on the defined subspace.

Stage i. The functional AN~ξ does not belong
to the space H. With the help of the followi-
ng lemma we describe representations of the
functional as a sum of a functional with finite
second moments belonging to H and a functional
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depending on observed values of the sequence ~ζ(k)
(“initial values”).

Lemma 2.1. The functional AN~ζ admits the
representation

AN~ξ = AN~ζ −AN~η = HN
~ξ − VN~ζ, (13)

where
HN

~ξ := BN~ζ −AN~η,

AN~ζ =
N∑
k=0

(~a(k))>~ζ(k), AN~η =
N∑
k=0

(~a(k))>~η(k),

BN~ζ =
N∑
k=0

(~bN (k))>~ζ(n)(k, µ),

VN~ζ =

−1∑
k=−µn

(~vN (k))>~ζ(k),

the coefficients ~vN (k)) = {vN,p(k)}Tp=1, k =

−1,−2, . . . ,−µn and ~bN (k)) = {bN,p(k)}Tp=1, k =
0, 1, . . . , N are calculated by the formulas

vN,p(k) =

min
{[

N−k
µ

]
,n
}∑

l=
[
− k
µ

]′ (−1)l
(
n

l

)
bN,p(lµ+ k),

k = −1,−2, . . . ,−µn, (14)

bN,p(k) =
N∑

m=k

ap(m)dµ(m− k) = (Dµ
NaN,p)k,

k = 0, 1, . . . , N, (15)

coefficients {dµ(k) : k > 0} are determined by the
relationship

∞∑
k=0

dµ(k)xk =

 ∞∑
j=0

xµj

n

,

Dµ
N is a linear transformation determined by a

matrix with the entries (Dµ
N )k,j = dµ(j − k) if

0 6 k 6 j 6 N , and (Dµ
N )k,j = 0 if 0 6

j < k 6 N ; Dµ
NaN = {Dµ

NaN,p}Tp=1, aN,p =

(ap(0), ap(1), ap(2), . . . , ap(N))>, p = 1, 2, . . . , T .

The functional HN
~ξ from representation (13)

has finite variance and the functional VN~ζ depends
on the known observations of the stochastic
sequence ~ζ(k) at points k = −µn,−µn +
1, . . . ,−1. Therefore, estimates ÂN~ξ and ĤN

~ξ of

the functionals AN~ξ and HN
~ξ and the mean-

square errors ∆(f, g; ÂN~ξ) = E|AN~ξ − ÂN~ξ|2 and
∆(f, g; ĤN

~ξ) = E|HN
~ξ − ĤN

~ξ|2 of the estimates
ÂN~ξ and ĤN

~ξ satisfy the following relations

ÂN~ξ = ĤN
~ξ − VN~ζ, (16)

∆(f, g; ÂN~ξ) = E|AN~ξ − ÂN~ξ|2 =

= E|HN
~ξ − ĤN

~ξ|2 = ∆(f, g; ĤN
~ξ).

Therefore, the estimation problem for the functi-
onal AN~ξ is equivalent to the estimation problem
for the functional HN

~ξ. This problem can be
solved by applying the Hilbert space projection
method proposed by Kolmogorov [16].

The stationary stochastic sequence ~η(m)
admits the spectral representation

~η(m) =

∫ π

−π
eiλmd~Zη(λ),

where ~Zη(λ) is a random process with uncorrelated
increments on [−π, π) corresponding to the
spectral function G(λ). The random processes
~Zη(λ) and ~Zη(n)(λ) are connected by the relation
d~Zη(n)(λ) = (iλ)nd~Zη(λ), λ ∈ [−π, π), obtained
in [20]. The spectral density p(λ) of the sequence
~ζ(m) is determined by spectral densities f(λ) and
g(λ) by the relation

p(λ) = f(λ) + λ2ng(λ).

With the help of the spectral representations
of stochastic sequences involved we can write the
following spectral representation of the functional

HN
~ξ =∫ π

−π

(
~Bµ,N (eiλ)

)> (1− e−iλµ)n

(iλ)n
d~Zξ(n)+η(n)(λ)−

−
∫ π

−π

(
~AN (eiλ)

)>
d~Zη(λ),

where

~Bµ,N (eiλ) =
N∑
k=0

~bµ,N (k)eiλk =

=

N∑
k=0

(Dµ
NaN )ke

iλk, ~AN (eiλ) =

N∑
k=0

~a(k)eiλk.

At stage ii, we deal with the following notati-
ons. Denote by H0−(ξ

(n)
µ + η

(n)
µ ) the closed li-

near subspace generated by values {ξ(n)p (k, µ) +

η
(n)
p (k, µ) : p = 1, . . . , T ; k = −1,−2,−3, . . . } in
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the Hilbert space H = L2(Ω,F ,P) of random
variables γ with zero mean value, Eγ = 0, fini-
te variance, E|γ|2 < ∞, and the inner product
(γ1; γ2) = Eγ1γ2.

Denote by HN+(ξ
(n)
−µ + η

(n)
−µ) the closed linear

subspace of the Hilbert space H = L2(Ω,F ,P)

generated by elements {ξ(n)p (k,−µ) + η
(n)
p (k,−µ) :

p = 1, . . . , T ; k > N + 1}.
The equality ξ

(n)
p (k,−µ) = (−1)nξ

(n)
p (k +

µn, µ) implies

HN+(ξ
(n)
−µ + η

(n)
−µ) = H(N+µn)+(ξ(n)µ + η(n)µ ).

