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ABSTRACT. The work deals with stochastic programming problems
for stationary random sequences, stationary processes, homogeneous
random fields with discrete and continuous parameters. Trajectories
of processes and fields are continuous. Stationary and no stationary
observations of processes and fields are considered. The former cri-
terion function is approximated by the empirical one. It is assumed
that the first problem has a unique solution. Consistency of empiri-
cal estimates for no stationary observations is proved. Borel-Cantelly
lemma is used for proving. Processes and fields are assumed to sati-
sfy the strong mixing condition. Some restrictions on the moments of
processes and fields must be fulfilled. Large deviations of the soluti-
ons are estimated. For proving the results theorems from functional
analysis and large deviations theory are used. Additional conditions
on behavior of minimizing function in the neighborhood of the mini-
mum point are supposed. No stationary model is considered for the
convex criterion function. The processes and fields need to satisfy the
first hypothesis of hypermixing.

KEYWORDS: stochastic programming problem, a stationary process,
a homogeneous field, large deviations.

AHOTALIA. Posrisiarorbes 3a/1a4i CTOXaCTUYHOIO [IPOrPaMyBaHHSI
JJIST CTAIIOHAPHUX BUIAIKOBUX ITOCIIJOBHOCTEMN, CTAI[IOHAPHUX IIPO-
1IeCiB, OJTHOPITHUX BUMAIKOBUX TOJIB 3 JUCKPETHUMU Ta HEIEPEepB-
HuME apamMerpamu. TpaekTopii mporeciB Ta mosiis menepepsHi. Jlo-
CJIPKYIOTHCS CTAIlIOHAPHI Ta HECTAITIOHAPHI CIIOCTEPEXKEHHSI TIPOIIe-
ciB Ta mosis. IlepBunHa dyHKIiA KpUTEpisd AlPOKCHUMYETHCS €MIIi-
putHOO. BBarkaerhbcs, 10 NMEpPBUHHA 33Jla9a Ma€ €IUHUN DPO3B’si-
30K. /I0BOINTHCA KOHCHCTEHTHICTDL €MIIIPUYHUX OIHOK JIJIS HEeCTa-
[IOHAPHUX CHOCTepekeHb. [ T0Be/IeHHsT BHKOPUCTOBYEThCS JIEMa
Bopens—Kanresti. Poburhcs nmpummyienss, Mo mpoecn Ta TOJIs 3a-
JIOBOJIbHSIOTH YMOBI CHJIbHOTO TepeMintyBanus. Jleski oOMerkeHHst
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HaKJIaIal0ThCsl Ha MOMEHTH IPONECIB Ta 10J1iB. OIIHIOITHC BEIUKi
BiIxuseHHs po3B’sa3KiB. s qoBeeHHsT pe3y/IbTaTiB BUKOPUCTOBYIO-
ThCsI TEOPEMU 3 (PYHKIIOHAIBLHOIO aHAJII3Y Ta TEOPil BEIUKUX BiJIXU-
senb. HakamaroTses HOJATKOBI YMOBH Ha HOBETIHKY MiHIMI3yeMol
dyukil B okosti Touku Mminimymy. Hecrarionapaa Moziesib po3risga-
€ThCS I OMyKJ01 (pyHKINT KpuTepito. POOUTHCS TPUIYINEHHs, 1I10
IIPOTIECU Ta TIOJIsI 3aJI0BOJIBHSAIOTE TEPIIiil TiloTesi rineprepeMinry-
BAaHHS.

KJ/TF0O4OBI CJIOBA: 33Jia4a CTOXaCTUYIHOI'O ITPOTrPAMYBAHHS, CTAIiO0-
HapHUI MIPOTIEC, OJIHOPiIHE TI0JIe, BEJIUKI BiIXUJICHHS.

INTRODUCTION

When one needs make a decision in uncertainty conditions, a stochastic
programming problem occurs. The mean of a factor of management quality
depending from a random parameter is optimized.

Indirect methods for solving of stochastic programming problems consist in
approximation of a stochastic problem by associated deterministic one. One of
basic indirect methods is so called empirical means method when the factors
are approximated by their empirical estimates.

The main problem is estimating of precision and investigation of convergence
for such approximation when quantity of observations increases.

1. STOCHASTIC OPTIMIZATION PROBLEM FOR A RANDOM SEQUENCE

Let us consider the next model. One has the stochastic optimization problem
HllnF(ZL'):Ef(ZE):Ef(I',fo), z e X, (1)

where {&;,7 € Z} is a stationary in a strict sense metrically transitive random
sequence defined on a probabilistic space (2, G, P) with values in some measu-
rable space (Y,§); X is a nonempty compact subset of R, f : X XY — R is
some known function continuous on the first argument and measurable on the
second one.

