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Llocaidotcyemnves 3a0asa ONMUMGALHO20 OUIHIOBAHHA NMHITGHUT PYHKUIOHANE 610 HesIdoMUT 3HA-
YEeHb CIMOTACMUYHOT NOCAIIOBHOCTE 3 NEPIOOUUHO CMAYUIOHAPHUMY NPUPOCNAMU HA OCHOGT Cnocmepe-
HCEHD NOCATIOBHOCTNE 31 CAUIOHAPHUM Wymom. Jlas nocaidosnocmets 3 6100MUMU CNEKMPANALHUMU
WHEALHOCTNAMU OMPUMAHO POPMYAU OAL OOUUCAEHHA 3HAMEHD CEPEIHLOKBAIPAMUMHUL NOTUOOK Ma cne-
KMPAAOHULT TGPAKMEPUCTIUK ONMUMANDHUL OUIHOK PYHKUIOHAAIE. DPOPMYAU, UL BUSHAYAIOMD HATi-
MEHUL CPUATNAUGT CTEKMPANLHT ULLADHOCTIVE MA MIHIMAKCHO-DOOACTHE CREKMPANDHT TAPAKMEPUCTIUKY
ONMUMGNYHUL ATHITGHUT OUIHOK PYHKUIOHANIE NPONOHYWOMBCA Y BUNAOKY, KOAU CNEKMPALOHT ULADHO-
Ccmi nocAidosHoCMmeEl MOYHO HEBIOOMI, G BKA3AMHT MHONCUHY JONYCTNUMUL CNEKMPAALHUT WIAYHOCTMET.
Kmowoei caosa: nepioduuno cmauionaphi npupocmu, MIiHiMaKcHo-pooacmma OuinKa, HalMmerus Cnpusi-
MAUBE CNEKMPANLHA ULLAOHICTIVG, MIHIMAKCHO-DOOGCMHT CNEKMPAALHT TAPAKMEPUCTNUKU.

The problem of optimal estimation of linear functionals constructed from the unobserved values
of a stochastic sequence with periodically stationary increments based on observations of the sequence
with stationary noise is considered. For sequences with known spectral densities, we obtain formulas for
calculating values of the mean square errors and the spectral characteristics of the optimal estimates of
the functionals. Formulas that determine the least favorable spectral densities and the minimaz-robust
spectral characteristics of the optimal linear estimates of functionals are proposed in the case where
spectral densities of the sequence are not exactly known while some sets of admissible spectral densities
are specified.

Key Words: periodically stationary increments, minimaz-robust estimate, least favorable spectral densi-
ty, mimimax-robust spectral characteristics.

Introduction models are described by the equation

Y(B)(1 — B)%x; = 0(B)e;. (1)
The non-stationary and long memory time seri-
es models are of constant interest of researchers
in the past decade (see, for example, papers by
Dudek, Hurd and Wojtowicz [5], Johansen and Ni-
elsen [12], Reisen et al. [38]). These models are
used when analyzing data which arise in different
field of economics, finance, climatology, air polluti-
on, signal processing.
Since the first edition of the book by Box
and Jenkins (1970), autoregressive moving average where ¥(z) and O(z) are polynomials of degrees

(ARMA) models integrated of order d are a of P and @ respectively which have roots outside
standard tool for time series analysis. These the unit circle.

where ¢, t € Z, are zero mean i.i.d. random vari-
ables, 1(z), 6(z) are polynomials of p and ¢ degrees
respectively with roots outside the unit circle. This
integrated ARIMA model is generalized by adding
a seasonal component. A new model is described
by the equation (see new edition of the book by
Box and Jenkins [3| for details)

U(B*)(1 - B*)Px; = ©(B%)ey, (2)
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When the ARIMA sequence determined by
equation (1) is inserted into (2) instead of &, we
have a general multiplicative model

W(B)(B)(1 - BY(1 - BY)Pa, = O(BY)0(B)e,
(3)

with parameters (p,d,q) x (P,D,Q)s, d,D € N*,

called SARIMA (p,d,q) x (P, D, Q)s model.

A good performance is shown by models whi-
ch include a fractional integration, that is when
parameters d and D are fractional. We refer to the
paper by Porter-Hudak [37] who studied a seasonal
ARFIMA model and applied it to the monetary
aggregates used by U.S. Federal Reserve.

Another type of non-stationarity is descri-
bed by periodically correlated, or cyclostationary,
processes introduced by Gladyshev [8]. These
processes are widely used in signal processing and
communications (see Napolitano [35] for a review
of recent works on cyclostationarity and its appli-
cations). Periodic time series may be considered as
an extension of a SARIMA model (see Lund [19]
for a test assessing if a PARMA model is preferable
to a SARMA one) and are suitable for forecasti-
ng stream flows with quarterly, monthly or weekly
cycles (see Osborn [36]). Baek, Davis and Pi-
piras [1| introduced a periodic dynamic factor
model (PDFM) with periodic vector autoregressi-
ve (PVAR) factors, in contrast to seasonal VARI-
MA factors. Basawa, Lund and Shao [2] investi-
gated first-order seasonal autoregressive processes
with periodically varying parameters.