Denote by L0−
2 (f(λ) + λ2ng(λ)) and

LN+
2 (f(λ) + λ2ng(λ)) the closed linear subspaces

of the Hilbert space L2(f(λ) + λ2ng(λ)) of
vector-valued functions with the inner product
〈g1; g2〉 =

∫ π
−π(g1(λ))>(f(λ) + λ2ng(λ))g2(λ)dλ

which is generated by the functions

eiλk(1− e−iλµ)n
1

(iλ)n
δl, δl = {δlp}Tp=1,

l = 1, . . . , T ; k 6 −1, ; k > N + 1,

respectively, where δlp are Kronecker symbols.
The representation

~ξ(n)(k, µ) + ~η(n)(k, µ) =

=

∫ π

−π
eiλk(1− e−iλµ)n

1

(iλ)n
d~Zξ(n)+η(n)(λ)

yields a one to one correspondence between
elements eiλk(1− e−iλµ)n(iλ)−n of the space

L0−
2 (f(λ) + λ2ng(λ))⊕ LN+

2 (f(λ) + λ2ng(λ))

and elements ~ξ(n)(k, µ) + ~η(n)(k, µ) of the space

H0−(ξ(n)µ + η(n)µ )⊕HN+(ξ
(n)
−µ + η

(n)
−µ) =

= H0−(ξ(n)µ + η(n)µ )⊕H(N+µn)+(ξ(n)µ + η(n)µ ).

Relation (16) implies that every linear esti-
mate Â~ξ of the functional A~ξ can be represented
in the form

ÂN~ξ =

∫ π

−π
(~hµ,N (λ))>d~Zξ(n)+η(n)(λ)−

−
−1∑

k=−µn
(~vµ(k))>(~ξ(k) + ~η(k)), (17)

where ~hµ,N (λ) = {hp(λ)}Tp=1 is the spectral
characteristic of the optimal estimate ĤN

~ξ.

At stage iii, we find the mean square
optimal estimate ĤN

~ξ as a projection of the
element HN

~ξ on the subspace H0−(ξ
(n)
µ + η

(n)
µ )⊕

H(N+µn)+(ξ
(n)
µ +η

(n)
µ ). This projection is determi-

ned by two conditions:
1) ĤN

~ξ ∈ H0−(ξ
(n)
µ +η

(n)
µ )⊕H(N+µn)+(ξ

(n)
µ +

η
(n)
µ );

2) (HN
~ξ − ĤN

~ξ) ⊥ H0−(ξ
(n)
µ + η

(n)
µ ) ⊕

H(N+µn)+(ξ
(n)
µ + η

(n)
µ ).

The second condition implies the following
relation which holds true for all k 6 −1 and
k > N + µn+ 1∫ π

−π

[(
~Bµ,N (eiλ)

(1− e−iλµ)n

(iλ)n
−~hµ,N (λ)

)>
p(λ)−

−( ~AN (eiλ)>g(λ)(−iλ)n
]

(1− eiλµ)n

(−iλ)n
e−iλkdλ = 0.

This relation allows us to derive the spectral
characteristic ~hµ,N (λ) of the estimate ĤN

~ξ whi-
ch can be represented in the form

(~hµ,N (λ))> = ( ~Bµ,N (eiλ))>
(1− e−iλµ)n

(iλ)n
−

− ~AN (eiλ)>g(λ)(−iλ)n(p(λ))−1−

−
(−iλ)n(~Cµ,N (eiλ))>

(1− eiλµ)n
(p(λ))−1, (18)

~Cµ,N (eiλ) =

N+µN∑
k=0

~cµ,N (k)eikλ,

~cµ,N (k) = {cµ,N,p(k)}Tp=1, k = 0, 1, . . . , N+µn, are
unknown coefficients to be found.

It follows from condition 1) that the following
equations should be satisfied for 0 6 j 6 N + µn∫ π

−π

[
( ~Bµ,N (eiλ))>−

− ( ~AN (eiλ)>g(λ)
(λ)2n

(1− e−iλµ)n
(p(λ))−1−

−
λ2n(~Cµ,N (eiλ))>

(1− e−iλµ)n(1− eiλµ)n
(p(λ))−1

]
e−ijλdλ = 0.

(19)

Define for 0 6 k, j 6 N the Fourier coeffici-
ents of the corresponding functions

Tµk,j =
1

2π

∫ π

−π
eiλ(j−k)

λ2ng(λ)

|1− eiλµ|2n
(p(λ))−1dλ;

Pµk,j =
1

2π

∫ π

−π
eiλ(j−k)

λ2n

|1− eiλµ|2n
(p(λ))−1dλ;
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Qk,j =
1

2π

∫ π

−π
eiλ(j−k)f(λ)g(λ)(p(λ))−1dλ.

Making use of the defined Fourier coefficients,
relation (19) can be presented as a system of N +
µn+ 1 linear equations determining the unknown
coefficients ~cµ,N (k), 0 6 k 6 N + µn.

~bµ,N (j)−
N+µn∑
m=0

Tµj,m~aµ,N (m) =

N+µn∑
k=0

Pµj,k~cµ,N (k),

0 6 j 6 N, (20)

−
N+µn∑
m=0

Tµj,m~aµ,N (m) =

N+µn∑
k=0

Pµj,k~cµ,N (k),

N + 1 6 j 6 N + µn, (21)

where coefficients {~aµ,N (m) : 0 6 m 6 N + µn}
are calculated by the formula

~aµ,N (m) =

min
{[

m
µ

]
,n
}∑

l=max

{[
m−N
µ

]′
,0

}(−1)l
(
n

l

)
~a(m−µl),

0 6 m 6 N + µn, (22)

Denote by [Dµ
NaN ]+µn a vector of dimension (N+

µn + 1)T which is constructed by adding (µn)T
zeros to the vector Dµ

NaN of dimension (N + 1)T .
Making use of this definition the system (20) –
(21) can be represented in the matrix form:

[Dµ
NaN ]+µn −Tµ

Na
µ
N = Pµ

Nc
µ
N ,

aµN = ((~aµ,N (0))>, (~aµ,N (1))>,

. . . , (~aµ,N (N + µn))>)>

cµN = ((~cµ,N (0))>, (~cµ,N (1))>,

. . . , (~cµ,N (N + µn))>)>

are vectors of dimension (N + µn+ 1)T ; Pµ
N and

Tµ
N are matrices of dimension (N+µn+1)T×(N+

µn + 1)T with T × T matrix elements (Pµ
N )j,k =

Pµj,k and (Tµ
N )j,k = Tµj,k, 0 6 j, k 6 N + µn.