Replace (1) by the empirical function

1 n
Fn(x)_nzf(xagzL .’IJGX, (2)
1=
where {&;,7 =1,...,n} are observed elements of the sequence {¢;}.

Under some restrictions on the first moment of the function f ([1]) there
exists a solution ¢ for the problem (1). Suppose that it is unique.

It is known that there exists at least one minimum point z,(w) for the
function (2), which is a measurable function of w. Under some sufficiently no
constricting conditions ([1]) zn(w) converges to xg with probability 1 when
n — 00.

Let us investigate large deviations for z,, and F,(x,,) from xo, F'(xo). Suppose
that for all y € Y one has

f(ovy) _Ef(o) €K
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where K is some convex compact subset of C'(X). Denote

A ={z € K :||z|| > ¢},

AQ = Jim L1 (E {emp (Z [ U~ F(x)}@(dw)) }) ,
=1
I(z) = A°(2) =sup{ [ e - 1@, Qe M(X)}.

Theorem 1. When {&;} satisfies the first hypothesis of hypermizing (|2])

Zs}é

< —inf{I(z), z€ A}. (3)

min F,, () — min F(z)

1
limsup — In P {
zeX zeX

n—oo M

Suppose that there exists a conditioning function v for F(o) at x¢ with some
constant p (|3]). Let x,, be a minimum point of (2) on the set B(xo,p). If € is
so small that

(e = zo]) <26 =[x —xo| <p,
then one has
lirrbri)solépilnP{l/J(\x _wol) > 2} < —inf{I(2), z € A}, (@)
More if ¢ is conver and strictly increasing on [0, p|, then
nmjupilnp [lon — o) 2071 (20)} < —inf {I(2), z€ A} (5)

Proof. As concluded in [3] for each w

|min{Ef(z),x € X} —min{F,(z),z € X}| <||F, — Ef]|. (6)
Then, the conditions from [4] are fulfilled for the sequence {&;} . Therefore for
any € > 0

limsup ~ In P {||Fy — Ef|| > ¢} < —inf {I(2), = € A.}. (7)
n—oo N

The inequality (3) follows from (6) and (7).
To prove the second part of the theorem we also use [4]. Under the conditions
of the theorem we have for all w

P(l" = wn|) < 2||Fn = Ef]], (8)
or

" — 2| < UTHQIF - BFI). (9)
Taking into account (7), the inequalities (8) and (9) imply (4) and (5) respecti-
vely. The theorem is proved. ([
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2. STOCHASTIC OPTIMIZATION PROBLEM WITH NO STATIONARY
OBSERVATIONS

Let us consider the next model where observations are nonstationary.

Suppose that {&;,i € Z} is a stationary in a strict sense ergodic random
sequence defined on a full probabilistic space (2, G, P), with values in some
metric space (Y, p); X = [a;0] CR; h: Rx X xY — R is a continuous function
convex on the second argument.

Investigate the problem

1 n
F,(x)=— h(i,z,& in, X. 10
(x) n; (i,2,&) — min, z € (10)
Let the next conditions be fulfilled:
1. sup{E [max|h(i,z,&)|,z € X],i € N} < o0;
2. for any z € X there exists
F(z)= nh_)rglo EF,(z);

3. there exist such zg € X, c > 0, that

F(z) > F(zo) + c|lz — x|, v € X. (11)
By (11) one has that z¢ is a unique solution of the problem
F(z) — min, z € X. (12)

Theorem 2. Let the sequence {&;} satisfy strong mizing conditions with the

coefficient
o

P
14 7lte’
Suppose that expectations of right and left derivatives of the function F, in xg
converge to such derivatives of the function F. Assume also the next conditions

to be fulfilled:
1. it exists such 6 > %, that for any i € N one has
. é . é
E ‘h;(z,xo,fi)‘2+ <oo, E ‘h/_(z,xo,&)‘QJr < o0
2. there exists such ¢ > 0, that for all i € N
E [h;(i,xo,&)f <d, E [hl_(i7x0,§i)]2 <.

Then it exists with probability 1 such ng = ng(w), that for all n > ngy the
problem (10) has a unique solution x, = x.

a(r) e>0.