The models mentioned above are used in esti-
mation of model’s parameters and forecast issues.
Note, that direct application of the developed
results to real data may lead to significant
increasing of values of errors of estimates due
to the presence of outliers, measurement errors,
incomplete information about the spectral, or
model, structure etc. This is a reason of increasing
interest to robust methods of estimation that are
reasonable in such cases. For example, Reisen et al.
[39] proposed a semiparametric robust estimator
for the fractional parameters in the SARFIMA
model and illustrated its application to forecasti-
ng of sulfur dioxide SO pollutant concentrations.
Solci et al. [41] proposed robust estimates of peri-
odic autoregressive (PAR) model.

Robust approaches are successfully applied to
the problem of estimation of linear functionals
from unobserved values of stochastic processes.
The paper by Grenander [9] should be marked
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as the first one where the minimax extrapolation
problem for stationary processes was formulated
as a game of two players and solved. Hosoya
[11], Kassam [14], Kassam and Poor [15], Franke
[6], Vastola and Poor [42]|, Moklyachuk |[24] —
[29], Liu et al. [18] studied minimax extrapolati-
on (forecasting), interpolation (missing values
estimation) and filtering (smoothing) problems
for the stationary sequences and processes.
Recent results of minimax extrapolation problems
for stationary vector processes and periodically
correlated processes belong to Moklyachuk and
Masyutka [31, 32|, Moklyachuk and Golichenko
(Dubovets’ka) [4, 30] respectively. Processes wi-
th stationary increments are investigated by
Luz and Moklyachuk [20]-[22]. We also menti-
on works by Moklyachuk and Sidei [33, 34],
Masyutka, Moklyachuk and Sidei [23], where the
minimax estimates of stationary processes from
observations with missed values are investigated.
Moklyachuk and Kozak [17]| studied the problem
of interpolation of stochastic sequences with peri-
odically stationary increments.

In this article we present results of investi-
gation of the estimation problem for stochastic
sequences with periodically stationary increments.
In Section 1 we give definition of stochastic
sequences &(m) with periodically = stationary
(periodically correlated) increments. These non-
stationary stochastic sequences combine periodic
structure of covariation functions of sequences
as well as the integrating one. The section also
contains a short review of the spectral theory
of vector-valued stationary increment sequences.
Section 2 deals with the classical estimation
problem for linear functionals in the case where
spectral structure of the sequences £(m) and n(m)
are exactly known. Estimates are obtained by
representing the sequence {(m) with periodically
stationary increments as a vector sequence E (m)
with stationary increments and applying the Hi-
Ibert space projection technique. In Section 3,
we derive the minimax-robust estimates in the
case, where spectral densities of sequences are
not exactly known while some sets of admissi-
ble spectral densities are specified. In Subsecti-
on 3.1 we describe relations which determine the
least favourable spectral densities and the mini-
max spectral characteristics of the optimal esti-
mates of linear functionals for some sets of admi-
ssible spectral densities which are generalizations
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of the corresponding sets of admissible spectral
densities described in a survey article by Kassam
and Poor [15] for the case of stationary stochastic
processes.

1 Stochastic sequences with periodically
stationary increments

In this section, we present a brief review of the
spectral theory of stochastic sequences with peri-
odically stationary nth increments.

Consider a stochastic sequence {&(m),m €
Z}. By B,, denote a backward shift operator with
the step p € Z, such that B,&{(m) = {(m — pn);
B := Bj. Recall the following definition [22, 43].

Definition 1.1. For a given stochastic sequence
{&(m), m € Z}, the sequence

M (m,p) = (1= By)"é(m) =
=0 )em -1, @)
=0
where (7) = l'(nnill)lv is called stochastic nth
increment sequence with step u € Z.
The stochastic nth increment sequence
€M) (m, ) satisfies the following relations:
M (m, —p) = (=1)"€" (m + np, ),
£ (m, kp) = Z A (m —lp,p), keEN,
where coefficients {Al,l =0,1,2,...,(k—1)n} are
determined by the representation
(k—1)n
Atzt...+a D= " Aa
1=0

Definition 1.2. The stochastic nth increment
sequence & (m, ) generated by
sequence {&(m),m € Z} is wide sense stationary
if the mathematical expectations

EE™ (mo, 1) = ™ (),

EE™ (mg 4 m, )€™ (mo, pg) =

exist for all mg, i, m, u1, pe and do not depend
on mg. The function ¢™(u) is called the mean
value of the nth increment sequence & (m, p)
and the function D (m, 1, po) is called the

stochastic

D(n) (m7 M1, Mg)
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structural function of the stationary nth increment
sequence (or structural function of nth order of the
stochastic sequence {&(m),m € Z}).