Thus, the coefficients ~cµ,N (k), 0 6 k 6 N +
µn, are determined by the formula 0 6 k 6 N+µn

~cµ,N (k) =
(
(Pµ

N )−1[Dµ
NaN ]+µn − (Pµ

N )−1Tµ
Na

µ
N

)
k
,

where
(
(Pµ

N )−1[Dµ
NaN ]+µn − (Pµ

N )−1Tµ
Na

µ
N

)
k
,

0 6 k 6 N + µn, is the kth element of the vector
(Pµ

N )−1[Dµ
NaN ]+µn − (Pµ

N )−1Tµ
Na

µ
N .

The existence of the inverse matrix (Pµ
N )−1

was shown in [22] under condition (12).
The spectral characteristic ~hµ,N (λ) of the esti-

mate ĤNξ of the functional HNξ is calculated by
formula (18), where

~Cµ,N (eiλ) =

N+µn∑
k=0

(
(Pµ

N )−1[Dµ
NaN ]+µn−

− (Pµ
N )−1Tµ

Na
µ
N

)
k

eiλk. (23)

The value of the mean-square errors of the
estimates ÂN~ξ and ĤN

~ξ can be calculated by the
formula

∆(f, g; Â~ξ) = ∆(f, g; Ĥ~ξ) = E|H~ξ − Ĥ~ξ|2 =

=
1

2π

∫ π

−π

λ2n

|1− eiλµ|2n
[
(1− eiλµ)n( ~AN (eiλ))>g(λ) + (~Cµ,N (eiλ))>

]
×

×(p(λ))−1 f(λ) (p(λ))−1
[
(1− e−iλµ)n ~AN (e−iλ)g(λ) + (~Cµ,N (e−iλ))

]
dλ+

+
1

2π

∫ π

−π

1

|1− eiλµ|2n
[
(1− eiλµ)n( ~AN (eiλ))>f(λ)− (λ)2n(~Cµ,N (eiλ))>

]
×

×(p(λ))−1 g(λ) (p(λ))−1
[
(1− e−iλµ)n ~AN (e−iλ)f(λ)− (λ)2n(~Cµ,N (e−iλ))

]
dλ =

=
〈
[Dµ

NaN ]+µn −Tµ
Na

µ
N , (P

µ
N )−1[Dµ

NaN ]+µn − (Pµ
N )−1Tµ

Na
µ
N

〉
+ 〈QNaN ,aN 〉, (24)

where QN is a matrix of the dimension (N +
1)T × (N + 1)T with the T × T matrix elements
(QN )j,k = Qj,k, 0 6 j, k 6 N

Theorem 2.1. Let {~ξ(m),m ∈ Z} be a
stochastic sequence which defines the stationary
nth increment sequence ~ξ(n)(m,µ) with the
absolutely continuous spectral function F (λ) whi-

74



Вiсник Київського нацiонального унiверситету
iменi Тараса Шевченка
Серiя: фiзико-математичнi науки

2020, 3
Bulletin of Taras Shevchenko
National University of Kyiv

Series: Physics & Mathematics

ch has spectral density f(λ). Let {~η(m),m ∈ Z} be
an uncorrelated with the sequence ~ξ(m) stationary
stochastic sequence with an absolutely continuous
spectral function G(λ) which has spectral density
g(λ). Let the minimality condition ( 12) be satisfi-
ed. The optimal linear estimate ÂN~ξ of the functi-
onal AN~ξ which depends on the unknown values of
elements ~ξ(k), k = 0, 1, 2, . . . , N , from observati-
ons of the sequence ~ξ(m)+~η(m) at points of the set
Z \ {0, 1, 2, . . . , N} is calculated by formula ( 17).
The spectral characteristic ~hµ,N (λ) of the optimal
estimate ÂN~ξ is calculated by formulas ( 18), ( 23).
The value of the mean-square error ∆(f, g; ÂN~ξ)
is calculated by formula ( 24).

Corollary 2.1. The spectral characteristic ~hµ,N (λ)

(18) admits the representation ~hµ,N (λ) =
~h1µ,N (λ)− ~h2µ,N (λ), where

(~h1µ(λ))> =

= ( ~Bµ,N (eiλ))>
(1− e−iλµ)n

(iλ)n
− (−iλ)n

(1− eiλµ)n
×

×

(
N+µn∑
k=0

(
(Pµ

N )−1[Dµ
NaN ]+µn

)
k
eiλk

)>
(p(λ))−1,

(25)

(~h2µ,N (λ))> =

= ( ~AN (eiλ))>(−iλ)ng(λ)(p(λ))−1− (−iλ)n

(1− eiλµ)n
×

×

(
N+µn∑
k=0

(
(Pµ

N )−1Tµ
Na

µ
N

)
k
eiλk

)>
(p(λ))−1.

(26)

Here ~h1µ,N (λ) and ~h2µ,N (λ) are spectral characteri-
stics of the optimal estimates B̂N~ζ and ÂN~η of
the functionals BN~ζ and AN~η respectively based
on observations ~ξ(k) + ~η(k) at points of the set
Z \ {0, 1, 2, . . . , N}.

2.1 Estimation of stochastic sequences
with periodically stationary
increment

Consider the problem of mean square optimal li-
near estimation of the functional

AMϑ =

N∑
k=0

a(ϑ)(k)ϑ(k) (27)

which depend on unobserved values of the
stochastic sequence ϑ(m) with periodically stati-
onary increments. Estimates are based on
observations of the sequence ζ(m) = ϑ(m) + η(m)
at points of the set Z \ {0, 1, 2, . . . , N}.

The functional AMϑ can be represented in the
form

AMϑ =
M∑
k=0

a(ϑ)(k)ϑ(k) =

=

N∑
m=0

T∑
p=1

a(ϑ)(mT + p− 1)ϑ(mT + p− 1) =

=
N∑
m=0

T∑
p=1

ap(m)ξp(m) =

=
N∑
m=0

(~a(m))>~ξ(m) = AN~ξ,

where N = [MT ], the sequence ~ξ(m) is determined
by the formula

~ξ(m) = (ξ1(m), ξ2(m), . . . , ξT (m))>,

ξp(m) = ϑ(mT + p− 1); p = 1, 2, . . . , T ; (28)

(~a(m))> = (a1(m), a2(m), . . . , aT (m))>, ap(m) =

aϑ(mT + p− 1); 0 6 m 6 N ;mT + p− 1 6M ;

ap(N) = 0;M +1 6 NT +p−1 6 (N +1)T −1.
(29)

Making use of the introduced notations and
statements of Theorem 2.1 we can claim that the
following theorem holds true.