Proof. Denote
Then ?
B SAENSR LYy hﬁr(i,xo,&)] -

i=1 i=1

E0:=F

n n 2
1 ] 1 Z .
=F o ;:1 h/_’_(Z7;L'07£Z') n i=1 Eh,—&-(z’xo’gi)] -
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Z h/ il‘o,f@ +(i>$07§i)] =
=1

1 n n

= Eﬁ [h/-i-(zﬁx()?fl) _Eh/-‘,-(%w()agl)] [h—l—(k angk) (k x(hfk)] =
=1 k=1

1 n n
= Eﬁzz/@ﬂk,
i=1 k=1
where 61 = h/_’_(l,xo,fl) - Eh/—‘r(z’l‘(bgz)
One has
\EBiB| < c1/ (1 Y- k\HE') .

Consequently

2 2
E%§79§;;;1+h—MHES7f

Because of Borel-Cantelly lemma

P{0,2 —0,n — o0} =1.

Assume
©Om = sup |0, — 0,2, m*> <n < (m+1)>2%
Then
0] < 102 + om.
One has
1 & 1o
%—m—n;&nﬁg@—
1 18 1 & 12
= n;ﬂi—nzfganZBz’—W;ﬁi =
5 2 o (5o
z m2+1
Denote
1 n
O = SUp |— Z Bil s ngng(m—i—l)2
i=m2+1
Consequently
m2
¢m§5m+sup‘<n—1>9mz, m? <n < (m+1)>% (13)
Then

n

1 n
2 _ , 2 2
Eoz, = E'sup 3 E E BiBr, m*<n<(m-+1)

i=m2+1 k=m2+1
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m+1 m+1

< E— B8l < =5 [(m+1)2 =m?]” < .
i ;ﬂk %;H [ | m’
One has
P{6, - 0,n — oo} = 1.
For m? <n < (m+1)?

2 2
UCHN'Y 1) N CRR] I B
n (m+1)2 (LH)2
m
o (13) implies
P{p, —0,n — o0} =1
Then
P{0, — 0,n — o0} = 1.
Analogous relations take place for a left derivative.
Because of (11)
F' (zo) > ¢, F' (x0) > c.
Then with probability 1 beginning from some ng
(Fn)'t(z0) >0, (Fn)_(x0) > 0. (14)
Convexity of Fj, and (14) imply the theorem. O

Theorem 3. Let the sequence {&;,1 € N} satisfy the first hypermizing hypothesis.
Suppose that the function h does not depend from i, and there exists such L > 0
that for all i,w

W (z0,&)| < L, | (z0,&)| <L
Then
lim sup — ln P(AY) < —inf {V*(2),z € [-L;0]}, (15)

n—oo

where V*(z) = sup {2Q(X) —V(Q), Q € M(X)},
V(Q) = hm lnEexp {Q(X) Zmin [Py (20, &), h_(w0,&)] } , N — 00,

i=1
A, ={w:argmin F,,(z) = {zo},z € X}, A =Q— A,.
Proof. One has

P(A7) = P{min [(F,)! (z0), (Fn)_(z0)] € [-L; 0]} <

<P { Zmln '+ (20,&), /(x07§i)]€[_L;0]}' (16)

Denote
K ={a(z)=a,z € X;a € [-L;L]}.
It is evident that K is a compact convex subset of C'(X).
Let us investigate the function

a; = ai(z) = min [K, (20, &), h_(20,&)], =€ X.
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For all 4,w one has a;(e) € K. Assume
K ={a(z) =a,z € X;a € [-L;0]}.
Evidently, K7 is a closed subset of K. Then

{ me "(20,&), B (20,&)] € [—L;O]} —

(17)
{( Za,_ Z (),xGX)EKl}.
i=1
Because of [4] one has
. 1 l¢ PP
llrrgsolipnlnP{n;aieKl} < —inf{V*(z),z € K1}, (18)

where V*(z) = sup {zQ(X) — V(Q),Q € M(X)},

V(Q) = nhﬁrgl@lnE@cp{Z/ a;Q(dx) }— lim 1lnEexp{Q(X)Zai}.
i=1

Relations (16)—(18) imply (15). O

Analogous results take place for a homogeneous in a strict sense random field
with a discrete parameter, but it is supposed that the field satisfies the strong
mixing condition with the corresponding coefficient, and the moments of the
field satisfy some conditions.