The stochastic sequence {{(m),m € Z} which
determines the stationary nth increment sequence
£ (m, 1) by formula (4) is called the stochastic
sequence with stationary mnth increments (or
integrated sequence of order n)

Theorem 1.1. The mean wvalue ¢™(n) and
the structural function D™ (m, i, p2) of the
stochastic  stationary mnth increment sequence
M (m, 1) can be represented in the forms

™ (1)

cp”, (5)
D(n)(m;NbMQ) =

™
— e_im)‘)"(l —e

[ e

™

1
" dF (),

i\
(2 m(l )\2,”

i,uQ/\)

(6)

where ¢ is a constant, F(X) is a left-continuous
nondecreasing bounded  function  such  that
F(—m) = 0. The constant ¢ and the function F(X)
are determined uniquely by the increment sequence
£ (m, ).

On the other hand, a function ™ (u) which
has form (5) with a constant ¢ and a function
D™ (mj; py, o) which has form (6) with a functi-
on F(\) which satisfies the indicated conditions
are the mean value and the structural function of
a stationary nth increment sequence E(”) (m, ).

Note that we will call by spectral function and
spectral density of the stochastic sequence with
stationary increments the spectral function and
the spectral density of the corresponding stati-
onary increment sequence.

Making use of representation (6) and the
Karhunen theorem [13, 7] one can obtain the
spectral representation of the stationary mnth
increment sequence & (m, u):

(A,

) ()= [ 1
& (m, p) /_7r o) .

where Zn(”)(/\) is a stochastic process with
uncorrelated increments on [—m, 7) connected wi-
th the spectral function F(A) by the relation
(—m <A <A <)

E|Zeon (N2) —

eim)\(l _ e—iu)\)n

Zewy (MNP = F(A2) = F(\1) < o0
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Definition 1.3. A stochastic sequence {£(m),m €
Z} is called stochastic sequence with periodically
stationary (periodically correlated) increments wi-
th period T if the nth increment sequence

" (m, uT) = )"¢(m)

is stationary.

(1- B,

It follows {from Definition 1.3 that the
sequence

&(m) =&(mT+p—1),p=1,2,.... T;meZ (8)

forms a vector-valued sequence £(m) =

B Rt Rt

increments. Really, for all p=1,2,...,T,

e o) = 01 ) lom 1) =
=0
=S (7 )étm =t - 1) =
=0

= MW (mT +p—1,uT),

where 51(,”) (m, p) is the nth increment of the p-th
component of the vector-valued sequence &(m).

Theorem 1.2. The structural  function
D™ (m, p1, p2) of the wvector-valued stochastic
stationary nth increment sequence EW (m,p) can

be represented in the form

D™ (m; g, ) =
T —1 n n 1
:/ﬂe ¢TI (1 )R (),
(9)

where F'(X) is the matriz-valued spectral function
of the stationary stochastic sequence £ (m, ).
The stationary nth increment sequence €™ (m, 1)
admits the spectral representation

i)\m(l _ i,uz)\)

s

Emp) = [ 1y
' (10)

where dZM( ) =1{Zp(\ ) _ is a (vector-valued)
stochastic process with uncorrelated mcrements on
[—7, ) connected with the spectral function F(\)
by the relation

E(Zp(A2) — Zp(M))(Zg(A2) —
= Fp (A) qu( 1)

),

Zq(M)) =
T A < A <.
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2 Hilbert space projection method of esti-
mation

Consider a vector-valued stochastic sequence with
stationary nth increments 5 (m) constructed from
the sequence &£(m) with the help of transformati-
on (8). Let the stationary nth increment sequence
g(”)(m,u) = {{Z()n)(m,u) gzl has an absolutely
continuous spectral function F()) and the spectral
density f(A) = {fi; (M)}t

Let 7(m) = {np( m)}I_; be an uncorrelated
with the sequence £(m) stationary stochastic
sequence with absolutely continuous spectral
function G(A) and spectral density g¢g(\) =
{gij(k)}fj:y

We will assume that the mean values of
the increment sequence 5") (m, ) and stationary
sequence 7j(m) equal to 0. We will also consider
the increment step p > 0.

Consider the problem of mean square optimal
linear estimation of the functional

(11)

which depend on the unobserved Values of the
stochastic sequence £(k) = {&(k ) _, with stati-
onary nth increments. Estlmates are based on
observations of the sequence ((m) = £(m) + 7(m)
at points of the set Z\ {0,1,2...,N}.

Assume that spectral densities f(A) and g(\)
satisfy the minimality condition

)\Qn
d\ < 0.

/_ZTF [H_ewpn(f(k) +
(12)

This is the necessary and sufficient condition
under which the mean square errors of the opti-
mal estimates of the functional ANg is not equal
to 0.

The classical Hilbert space estimation techni-
que proposed by Kolmogorov [16] can be described
as a 3-stage procedure: (i) define a target element
of the space H = La(2, F,P) to be estimated, (ii)
define a subspace of H generated by observations,
(iii) find an estimate of the target element as an
orthogonal projection on the defined subspace.

Stage i. The functional A N{ does not belong
to the space H. With the help of the followi-
ng lemma we describe representations of the
functional as a sum of a functional with finite
second moments belonging to H and a functional

A2g(A) ™
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depending on observed values of the sequence 5 (k)
(“initial values”).