Theorem 2.2. Let a stochastic sequence ϑ(k)
with periodically stationary increments generate
by formula (28) a vector-valued stochastic
sequence ~ξ(m) which determine a stationary
stochastic nth increment sequence ~ξ(n)(m,µ)
with the spectral density matrix f(λ) =
{fij(λ)}Ti,j=1. Let {~η(m),m ∈ Z}, ~η(m) =

(η1(m), η2(m), . . . , ηT (m))>, ηp(m) = η(mT +
p − 1); p = 1, 2, . . . , T, be uncorrelated with the
sequence ~ξ(m) stationary stochastic sequence with
an absolutely continuous spectral function G(λ)
which has spectral density g(λ). Let the mini-
mality condition ( 12) be satisfied. Let coeffi-
cients ~a(k), k > 0 be determined by formula
(29). The optimal linear estimate ÂMζ of the
functional AMζ = AN~ξ based on observations
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of the sequence ζ(m) = ϑ(m) + η(m) at poi-
nts of the set Z \ {0, 1, 2, . . . , N} is calculated
by formula ( 17). The spectral characteristic
~hµ,N (λ) = {hµ,N,p(λ)}Tp=1 and the value of the
mean square error ∆(f ; ÂMζ) are calculated by
formulas ( 18), ( 23) and (24) respectively.

3 Minimax-robust method of estimation

The values of the mean square errors and the
spectral characteristics of the optimal estimate of
the functional AN~ξ depending on the unobserved
values of a stochastic sequence ~ξ(m) which
determine a stationary stochastic nth increment
sequence ~ξ(n)(m,µ) with the spectral density
matrix f(λ) based on observations of the sequence
~ξ(m) + ~η(m) at points Z \ {0, 1, 2, . . . , N} can be
calculated by formulas (18), (23), (24) respecti-
vely, under the condition that spectral densities
f(λ) and g(λ) of stochastic sequences ~ξ(m) and
~η(m) are exactly known.

In practical cases, however, spectral densities
of sequences usually are not exactly known. If in
such cases a set D = Df×Dg of admissible spectral
densities is defined, the minimax-robust approach
to estimation of linear functionals depending on
unobserved values of stochastic sequences wi-
th stationary increments may be applied. This
method consists in finding an estimate that mi-
nimizes the maximal values of the mean square
errors for all spectral densities from a given class
D = Df × Dg of admissible spectral densities si-
multaneously.

To formalize this approach we present the
following definitions.

Definition 3.1. For a given class of spectral densi-
tiesD = Df×Dg the spectral densities f0(λ) ∈ Df ,
g0(λ) ∈ Dg are called least favorable in the class D
for the optimal linear estimation of the functional
AN~ξ if the following relation holds true:

∆(f0, g0) = ∆(h(f0, g0); f0, g0) =

= max
(f,g)∈Df×Dg

∆(h(f, g); f, g).

Definition 3.2. For a given class of spectral densi-
ties D = Df ×Dg the spectral characteristic h0(λ)
of the optimal linear estimate of the functional
AN~ξ is called minimax-robust if there are satisfied
the conditions

h0(λ) ∈ HD =
⋂

(f,g)∈Df×Dg

L0−
2 (f(λ) + λ2ng(λ)),

min
h∈HD

max
(f,g)∈Df×Dg

∆(h; f, g) = max
(f,g)∈Df×Dg

∆(h0; f, g).

Taking into account the introduced definiti-
ons and the derived relations we can verify that
the following lemma holds true.

Lemma 3.1. The spectral densities f0 ∈ Df , g0 ∈
Dg which satisfy the minimality condition (12) are
least favorable in the class D = Df × Dg for the
optimal linear estimation of the functional AN~ξ
based on observations of the sequence ξ(m)+η(m)
at points m ∈ Z \ {0, 1, 2, . . . , N} if the matrices
(Pµ

N )0, (Tµ
N )0, (QN )0 whose elements are defined

by the Fourier coefficients of the functions

λ2ng0(λ)

|1− eiλµ|2n
(p0(λ))−1,

λ2n

|1− eiλµ|2n
(p0(λ))−1,

f0(λ)g0(λ)(p0(λ))−1

determine a solution of the constraint optimisation
problem

max
(f,g)∈Df×Dg

(〈
[Dµ

NaN ]+µn −Tµ
Naµ, (P

µ
N )−1×

×[Dµ
NaN ]+µn−(Pµ

N )−1Tµ
Na

µ
N

〉
+〈QNaN ,aN 〉

)
=〈

[Dµ
NaN ]+µn − (Tµ

N )0aµN , ((P
µ
N )0)−1[Dµ

NaN ]+µn

− ((Pµ
N )0)−1(Tµ

N )0aµN

〉
+ 〈Q0

NaN ,aN 〉. (30)

The minimax spectral characteristic h0 =
hµ,N (f0, g0) is calculated by formula (18) if
hµ,N (f0, g0) ∈ HD.

For more detailed analysis of properties of
the least favorable spectral densities and minimax-
robust spectral characteristics we observe that the
minimax spectral characteristic h0 and the least
favourable spectral densities (f0, g0) form a saddle
point of the function ∆(h; f, g) on the set HD×D.