3. STOCHASTIC PROGRAMMING PROBLEMS FOR CONTINUOUS PARAMETERS

Such theorems are also right for a stationary in a strict sense random process
with continuous time and continuous trajectories when the problem

min F(z) = Ef(z,£(0)), = € X, (19)
is approximated by the problem

T
min Fi(x) = 7 /0 Fl €@)dt, € X, (20)

where {£(t),t € [0,T]} are observations of the process {£(¢t)};T > 0; f is a
continuous function.
When observations are no stationary for continuous variant one has the empi-

rical function
1

T
Fr(z) = T/U h(t,z,&(t))dt, = € X,

where h is a continuous function convex on the second argument.
Analogous results are right for homogeneous random fields with a continuous
parameter. There one has the empirical functions

T T
Fryr,(x) = / ; f(z,&(t1, t2))dtrdts, v € X, T1,T5 > 0;

T,
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1
TVT

FT1T2 (x) =

Th T>
/ / h(tl,tz,$,§(t1,t2))dt1dt2,
0 0

where the function A is continuous on all arguments and convex on x.

FINAL CONCLUSIONS

In consumption it should be noted that the results can be used for solving

various stochastic optimization problems from recognition theory, regression
analysis where one needs to find optimal decisions for observations of a stati-
onary random process or a homogeneous random field.

The work was performed with the partial support of the National Research

Fund of Ukraine (grant No2020.02/0121 " Analytical methods and machine learni-
ng in control theory and decision-making in conditions of conflict and uncer-
tainty").
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O BOJIBIIINX YKJIOHEHUSIX PEIIIEHUN 3AJAY
CTOXACTUYECKOTI'O ITPOTPAMMUWPOBAHN A

IT. C. KHomoB, E. . KACULIKAA
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AHHOTALIUA. PaccMaTpuBatoTcst 3a/1a41 CTOXaCTUIECKOIO IIPOTrpaM-
MHUPOBAHUS JIjIsl CTAIIMOHAPHBIX CJIy4YallHBIX IIOCJIE/I0BATEILHOCTE,
CTaIMOHAPHBIX IIPOIECCOB, OJTHOPOJIHBIX CIIyYalHBIX IIOJIE C TUCKpe-
THBIMA ¥ HETPEPBIBHBIME MTapaMeTpaMu. 1 paekKTOpUH IIPOIECCOB U
moJieit HempepbIBHBI. VICC/IeIyIoOTCS CTAIMOHAPHBIE W HECTAIMOHAP-
Hble HabJTIOIeHus TIporieccoB u moseil. [lepBudanas dyHKINS KpUuTe-
pust anmpokcuMupyeTcs smrupudeckoit. [Ipeamonaraercs, aro mep-
BUYHAd 33JIa9a UMEET €JINHCTBeHHOe pernenne. Jloka3biBaeTcs coCTO-
ATEIBHOCTD IMIUPUIECKUX OIEHOK JIIsT HECTAIIMOHAPHBIX HAOJIIoIe-
auit. g mokasarenrbcTBa nCmob3yercs jiemMma bopens Kanresmnn.
[Ipeamonaraercst, 9TO TPOIECCHI U TOJS YAOBJAETBOPSIOT YCIOBUIO
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CUJILHOTO TlepeMmernuBanus. HeKoTopble OrpaHndyenns HAKJIAIbIBAIO-
TCsI Ha MOMEHTBI TIPOIEeCccoB U 1oJeit. OIeHuBAIOTC s OOJIBINNIE YKIIO-
HeHus perneHuit. JIyst 1oka3aTe/bCTBa Pe3yabTaTOB HCIOJIB3YIOTCS
TeopeMbl u3 (PYHKINOHAJBHOIO aHAJU3a W TEOPUU OOJIBIINX YKJIO-
mennii. Hajararorca HOMOTHATEILHBIE YCJIOBUS Ha MOBEJICHUE MUHU-
Mu3upyeMoil (DYHKIMH B OKPECTHOCTH TOYKKA MUHUMyMa. Hecrtarmm-
OHaApHAasl MOJIEJIb PACCMATPUBAETCS JJIsI BBITYKJION (DYHKIINA KPUTe-
pus. Ilpearmonaraercs, ITO IPOIECCHI U TIOJIST Y/IOBJIETBOPSIOT TIEPBOit
TUIIOTE3€ TUIlepIliepeMenTnBaHUsI.

KJTIFOUEBBIE CJIOBA: 33JI1a9a CTOXACTHIECKOTO MPOrPAaMMIPOBAHUS,
CTAIMOHAPHBIN ITPOIIECC, OMHOPOIHOE T0JIe, OOIBIITNE YKIOHEHNUS.