Lemma 2.1. The functional ANf admits the
representation

ANE = AnC — Ay = HNE — VNG, (13)
where . .
Hy¢§ := BnG — ANT],
N ) N
ANC = Z(ﬁ(k))TC(k)7 ANT] = Z(a(k)fﬁ(k),
k=0 k=0

k=—un
the coefficients vn(k)) = {vnp(k) ;;F_l,k: =

—1,-2,...,—pn and by (k)) = {bnp(k)}11, k =
0,1,..., N are calculated by the formulas

RN SN (3 (AR
L
k=-1,-2,...,—pun, (14)
N
o) = S aylm)du(m — k) = (Dhan )i

m=k

k=0,1,...,N, (15)

coefficients {d, (k) : k
relationship

idu(k)xk =

k=0

> 0} are determined by the

n
o0

Z 2 ’

J=0

DY, is a linear transformation determined by a
matrix with the entries (D%)r; = du(j — k) if
0 < k< j< N,and (Dy)g; = 01if 0 <
j < k < N; DNaN = {D%a]\@p}g:l, anp =
(ap(0),ap(1),ap(2),...,ap(N)T, p=1,2,...,T.

The functional Hy¢ from representation (13)
has finite variance and the functional V¢ depends

on the known observations of the stochastic
sequence ((k) at points k = —pn, —pn +
1,...,—1. Therefore, estimates ANE and H Nf of
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the functionals AN§ and H N§ and the mean-
square errors A(f,g,ANf) = E|AN§ AN§|2 and

(f,g, HN£) = E\HNﬁ HN§|2 of the estimates
A N§ and H N§ satisfy the following relations

AnE = HnE =N, (16)

A(f, g; An€) = E|[AnE — AN =
= E|HyE — Hné]* = A(f, g; HE).

Therefore, the estimation problem for the functi-
onal A N§ is equivalent to the estimation problem
for the functional H NE. This problem can be
solved by applying the Hilbert space projection
method proposed by Kolmogorov [16].

The stationary stochastic sequence 7j(m)
admits the spectral representation

im) = [

where Zn(A) is a random process with uncorrelated
increments on [—m,7) corresponding to the
spectral function G(A). The random processes
ZW(A) and Zn(")o‘) are connected by the relation
dZ, o (X) = (i\)"dZ,(\), A € [—m,m), obtained
in [20]. The spectral density p(\) of the sequence
C(m) is determined by spectral densities f(\) and
g(\) by the relation

p(A) = f(N) +

With the help of the spectral representations
of stochastic sequences involved we can write the
following spectral representation of the functional

HyE =

[ (e

Az, (),

A2 g(N).

1_6—1)\u)n .
) Wdzgmun(m()\)—

_ /_ 7; (,XN(GM))TdZ}(A),

N
= (Dhan)pe™, Ay (e?) =Y (k)™
k=0
At stage ii, we deal with the following notati-
ons. Denote by H% (&, () 4 77;8 )) the closed li-
near subspace generated by values {5},”)(k,u) +
T;k=-1,-2,-3,...} in

s (k) i p=1,...,
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the Hilbert space H Ly(2, F,P) of random
variables v with zero mean value, Ey = 0, fini-
te variance, E|y|?> < oo, and the inner product
(71572) = Em7e.

Denote by HN* (5(7”}2 + 17(772) the closed linear
subspace of the Hilbert space H = Ly, F,P)
generated by elements {fé (k,—p) +T](n)(k:, —p)
p=1,....,T;k > N +1}.

The equality & (k,
pn, ) implies

ey (k +

(_

—1)

N+ e () _ 7(N4un n
HN(EZ +nty) = HOTHmE () 4 ).
Denote by L3 (f(A) + A2"g(\)) and
LYT(F(\) + A?"g())) the closed linear subspaces
of the Hilbert space Lo(f(A\) + A2"g(\)) of

vector-valued functions with the inner product

(g1:92) = [T (@A) T(F(N) + A*"g(A))g2(N)dA
which is generated by the functions
. . 1
ik —IAL\T T
e (1 —e ) (i)\)"(sl’ o = {5lp}p:1a
l=1,...,)T; k< —-1,; k> N+1,

respectively, where d;, are Kronecker symbols.
The representation

& (k, ) + 7™ (k, 1) =
T , 1
— iAk (1 —ip\n
/_We (1 —e ") )

yields a one to one correspondence between
AR(1 — e )7 (1)) of the space

ng(n)+n<n> (A)

elements e
LY () + X" g(N) @ Ly™ (F(A) + 2" g(V))

and elements £ (k, 1) 4+ 7™ (k, p) of the space

HO~ (6 + ) @ HNF (") 4 ")) =

= HO_(SL”) + 77&")) ® H(N+un)+(§£n) + ()

m

).

Relation (16) implies that every linear esti-
mate Af of the functional A§ can be represented
in the form

ANE= | (hpn ()T dZeny o (N)—
1

= D (@) TER) +

k=—un

i(k)), (17)

where B, v(\) = {hy(\)}L

characteristic of the optimal estimate H N§ .