The saddle point inequalities

∆(h; f0, g0) > ∆(h0; f0, g0) > ∆(h0; f, g)

∀f ∈ Df ,∀g ∈ Dg,∀h ∈ HD hold true if
h0 = hµ,N (f0, g0) and hµ,N (f0, g0) ∈ HD, where
(f0, g0) is a solution of the constraint optimisation
problem

∆̃(f, g) = −∆(hµ,N (f0, g0); f, g)→ inf, (f, g) ∈ D,
(31)

where the functional ∆(hµ,N (f0, g0); f, g) is
calculated by the formula
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∆(hµ,N (f0, g0); f, g) =

=
1

2π

∫ π

−π

λ2n

|1− eiλµ|2n
[
(1− eiλµ)n( ~AN (eiλ))>g0(λ) + (~C0

µ,N (eiλ))>
]
×

× (p0(λ))−1 f(λ) (p0(λ))−1
[
(1− e−iλµ)n ~AN (e−iλ)g0(λ) + ~C0

µ,N (e−iλ)
]
dλ+

+
1

2π

∫ π

−π

1

|1− eiλµ|2n
[
(1− eiλµ)n( ~AN (eiλ))>f0(λ)− (λ)2n(~C0

µ,N (eiλ))>
]
×

× (p0(λ))−1 g(λ) (p0(λ))−1
[
(1− e−iλµ)n ~AN (e−iλ)f0(λ)− (λ)2n ~C0

µ,N (e−iλ)
]
dλ,

where
~C0
µ,N (eiλ) =

∞∑
k=0

(((Pµ
N )0)−1[Dµ

NaN ]+µn − ((Pµ
N )0)−1(Tµ

N )0aµN )ke
ikλ.

The constrained optimisation problem (31)
is equivalent to the unconstrained optimisation
problem

∆D(f, g) = ∆̃(f, g)+δ(f, g|Df ×Dg)→ inf, (32)

where δ(f, g|Df ×Dg) is the indicator function of
the set D = Df × Dg. Solution (f0, g0) to this
unconstrained optimisation problem is characteri-
zed by the condition 0 ∈ ∂∆D(f0, g0), where
∂∆D(f0, g0) is the subdifferential of the functi-
onal ∆D(f, g) at point (f0, g0) ∈ D = Df ×
Dg. This condition makes it possible to find the
least favourable spectral densities in some special
classes of spectral densities D = Df ×Dg.

The form of the functional ∆(hµ,N (f0, g0); f, g)
is convenient for application the Lagrange method
of indefinite multipliers for finding solution to
the problem (32). Making use of the method of
Lagrange multipliers and the form of subdifferenti-
als of the indicator functions δ(f, g|Df × Dg) of
the set Df × Dg of spectral densities we describe
relations that determine least favourable spectral
densities in some special classes of spectral densi-
ties (see [29, 22] for additional details).

3.1 Least favorable spectral density in
classes D0 ×D1δ

Consider the problem of optimal linear esti-
mation of the functional AN~ξ which depends
on unobserved values of a sequence ~ξ(m) with
stationary increments based on observations of
the sequence ~ξ(m) + ~η(m) at points of the set
Z \ {0, 1, 2, . . . , N} under the condition that the
sets of admissible spectral densities Dkf0,Dk1δ, k =

1, 2, 3, 4 are defined as follows:

D1
f0 =

{
f

∣∣∣∣ 1

2π

∫ π

−π

|1− eiλµ|2n

|λ|2n
f(λ)dλ = P

}
,

D2
f0 =

{
f

∣∣∣∣ 1

2π

∫ π

−π

|1− eiλµ|2n

|λ|2n
Tr [f(λ)]dλ = p

}
,

D3
f0 =

{
f

∣∣∣∣ 1

2π

∫ π

−π

|1− eiλµ|2n

|λ|2n
fkk(λ)dλ = pk

}
,

D4
f0 =

{
f

∣∣∣∣ 1

2π

∫ π

−π

|1− eiλµ|2n

|λ|2n
〈B1, f(λ)〉 dλ = p

}
,

D1
1δ =

{
g

∣∣∣∣ 1

2π

∫ π

−π
|Tr(g(λ)− g1(λ))| dλ 6 δ

}
,

D2
1δ =

{
g

∣∣∣∣ 1

2π

∫ π

−π

∣∣gkk(λ)− g1kk(λ)
∣∣ dλ 6 δk

}
,

D3
1δ =

{
g

∣∣∣∣ 1

2π

∫ π

−π
|〈B2, g(λ)− g1(λ)〉| dλ 6 δ

}
,

D4
1δ =

{
g

∣∣∣∣ 1

2π

∫ π

−π

∣∣gij(λ)− g1ij(λ)
∣∣ dλ 6 δji

}
.

Here g1(λ) is a fixed spectral density, p, pk, k =
1, T , δ, δk, k = 1, T , δji , i, j = 1, T , are gi-
ven numbers, P,B1, B2 are given positive-definite
Hermitian matrices.

From the condition 0 ∈ ∂∆D(f0, g0) we find
the following equations which determine the least
favourable spectral densities for these given sets of
admissible spectral densities. Define

Cf0µ,N (eiλ) = (1− eiλµ)n ~AN (eiλ)g0(λ) + ~C0
µ,N (eiλ)

Cg0µ,N (eiλ) = (1− eiλµ)n ~AN (eiλ)f0(λ)−(λ)2n ~C0
µ,N (eiλ)

For the first set of admissible spectral densities
D1
f0 ×D1

1δ we have equations
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(
Cf0µ,N (eiλ)

)(
Cf0µ,N (eiλ)

)∗
=

(
|1− eiλµ|2n

|λ|2n
p0(λ)

)
× ~αf · ~α∗f

(
|1− eiλµ|2n

|λ|2n
p0(λ)

)
, (33)

(
Cg0µ,N (eiλ)

)(
Cg0µ,N (eiλ)

)∗
=

= β2γ2(λ)|1− eiλµ|2n
(
p0(λ)

)2
, (34)

1

2π

∫ π

−π
|Tr (g0(λ)− g1(λ))| dλ = δ, (35)

where ~αf , β2, are Lagrange multipliers, the functi-
on |γ2(λ)| 6 1 and

γ2(λ) = sign (Tr (g0(λ)− g1(λ))).

For the second set of admissible spectral densi-
ties D2

f0 ×D2
1δ we have equations(

Cf0µ,N (eiλ)
)(

Cf0µ,N (eiλ)
)∗

=

= α2
f

(
|1− eiλµ|2n

|λ|2n
(p0(λ))

)2

, (36)

(
Cg0µ,N (eiλ)

)(
Cg0µ,N (eiλ)

)∗
=
(
|1− eiλµ|np0(λ)

)
×
{
β2kγ

2
k(λ)δkl

}T
k,l=1

(
|1− eiλµ|np0(λ)

)
, (37)

1

2π

∫ π

−π

∣∣g0kk(λ)− g1kk(λ)
∣∣ dλ = δk, (38)

where α2
f , β

2
k are Lagrange multipliers, the functi-

ons
∣∣γ2k(λ)

∣∣ 6 1 and

γ2k(λ) = sign (g0kk(λ)− g1kk(λ)) : k = 1, T .

For the third set of admissible spectral densi-
ties D3

f0 ×D3
1δ we have equations

(
Cf0µ,N (eiλ)

)(
Cf0µ,N (eiλ)

)∗
=

(
|1− eiλµ|2n

|λ|2n
p0(λ)

)
×
{
α2
fkδkl

}T
k,l=1

(
|1− eiλµ|2n

|λ|2n
p0(λ)

)
, (39)

(
Cg0µ,N (eiλ)

)(
Cg0µ,N (eiλ)

)∗
= β2γ′2(λ)

×
(
|1− eiλµ|np0(λ)

)
B>2

(
|1− eiλµ|np0(λ)

)
,

(40)

1

2π

∫ π

−π
|〈B2, g0(λ)− g1(λ)〉| dλ = δ, (41)

where α2
fk, β

2 are Lagrange multipliers, the functi-
on |γ′2(λ)| 6 1 and

γ′2(λ) = sign 〈B2, g0(λ)− g1(λ)〉 .

For the fourth set of admissible spectral densi-
ties D4

f0 ×D4
1δ we have equations

(
Cf0µ,N (eiλ)

)(
Cf0µ,N (eiλ)

)∗
= α2

f×(
|1− eiλµ|2n

|λ|2n
p0(λ)

)
B>1

(
|1− eiλµ|2n

|λ|2n
p0(λ)

)
,

(42)

(
Cg0µ,N (eiλ)

)(
Cg0µ,N (eiλ)

)∗
=
(
|1− eiλµ|np0(λ)

)
× {βij(λ)γij(λ)}Ti,j=1

(
|1− eiλµ|np0(λ)

)
, (43)

1

2π

∫ π

−π

∣∣g0ij(λ)− g1ij(λ)
∣∣ dλ = δji , (44)

where α2
f , βij are Lagrange multipliers, the functi-

ons |γij(λ)| 6 1 and

γij(λ) =
g0ij(λ)− g1ij(λ)∣∣∣g0ij(λ)− g1ij(λ)

∣∣∣ : g0ij(λ)− g1ij(λ) 6= 0.

The following theorem holds true.

Theorem 3.1. The least favorable spectral densi-
ties f0(λ), g0(λ) in the classes Dkf0 × Dk1δ, k =
1, 2, 3, 4 for the optimal linear estimation of the
functional AN~ξ from observations of the sequence
~ξ(m)+~η(m) at points of the set Z\{0, 1, 2, . . . , N}
are determined by the minimality condition ( 12),
equations (33)–(35), (36)–(38), (39)–(41), (42)–
(44), respectively, the constrained optimization
problem ( 30), and restrictions on densities from
the corresponding classes Dkf0,Dk1δ, k = 1, 2, 3, 4.
The minimax-robust spectral characteristic of the
optimal estimate of the functional AN~ξ is determi-
ned by the formula ( 18).
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4 Conclusions

In this article, we present results of investigati-
on of stochastic sequences with periodically stati-
onary increments. We give definition of increment
sequence and introduce stochastic sequences wi-
th periodically stationary (periodically correlated,
cyclostationary) increments. These non-stationary
stochastic sequences combine periodic structure
of covariation functions of sequences as well as
integrating one.

We describe methods of solution of the classi-
cal estimation problem for linear functionals
constructed from unobserved values of a sequence
with periodically stationary increments. Estimates
are based on observations of the sequence wi-
th a stationary noise sequence. Estimates are
obtained by representing the sequence under
investigation as a vector-valued sequence with
stationary increments. The problem is investi-
gated in the case of spectral certainty, where
spectral densities of sequences are exactly known.
In this case we propose an approach based on
the Hilbert space projection method. We derive
formulas for calculating the spectral characteri-
stics and the mean-square errors of the opti-
mal estimates of the functionals. In the case of
spectral uncertainty where the spectral densiti-
es are not exactly known while, instead, some

sets of admissible spectral densities are specifi-
ed, the minimax-robust method is applied. We
propose a representation of the mean square error
in the form of a linear functional in L1 space wi-
th respect to spectral densities, which allows us
to solve the corresponding constrained optimizati-
on problem and describe the minimax-robust esti-
mates of the functionals. Formulas that determine
the least favorable spectral densities and minimax-
robust spectral characteristic of the optimal li-
near estimates of the functionals are derived for a
collection of specific classes of admissible spectral
densities.

These least favourable spectral density matri-
ces are solutions of the optimization problem
∆D(f, g) = ∆̃(f, g) + δ(f, g|Df × Dg) → inf,
where δ(f, g|Df ×Dg) is the indicator function of
the set D = Df × Dg. Solution (f0, g0) to this
unconstraint optimisation problem is characteri-
zed by the condition 0 ∈ ∂∆D(f0, g0), where
∂∆D(f0, g0) is the subdifferential of the functi-
onal ∆D(f, g) at point (f0, g0) ∈ D = Df ×
Dg. This condition makes it possible to find the
least favourable spectral densities in some special
classes of spectral densities. These are: classes D0

of densities with the moment restrictions, classes
D1δ which describe the “δ-neighborhood” models
in the space L1 of a fixed bounded spectral density.

References

1. Baek C. Periodic dynamic factor models: esti-
mation approaches and applications/ C. Baek,
R.A. Davis, V. Pipiras // Electron. J. Stat. —
2018. — Vol. 12, No. 2. — P. 4377–4411.

2. Basawa I. V. First-order seasonal
autoregressive processes with periodically
varying parameters/ I.V. Basawa, R. Lund,
Q. Shao // Stat. Probab. Lett. — 2004. —
Vol. 67, No. 4. — P. 299–306.

3. Box G. E. P. Time Series Analysis: Forecasti-
ng and Control: [5th ed.]/ G.E.P. Box,
G.M. Jenkins, G.C. Reinsel, G.M. Ljung.
Hoboken, NJ: John Wiley and Sons Inc., 2016.
— 712 p.