_, is the spectral
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At stage iii, we find the mean square
optimal estimate Hy& as a prOJectlon of the
element Hy& on the subspace HO™ (ﬁu + T]u ) @
H(N+”")+(££Ln) + n&n)). This projection is determi-
ned by two Conditlons

1) Hy& e (" 4y @ HOVHm+ (g +

(n)y.
77# )7 . . .

2) (HyE — HyE) L HO(&"
HOHm s (67 4 1)

The second condition implies the following
relation which holds true for all & < —1 and

kE>2N+pun+1

(n)

+77u)@

L A _ ey T

[ (Bt S ) i)~
— ety

G g E oG e M=o

This relation allows us to derive the spectral
characteristic hMN()\) of the estimate Hy¢ whi-
ch can be represented in the form

) — e~ AN
)T = Bl T

— An(e™) TgMN) (=i (p(N) =
—i\)" ~ ei)x T

N+uN

Z E»MN(k,)eik)\’

k=0
G (k) = {eunp(k)}. p=1k=0,1,.
unknown coefficients to be found.
It follows from condition 1) that the following
equations should be satisfied for 0 < j < N + un

(B:uv

Cu,N(eM)

., N+pun, are

| ey
2n
- (e ) - () -
)\Qn(cu nle M))T (p(}\))—l e~ AN = 0.

B (1 —e 2)\#) (1 _ ei)\,u)n
(19)

Define for 0 < k,j < N the Fourier coeffici-
ents of the corresponding functions

1 G-k AZ"g(N)

wo_ iAG—k) g -1 7y.

Thy =g | € 4‘1_6W2n(p@)) dX;
1 o )\2n

noo_ iNj—k -1 .

=5 e U )HTM%@(A)) dX;
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s

AR F(N)g(A) (p(N) " dA.

Making use of the defined Fourier coefficients,
relation (19) can be presented as a system of N +
pn + 1 linear equations determining the unknown
coefficients ¢, n(k), 0 <k < N + un.

1

Qk,j = %

N4pun N—Huz
m=0
0 < <IN, (20)
N+pun N4pun
= 2 Tiw@un(m) = 3 Pléun(k)
m=0 k=0
N+1<j7< N+un, (21)
where coefficients {@, n(m) : 0 < m < N + pn}
are calculated by the formula
min{ [%],n} N
dnm = > (] )t
l max{[m;N]/,O}
0<m< N+ pun, (22)

Denote by [D;an]+un a vector of dimension (N +
pn + 1)T which is constructed by adding (un)T’
zeros to the vector Diay of dimension (N +1)T.
Making use of this definition the system (20) —
(21) can be represented in the matrix form:

2020,
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aly = ((@u,n(0) ", (@un (1),
(@ (N + )T
ch = (G (0) ", (En(1) ",
o (N (N +pm)) )T

are vectors of dimension (N + un + 1)T; Pk, and
Ty are matrices of dimension (N+pun+1)T x (N +
pn + 1)T with T x T matrix elements (Ph);, =
Py and (Ty)jk =175, 0 < j,k <N + pn.
Thus, the coefficients ¢, ny(k), 0 < k < N +
un, are determined by the formula 0 < k < N+un

& (k) = ((PR) ' [Dan]sun — (PR) ' Thal),
where  ((PRy) ' Dyan]ium — (Ph) ' Thaly),,
0 < k< N+ un, is the kth element of the vector

(Pljif)_l[Dl]QaN]Jr;m - (P# )~ TNaN

The existence of the inverse matrix (Ph)~!
was shown in [22] under condition (12).

The spectral characteristic hy, n () of the esti-

mate H ~& of the functional Hy¢ is calculated by

formula (18), where
N+pun
Cun(e®) = <(P%)_1[D§(@N]+un—
k=0
— (PR~ TNaN> ek (23)
k

The value of the mean-square errors of the
estimates Ay¢ and Hy& can be calculated by the

(D an]m — Thal = PRk formula
(f g; AS) = A(f, g; HE) = E|HE — HE? =
N % /,, = euu|2 (1= ey (An(e)Tg(N) + (G ()] x
x(pO)) ™ FO) () [(1 = ey A (e ) g(N) + (Con (7)) | dr+
1 1

_'_% /ﬂ |:(1 . ei)\;t)n(;f
x () 9N () [(1 -
— Thal, (Py)™

|1 _ ei/\p|2n

= <[D%3N]+;m [Diyan]
where Qu is a matrix of the dimension (N +
1)T x (N 4+ 1)T with the T' x T matrix elements

(QN)jk = Qs 0< bk <N

74

efi)\u>nA’N

N(EMNT ) = <A>2"<6M,N<ei*>ﬂ X

() FO) = N> (Coun(e™))] ar =
v — (P Thal) + @Quavoan), (24
Theorem 2.1. Let {(m),m € Z} be a

stochastic sequence which defines the stationary
nth increment sequence &) (m,p) with the
absolutely continuous spectral function F(\) whi-