4. Dubovets’ka I. I. Interpolation of peri-
odically correlated stochastic sequences/
I.I. Dubovets’ka, A.Yu. Masyutka,

M.P. Moklyachuk // Theory Probab.
Math. Stat. — 2012. — Vol. 84. — P. 43–55.

5. Dudek A. PARMA methods based on
Fourier representation of periodic coefficients/
A. Dudek, H. Hurd, W. Wojtowicz // Wiley
Interdiscipl. Reviews: Computational Statisti-
cs. — 2016. — Vol. 8, No. 3. — P. 130–149.

6. Franke J. Minimax-robust prediction of di-
screte time series / J. Franke // Z. Wahrschei-
nlichkeitstheor. Verv. Geb. – 1985. – Vol. 68.
– P. 337-364.

7. Gikhman I. I. The theory of stochastic
processes. I. / I.I. Gikhman, A.V. Skorokhod.
— Berlin: Springer, 2004. – 574 p.

8. Gladyshev E. G. Periodically correlated
random sequences / E.G. Gladyshev // Sov.
Math. Dokl. — 1961. — Vol. 2. — P. 385–388.

79



Вiсник Київського нацiонального унiверситету
iменi Тараса Шевченка
Серiя: фiзико-математичнi науки

2020, 3
Bulletin of Taras Shevchenko
National University of Kyiv

Series: Physics & Mathematics

9. Grenander U. A prediction problem in game
theory / U. Grenander // Ark. Mat. – 1957.
– Vol. 3. – P. 371-379.

10. Hannan E. J. Multiple time series /
E.J. Hannan. — New York: Wiley, 1970. —
536 p.

11. Hosoya Y. Robust linear extrapolations of
second-order stationary processes / Y. Hosoya
// Ann. Prob. – 1978. – Vol. 6, No. 4. – P. 574-
584.

12. Johansen S. The role of initial values
in conditional sum-of-squares estimation of
nonstationary fractional time series models
/ S. Johansen, M.O. Nielsen // Econom.
Theory. — 2016. — Vol. 32, No. 5. — P. 1095–
1139.

13. Karhunen K. Über lineare Methoden in der
Wahrscheinlichkeitsrechnung / K. Karhunen
// Ann. Acad. Sci. Fenn., Ser. A I. — 1947. —
Vol. 37. — P. 1–79.

14. Kassam S. A. Robust hypothesis testing and
robust time series interpolation and regression
/ S.A. Kassam // J. Time Ser. Anal. — 1982.
— Vol. 3, No. 3. — P. 185–194.

15. Kassam S. A. Robust techniques for si-
gnal processing: A survey / S.A. Kassam,
H.V. Poor // Proc. IEEE. — 1985. — Vol.
73, No. 3. — P. 433–481.

16. Kolmogorov A. N. Selected works by A.
N. Kolmogorov. Vol. II: Probability theory
and mathematical statistics / A. N. Shiryayev
(Ed.). — Kluwer Academic Publications, 1992.
- 611p.

17. Kozak P. S. Estimates of functionals
constructed from random sequences with peri-
odically stationary increments / P.S. Kozak,
M.P. Moklyachuk // Theory Probab. Math.
Statist. — 2018. — Vol. 97. — P. 85–98.

18. Liu Y. Robust linear interpolation and
extrapolation of stationary time series in Lp /
Y. Liu, Yu. Xue, M. Taniguchi // J. Time Ser.
Anal. — 2020. — Vol. 41, No. 2. — P. 229–248.

19. Lund R. Choosing seasonal autocovariance
structures: PARMA or SARMA / R. Lund
// In: Bell W.R., Holan S.H., McElroy T.S.

(eds) Economic time series: modelling and
seasonality. Chapman and Hall, London, 2011.
— P. 63–80.

20. Luz M. Interpolation of functionals
of stochastic sequences with stationary
increments / M. Luz, M. Moklyachuk //
Theory Probab. Math. Statist. — 2013. — Vol.
87. — P. 117–133.

21. Luz M. Minimax interpolation of sequences
with stationary increments and cointegrated
sequences / M. Luz, M. Moklyachuk //
Modern Stochastics: Theory and Applicati-
ons. — 2016. — Vol. 3, No. 1. — P. 59–78.

22. Luz M. Estimation of Stochastic Processes
with Stationary Increments and Cointegrated
Sequences / M. Luz, M. Moklyachuk. —
London: ISTE; Hoboken, NJ: John Wiley and
Sons, 2019 — 308 p.

23. Masyutka O. Yu. Interpolation problem
for multidimensional stationary processes wi-
th missing observations / O.Yu. Masyutka,
M.P. Moklyachuk, M.I. Sidei // Stat., Optim.
Inf. Comput. — 2019. — Vol. 7, No. 1. — P.
118–132.

24. Moklyachuk M. P. Minimax extrapolation
and autoregressive-moving average processes
/ M.P Moklyachuk // Theory Probab. Math.
Statist. — 1990. — Vol. 41. — P. 77–84.

25. Moklyachuk M. P. Stochastic autoregressi-
ve sequences and minimax interpolation /
M.P Moklyachuk // Theory Probab. Math.
Statist. — 1994. — Vol. 48. — P. 95–104.

26. Moklyachuk M. P. Robust procedures in time
series analysis / M.P Moklyachuk // Theory
Stoch. Process. — 2000. — Vol. 6, No. 3-4. —
P. 127–147.

27. Moklyachuk M. P. Game theory and convex
optimization methods in robust estimation
problems / M.P Moklyachuk // Theory Stoch.
Process. — 2001. — Vol. 7, No. 1-2. — P. 253–
264.

28. Moklyachuk M. P. Robust estimati-
ons of functionals of stochastic processes /
M.P Moklyachuk // Київ: ВПЦ Київський
унiверситет, 2008. — 320 p.

80



Вiсник Київського нацiонального унiверситету
iменi Тараса Шевченка
Серiя: фiзико-математичнi науки

2020, 3
Bulletin of Taras Shevchenko
National University of Kyiv

Series: Physics & Mathematics

29. Moklyachuk M. P. Minimax-robust esti-
mation problems for stationary stochastic
sequences / M.P.Moklyachuk // Stat., Optim.
Inf. Comput. — 2015.— Vol. 3, No. 4. — P.
348–419.

30. Moklyachuk M. P. Periodically correlated
processes estimates / M.P. Moklyachuk,
I.I. Golichenko. — LAP Lambert Academic
Publishing, 2016. — 308 p.

31. Moklyachuk M. P. Interpolation of
multidimensional stationary sequences /
M.P. Moklyachuk, O.Yu. Masyutka.//
Theory Probab. Math. Statist. — 2006. —
Vol. 73. — P. 125–133.

32. Moklyachuk M. P. Minimax predicti-
on problem for multidimensional stationary
stochastic processes / M.P. Moklyachuk,
O.Yu. Masyutka.// Commun. Stat., Theory
Methods. — 2011. — Vol. 40, No. 19-20. — P.
3700-3710.

33. Moklyachuk M. P. Interpolation of stati-
onary sequences observed with a noise /
M.P. Moklyachuk, M.I. Sidei // Theory
Probab. Math. Statist. — 2016. — Vol. 93. —
P. 153–167.

34. Moklyachuk M. P. Estimation of
stochastic processes with missing observati-
ons / M.P. Moklyachuk, M.I. Sidei,
O.Yu. Masyutka. — New York, NY: Nova
Science Publishers, 2019. — 334 p.

35. Napolitano A. Cyclostationarity: New trends
and applications / A. Napolitano // Signal
Process. — 2016. — Vol. 120. — P. 385–408.

36. Osborn D. The implications of periodically
varying coefficients for seasonal time-series
processes / D. Osborn // J. Econom. — 1991.
— Vol. 48, No. 3. — P. 373–384.

37. Porter-Hudak S. An application of the
seasonal fractionally differenced model to the
monetary aggegrates / S. Porter-Huda // J.
Am. Stat. Assoc. — 1990. — Vol. 85, No. 410.
— P. 338–344.

38. Reisen V. A. A semiparametric approach to
estimate two seasonal fractional parameters
in the SARFIMA model / V.A. Reisen,
B. Zamprogno, W. Palma, J. Arteche //

Math. Comput. Simul. — 2014. — Vol. 98. —
P. 1–17.

39. Reisen V. A. Robust estimation of
fractional seasonal processes: Modeling and
forecasting daily average SO2 concentrations
/ V.A. Reisen, E.Z. Monte, G.C. Franco,
A.M. Sgrancio, F.A.F. Molinares, P. Bondon,
F.A. Ziegelmann, B. Abraham // Math.
Comput. Simul. — 2018. — Vol. 146. — P. 27–
43.

40. Rockafellar R. T. Convex Analysis /
R.T. Rockafellar. — Princeton: Princeton Uni-
versity Press, 1997. — 472 p.

41. Solci C. C. Empirical study of robust esti-
mation methods for PAR models with appli-
cation to the air quality area / C.C. Solci,
V.A. Reisen, A.J.Q. Sarnaglia, P. Bondon //
Commun. Stat., Theory Methods. — 2020. —
Vol 48, No. 1. — P. 152–168.

42. Vastola S. K. Robust Wiener-Kolmogorov
theory / S.K. Vastola, H.V. Poor // IEEE
Trans. Inform. Theory. – 1984. – Vol. 30, No.
2. – P. 316-327.

43. Yaglom A. M. Correlation theory of stati-
onary and related random functions. Vol. 1:
Basic results, Vol. 2: Suplementary notes and
references / A.M. Yaglom. — Springer Series
in Statistics. New York etc.: Springer-Verlag,
1987.

References

1. BAEK, C., DAVIS, R. A. and PIPIRAS, V.
(2018) Periodic dynamic factor models: esti-
mation approaches and applications. Electron.
J. Stat. 12(2). p. 4377–4411.

2. BASAWA, I. V., LUND, R. and SHAO,
Q. (2004) First-order seasonal autoregressi-
ve processes with periodically varying
parameters. Stat. Probab. Lett. 67(4). p.
299–306.

3. BOX, G. E. P., JENKINS, G. M. and REI-
NSEL, G. C. and LJUNG, G.M. (2016) Time
series analysis, Forecasting and control. 5th
ed., Hoboken, NJ: John Wiley & Sons.

4. DUBOVETS’KA, I. I., MASYUTKA, A.
YU. and MOKLYACHUK, M. P. (2012)

81



Вiсник Київського нацiонального унiверситету
iменi Тараса Шевченка
Серiя: фiзико-математичнi науки

2020, 3
Bulletin of Taras Shevchenko
National University of Kyiv

Series: Physics & Mathematics

Interpolation of periodically correlated
stochastic sequences. Theory Probab. Math.
Stat. 84. p. 43–55.

5. DUDEK, A., HURD, H. and WOJTOWICZ,
W. (2016) PARMA methods based on Fouri-
er representation of periodic coefficients. Wi-
ley Interdisciplinary Reviews: Computational
Statistics. 8(3). p. 130–149.

6. FRANKE, J. (1985) Minimax robust predi-
ction of discrete time series. Z. Wahrscheinli-
chkeitstheor. Verw. Geb. 68. p. 337–364.

7. GIKHMAN, I. I. and SKOROKHOD, A. V.
(2004) The theory of stochastic processes. I.
Springer, Berlin.

8. GLADYSHEV, E. G. (1961) Periodically
correlated random sequences. Sov. Math.
Dokl. 2. p. 385–388.

9. GRENANDER, U. (1957) A prediction
problem in game theory. Ark. Mat. 6. p. 371–
379.

10. HANNAN, E. J. (1970) Multiple time series.
Wiley, New York.

11. HOSOYA, Y. (1978) Robust linear
extrapolations of second-order stationary
processes. Ann. Probab. 6(4). p. 574–584.

12. JOHANSEN, S. and NIELSEN, M. O. (2016)
The role of initial values in conditional sum-of-
squares estimation of nonstationary fractional
time series models. Econom. Theory. 32(5).
p.1095–1139.

13. KARHUNEN, K. (1947) Über li-
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