Bicnukx Kuiscvko20 HaUuionaabH020 YHIBEPCUMEMY Bulletin of Taras Shevchenko
iment Tapaca Ilesuwernra 2020, 3 National University of Kyiv
Cepia: Pizuro-mamemamusri HAYKY Series: Physics & Mathematics

ch has spectral density f(X). Let {fj(m),m € Z} be which depend on unobserved values of the

an uncorrelated with the sequence { (m) stationary stochastic sequence ¥(m) with periodically stati-

stochastic sequence with an absolutely continuous onary increments. FEstimates are based on

spectral function G(X) which has spectral density observations of the sequence {(m) = ¥(m)+n(m)
g(A). Let the minimality condition (12) be satisfi- at points of the set Z\ {0,1,2,..., N}.

ed. The optimal linear estimate A N§ of the functi- The functional A9 can be represented in the

onal AN§ which depends on the unknown values of form

elements g(k), k :_Q, 1,2,..., N, from observati- u

ons of the sequence £(m)+1j(m) at points of the set 9

Z\{0,1,2,...,N} is calculated by formula (17). An? = Za (k)o(k) =

The spectral characteristic f_L’uyN()\) of the optimal N I;ZO

estimate A\Ngis calculated by formulas (18 ), 6\232; _ Z Za(ﬁ) (mT +p— DI (mT +p—1) =

The value of the mean-square error A(f, g; AnE)

m=0 p=1
is calculated by formula (24). N T
Corollary 2.1. The spectral characteristic l_i#,N()\) Z Z (m) =
(18) admits the representation EH,N(A) = me0ps N
h‘;lt,N()\) — hin()\), where — Z(&»(m))T _'(m) _ ANE’
m=0
hL(N) T = ,
(r(2) i , where N =[] the sequence £(m) is determined
= (B..n( iA))T(l —e)n B G2V > by the formuIJ;L
u,N\€ (Z)\)n (1 _ ei)\u)n
Negno W = @m)&m), & (m)
x| D (PR) ' [DRan]ium), e (p(AN)~, &(m) =I(mT +p—1);p=1,2,....T; (28
k=0
(25)
(@m)" = (a1(m),az(m),...,ar(m))", ay(m) =
(EQN()‘))T: ?(mT+p—1;0<m < N;mT+p—1<M;
" L Gyt @) =M< NTHp—1 < (N4 DT 1.
= (An(e)) (=iAN)"g(N)(p(A))~ _mx (29)

N+un ' T Making use of the introduced notations and
. ( ),;Wﬂ) )

Z (Ph) ' Thak statements of Theorem 2.1 we can claim that the
k=0 following theorem holds true.
26
(%6) Theorem 2.2. Let a stochastic sequence (k)
Here }_{L ~(A) and ﬁi ~(A) are spectral characteri- with periodically stationary increments generate
by formula (28) a wector-valued stochastic
sequence g(m) which determine a stationary
stochastic nth increment sequence g(")(m,u)

stics of the optimal estimates 1§N5 and ﬁNﬁ' of
the functionals By and An7 respectively based
on observations £(k) + 7j(k) at points of the set

7\ {0,1,2 NY. with the spectral  density matriz  f(\) =
{fZ]( ) i,j=1" Let {ﬁ<m)7m S Z}7 ﬁ(m> =

T _
2.1 Estimation of stochastic sequences (m(m), 1(m),. ... nr(m)) ", 1p(m) = n(mT +
with periodically stationary p—1);p = 1,2,...,T, be uncorrelated with the

sequence £(m) stationary stochastic sequence with
an absolutely continuous spectral function G(N)
Consider the problem of mean square optimal li- which has spectral density g(\). Let the mini-

increment

near estimation of the functional mality condition (12) be satisfied. Let coeffi-
N cients d(k),k > 0 be determined by formula

Ayl = Za(ﬂ)(kw(k) (27) (29). The optimal lineaﬁ estimate ApnC of the

functional Ap¢ = AnE based on observations
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of the sequence ((m) = d(m) + n(m) at poi-
nts of the set Z \ {0,1,2,...,N} is calculated
by formula (17). The spectral characteristic
EH,N(A) = {hume()‘)}Z:l and the wvalue of the
mean Square error A(f;ﬁMC) are calculated by
formulas (18), (23) and (24) respectively.

3 Minimax-robust method of estimation

The values of the mean square errors and the
spectral characteristics of the optimal estimate of
the functional A Né’ depending on the unobserved
values of a stochastic sequence £(m) which
determine a stationary stochastic nth increment
sequence &) (m,p) with the spectral density
matrix f(A) based on observations of the sequence
£(m) + ij(m) at points Z \ {0,1,2,..., N} can be
calculated by formulas (18), (23), (24) respecti-
vely, under the condition that spectral densities
F(X\) and g()\) of stochastic sequences &(m) and
7j(m) are exactly known.

In practical cases, however, spectral densities
of sequences usually are not exactly known. If in
such cases a set D = Dy x D, of admissible spectral
densities is defined, the minimax-robust approach
to estimation of linear functionals depending on
unobserved values of stochastic sequences wi-
th stationary increments may be applied. This
method consists in finding an estimate that mi-
nimizes the maximal values of the mean square
errors for all spectral densities from a given class
D = Dy x Dy of admissible spectral densities si-
multaneously.

To formalize this approach we present the

following definitions.

Definition 3.1. For a given class of spectral densi-
ties D = Dy x Dy the spectral densities fo(\) € Dy,
go(A) € Dy are called least favorable in the class D
for the optimal linear estimation of the functional
A NE if the following relation holds true:

A(fo, 90) = A(h(fo,90); fo, 90) =
A(h(f,9); £, 9)-

=  max

(f,9)€DsxDy
Definition 3.2. For a given class of spectral densi-
ties D = Dy x D,, the spectral characteristic h%(\)
of the optimal linear estimate of the functional
A Né’ is called minimax-robust if there are satisfied
the conditions

N

h(\) € Hp = Ly~ (f(N) + X"g(N)),
(f,9)€DsxDy
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A(h; f,g) = AR’ £, 9).

min max
heHp (f,9)€DsxDy

max
(f,9)€D§xDy

Taking into account the introduced definiti-
ons and the derived relations we can verify that
the following lemma holds true.

Lemma 3.1. The spectral densities f© € Dy, ¢ e
D, which satisfy the minimality condition (12) are
least favorable in the class D = Dy x Dy for the
optimal linear estimation of the functional ANE
based on observations of the sequence £(m)+n(m)
at points m € Z\ {0,1,2,..., N} if the matrices
(P, (TH)°, (Qn)° whose elements are defined
by the Fourier coefficients of the functions
)\2n 0 by )\2n
T ) e )

PPN E )
determine a solution of the constraint optimisation
problem

max
(f’g) E,Z)f XDQ

X [_DjltfaN]+'un—(P%)_IT%3%>+<QNaN7 aN>) =

(<[D%3N]+un - T%am (P%)il X

<[D%am+m (T)0a (P)°) (D an] e
- <<P7V>0>-1<T§;>0a7v> (Qay,an). (30)

The minimax spectral characteristic h? =
hun(f° g°) is calculated by formula (18) if
hun(f°,9°) € Hp.

For more detailed analysis of properties of
the least favorable spectral densities and minimax-
robust spectral characteristics we observe that the
minimax spectral characteristic h° and the least
favourable spectral densities ( f°, g°) form a saddle
point of the function A(h; f, g) on the set Hp x D.

The saddle point inequalities

A(h; f2,6%) = ALY £°,9%) = AR £, g)

Vf € Dy Vg € Dy, VYh € Hp hold true if
RO = h,n(f°¢°) and h, n(f° ¢") € Hp, where
(f°, ¢°) is a solution of the constraint optimisation
problem

A(fa g) = _A(hu,N(foagO); f7 g) — il’lf, (f7g) € D7

(31)
where the functional A(h, n(f°, ¢%);f,g) is
calculated by the formula
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A(hun(f0,9%); fr9) =
=5 / |1_1iiﬂ|2n (1= M) (An(e)Tg"(N) + (GO ()]
X (P O))THFO) ()T [(1 = e Ay (e Mg (M) + Cf (e dat
=38 ﬂu_ew,zn[ )M (Ax (@) TN = )M (Con ()]
X ('O g (PP ))H[(1 = e AN (e O = (NP CR (e ax,
where -
G (@) = (PR [Dandsum — (P57 (TPl

The constrained optimisation problem (31)
is equivalent to the unconstrained optimisation
problem

Ap(f,g9) = A(f,9)+0(f,9|Df x Dy) — inf, (32)
where 0(f, g|Ds x Dy) is the indicator function of
the set D = Dy x Dy. Solution (f°,¢°) to this
unconstrained optimisation problem is characteri-
zed by the condition 0 € 9Ap(f°,g°), where
OAp(f°,¢%) is the subdifferential of the functi-
onal Ap(f,g) at point (f%,¢°) € D = Dy x
D,. This condition makes it possible to find the
least favourable spectral densities in some special
classes of spectral densities D = Dy x D,.

The form of the functional A(h, n (£, ¢°); f,9)
is convenient for application the Lagrange method
of indefinite multipliers for finding solution to
the problem (32). Making use of the method of
Lagrange multipliers and the form of subdifferenti-
als of the indicator functions 6(f,g|Dy x Dy) of
the set Dy x Dy of spectral densities we describe
relations that determine least favourable spectral
densities in some special classes of spectral densi-
ties (see [29, 22| for additional details).

3.1 Least favorable spectral density in
classes Dy x Dy,

Consider the problem of optimal linear esti-
mation of the functional ANg which depends
on unobserved values of a sequence g(m) with
stationary increments based on observations of
the sequence £(m) + 7j(m) at points of the set
Z\{0,1,2,...,N} under the condition that the
sets of admissible spectral densities D’;O, leé, k=

77

ﬁ, 67 614:’ k

1,2, 3,4 are defined as follows:

1 T 1 — ei)\u 2n
D}o={f | ||Mzn|f(A)dA=P},
1 ™ 1_€i>\u 2n
1 T 1 — ei)\,u 2n
D?fo = {f 271/_ ")\‘infkk()\)d)\ = Pk } )
1 T |1 — ei)\u 2n
D?‘OZ{JC 27r/ ||)\|27L|<Bl,f()\)>d>\:p}7
1 ™
Dl = {af5r [ 1Ta) - )] ar < a},
=g = [ — gV dA <6
16 g o |gkk gkk | k
D3 = Lol 2 [ 1Ba gV — i dA < 6
16 g on | 2,9
1 [7 4
Dilé = {g 27T/ |gij()\) - gilj()\)’ dh < 53} .

Here g1()) is a fixed spectral density, p,pi, k =
1,7, 67,i,j 1,T, are gi-
ven numbers, P, By, By are given positive-definite
Hermitian matrices.

From the condition 0 € dAp (£, ¢%) we find
the following equations which determine the least
favourable spectral densities for these given sets of
admissible spectral densities. Define

Ol = - At

CP0 (™) = (1 — e Ay () FO (N = (M) CE y (™)

For the first set of admissible spectral densities
D}O X D% s we have equations

MgV + (e
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i i) |1 — ePwp2n
(efte) (et = (P
1— IAL|2n
<apa; (BEew).
(cotue™) (Cconie™) " =
— BQVQ(A)H _ eiAu,Qn (pO()\))Q’

1 ™

2 J_,

(34)

Tr (90(A) = g1 (M) dA = 6, (35)

where ay, (2, are Lagrange multipliers, the functi-
on |[y2(A)| <1 and

Y2(A) = sign (Tr (go(A) — g1(N)))-

For the second set of admissible spectral densi-
ties D]%O X D% we have equations

*

(Clfue™) (Cliue™) =

) |1 _ eiku|2n
= af _—
( |A[2"

2
<p0<A>>) . (36)

() (Cye™) = (11— e )

< {BRE NIty (1= ™), (37)

3 | 1o - s ar = (38)

where a?, 5,% are Lagrange multipliers, the functi-
ons [vZ(A\)| <1 and

7 (\) = sign (g (V) — gex (V) + k=1,T.

For the third set of admissible spectral densi-
ties D;’co X D%& we have equations

(cftvte) (el = (M)

‘1 _ ei)\u‘Qn 0

X {a?k%z}il:l < SV (>\)> , (39)
(O (e™) (C (™) = #2500

x (1= e ) B (11 = e ')
(40)
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1 s

21 J x

[(B2,90(A) —g1(A)[dA =4, (41)

) where afc s (3?2 are Lagrange multipliers, the functi-

on |v5(A)| < 1 and
7(A) = sign (B2, go(A) — g1(N)) -

For the fourth set of admissible spectral densi-
ties D;%O X D‘ll(; we have equations

(Cl5 (™) (Clive™)” = ax

1— ei)\u 2n 1— ei)\u 2n
(’ - p°<A>) B (' o p°<A>> ,
(42)

(™) (Coiue™) = (11— e )

X BN Iy (11— e (V) (48)

1 (" .
= [l -ghlan=d,

where a%, Bi;j are Lagrange multipliers, the functi-
ons |v;;(A)] < 1 and

95N — gi5(N)
95,(X) = gi;(N)

7ii(A) = L g (N — gi(\) #0.

The following theorem holds true.

Theorem 3.1. The least favorable spectral densi-
ties fo(A), go(A\) in the classes Dljo x D¥s,k =
1,2,3,4 for the optimal linear estimation of the

functional ANgfrom observations of the sequence

—

&(m)+1(m) at points of the set Z\{0,1,2,..., N}
are determined by the minimality condition (12),
equations (33)—(35), (36)—(38), (39)-(41), (42)-
(44), respectively, the constrained optimization
problem (30), and restrictions on densities from
the corresponding classes D’jO,D’fé,k: = 1,2,3,4.
The minimaz-robust spectral characteristic of the

optimal estimate of the functional ANg s determi-
ned by the formula (18).
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4 Conclusions

In this article, we present results of investigati-
on of stochastic sequences with periodically stati-
onary increments. We give definition of increment
sequence and introduce stochastic sequences wi-
th periodically stationary (periodically correlated,
cyclostationary) increments. These non-stationary
stochastic sequences combine periodic structure
of covariation functions of sequences as well as
integrating one.

We describe methods of solution of the classi-
cal estimation problem for linear functionals
constructed from unobserved values of a sequence
with periodically stationary increments. Estimates
are based on observations of the sequence wi-
th a stationary noise sequence. Estimates are
obtained by representing the sequence under
investigation as a vector-valued sequence with
stationary increments. The problem is investi-
gated in the case of spectral certainty, where
spectral densities of sequences are exactly known.
In this case we propose an approach based on
the Hilbert space projection method. We derive
formulas for calculating the spectral characteri-
stics and the mean-square errors of the opti-
mal estimates of the functionals. In the case of
spectral uncertainty where the spectral densiti-
es are not exactly known while, instead, some
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